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1. Introduction

In the 1930s, Volterra showed that mathematical models for some seasonal diseases, e.g.,
influenza, are formulated as integral and differential equations (see [1, pp.22-34]); this work gave
an impetus to the development of approximate methods for solving integro-differential equations.
One popular method for solving what are now known as Volterra integro-differential equations is
the method of quadratures. Note that the quadrature method was first used by Volterra to solve
integro-differential equations with variable boundaries.

Consider the following initial-value problem in Volterra integro-differential equations:

y’ZF(Xv y,Z(X)), Y(Xo)=yo7 Xo <X< Xa (1)
where y(x) is a solution of the problem. The function z(x) is defined as follows:

z(x) = j. K(X,s, y(s))ds, x, <s<x<X. (2)

Xo

Obviously, if the function z(x) is known, then problem (1) can be rewritten as:
y' = (% y(x), ¥(Xo) = Yo ©)
Therefore, using the known quantities y,, y,, ... Vk—1 and zy, z,, ... z;_; to solve problem (1)
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can be done by applying the k-step method with constant coefficients. Then, we have:
[ Kk
Zai yn+i = hZﬂiF(Xm—i' yn+i’ Zn+i)’ (4)
i=0 i=0

Here, ym, z(m = 0,1,2, ...) are the approximate values of the function y(x) and z(x) on the
mesh points x,, = x, + mh, (m = 0,1,2, ...), where the parameter h > 0 is the integration step size,
which is divided the segment [x,, X] into N equal parts. It is easy to see that if there is a way to
determine z,,,(n = 0), then it should be used in formula (4). Furthermore, we can calculate the
values of the function y(x) on the mesh points x,.,(n = 0,1,2, ..., N — k). In this case, solving
problem (1) is equivalent to solving an initial-value problem for ordinary differential and integral
equations (see, e.g., [2-6]). As is known, using the Volterra integro-differential equations, one can
study the memory of the land. By solving some seismology problems also one can study the
memory of the land. For instance, using the information about oil and gas producing facilities which
have been fundamentally investigated in [7-9]. Thus, by means of multistep methods with constant
coefficients, we can find the solution of the problem (1). Note that solving integral equations can be
accomplished with several different approximation methods (see, e.g., [10-12]). In the class of
problems (1), the most basic research is on the following problem:

y' = f(x, y)+j'K(x,s, y(s))ds, y(X,) =Y, X, <S<XZ X, (5)

Xo

To solve problem (5), one can use the following multistep method (see, e.g., [13] or [14]):

k k k
Zaiymi = hzﬂl fn+i + h27i2n+i ! (6)
i=0 i=0 i=0

Kk Kk k
Zdizm-i = h zyi(j)K(Xm-j' Xn+i! yn+i)' (7)
i=0 j=0 i=0
This method is obtained by using a multistep method to solve both integral equation (2) and
initial-value problem (5). Therefore, solving problem (1) can be accomplished with one of the
approximate methods of ordinary differential equations by employing some combinations of the
methods proposed for solving integral equations with variable boundaries. The order of accuracy of
the stable methods, which is constructed by scheme (6)-(7), does not exceed k + 2; this result was
established by Dahlquiste (see [15]). Therefore, scientists have proposed various ways to construct
stable methods with an order of accuracy greater than k + 2. To this end, in [16] a hybrid method
first investigated by Gear and Butcher was applied to solve problem (1) (see [17, 18]). However, in
[14], the existence of stable forward jumping methods with an order of accuracy higher than k + 2
was proved and a method to solve Volterra integral equations was proposed. It should be noted that
in [19], stable hybrid methods with an order of accuracy higher than 2k were constructed, but in
[20], a hybrid method was applied to extend Makroglou’s ideas for solving equation (2). Thus, we
find that the numerical methods of ordinary differential equations can be applied to solve both
integral equations of type (2) and initial-value problems of form (1). Note that if one wishes to solve
Volterra integral equations using quadrature or other methods that are different from method (7),
one cannot exclusively use the methods of ordinary differential equations to solve problem (1).
However, if the kernel of the integral is a degenerate function, i.e., if

K(X.Z,Y)=Zav(><)bv(2,y), ®)
then problem (1) can be reduced to a system of ordinary differential equations. Obviously, in this
case problem (1) can be solved using the methods of ordinary differential equations.

In this paper, we construct stable hybrid methods with a high order of accuracy that used
information about the solution of problem (1) only minimally. The proposed work is a continuation
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of the investigations conducted in [19].
Consider the application of the following method to solving problem (1):

k k
Zai Yoii = hZ(ﬂiyr’Hi +7i Yr’mwi )' QVi|<1; [ :0,1,...,k), )
i=0 i~0

from which we may obtain many well-known hybrid methods. In [21], method (9) is applied to
solve problem (3), and it was proved that there are stable methods of type (9) with degree p = 3k +
1. For the construction with the more exact methods, using hybrid methods with the second
derivative is considerd.

2. Problem statement

One of the basic problems in modern computational mathematics is the construction of stable
methods with higher accuracy. Therefore, here by the comparison of the known numerical methods
we show the advantages and disadvantages of these methods. For removing from the indicated
disadvantages, we construct here stable multistep methods, which are applied to solve the initial-
value problem of the Volterra integro-differential equations. For this purpose, we show that the
accuracy of the known multistep method is bounded by the value of k + 2. And to construct more
accurate methods, it is proposed to use the Hybrid methods and prove the existence of stable
methods of the Hybrid type with the degree p = 3k + 3. By indicating some disadvantages of these
methods, it is proposed to use the multistep second derivative methods with constant coefficients.
We also consider constructing of multistep second derivative methods of the hybrid type. Here we
construct the stable methods with the degree p = 10 for the k = 1 which are applied to the solving
of the model problem.

3. Methods of solution

Among the numerical methods converging methods of are both theoretical and practical
interest. It is known that stability is a necessary and sufficient condition for the convergence of
multistep methods. Thus, we investigate the stable hybrid methods that are used to solve problem
(1). Usually, a study of multistep methods imposes certain restrictions on the coefficients (see, e.g.,
[15]). These constraints on the coefficients of method (9) can be written in the following form:

A. The values of the variables «;, 5;,vi, v; (i = 0,1, ..., k) are real numbers and «a;, # 0.
B. The characteristic polynomials

p(ﬁ)zZaiﬂi; S(A)EZﬂi,y; 7(,1)EZM+V,

of method (9) have no common multiplier that is not a constant.
C.I9(1)+y(Q)#0andp > 1.
Here, p is the order of accuracy of method (9), which is defined in the following form:

Definition 1. For a sufficiently smooth function y(x), method (9) has the degree p > 0 if the
following holds:

iai y(x+ih) - hi(ﬂi y'(x+ih) +7,y'(x+ (i +v,)h))=0(h"*), h—0. (10)

i=0 i=0
Condition A is obvious. Therefore, we consider condition B and assume the reverse. Then, the
polynomials p(4),9(4), and y(1) have a common multiplier, which we denote by ¢@(A). After
taking into account the shift operator E - (EVy(x) = y(x + vh)), the finite-difference equation (9)
can be rewritten as follows:



G.Yu. Mehdiyeva et al. / Informatics and Control Problems 39 Issue 1 (2019) 3-15

pP(E)Y, —hS(E)y, —hy(E)y, =0. (11)

Let us use the given assumptions to rewrite equation (11) in the following form:
P(E)(A(E)Y, —hI(E)y, —hx(E)y,) =0.
Here,
P(2) = p(A) 1 p(2); (A)=H) ! p(2); y.(A) =y ()] p(A).
Hence, we find that
A(BE)y, —hS(E)y, —hy(E)y, =0, (12)

because ¢ (1) # const. Obviously, to have a unique solution to finite-difference equation (12),
there should be no more than k — 1 initial data. However, from the theory of finite-difference
equations it is known that for a finite-difference equation of order k to have a unique solution, k
initial data are required. However, difference equations (12) and (9) are equivalent. Hence,
difference equation (9) has a unique solution despite having no more than k — 1 initial data, which
contradicts the above-mentioned theory. Consequently, the assumption that there is a common
factor of the polynomials p(4),9(4), and y(A) is incorrect. Now, consider the validity of condition
C. Assume that method (9) converges. Then, as (9) approaches the limit and as h — 0 we have:

k
D a;y(x) =0, (x=x, +nh). (13)
i=0
Because y(x) # 0, from equation (13) we have:
p(1)=0. (14)

Equation (14) is a necessary condition for the convergence of the method defined by formula (9),
and by using it we can write

pPA)=(A-Dp ().
Furthermore, by using (11) we obtain:
P(E)Y;—Y;)—hIE)y; —hy(E)y; =0. (15)
Here, by changing the value of variable j from 0 ton and summing the resulting equations, we
obtain:

AAENYa - ¥)~hSE)YY, ~hy ()Y, =0

Then, as h — 0, we have:

POV -Yo) = (90 +7D)] y(£)de, (16)
However, from problem (1) we can write: )
Y(X) = y(x) + [ £ (&, y(&)dé. (17)
Xo

By comparing (16) and (17), it is clear that
A@)=p'@) =90 +yD.
It is easy to prove that due to the conditions
pM)=0; p'D)=39Q0)+r@),

consequence is that p > 1.

Now we must prove that 9(1) + y(1) # 0. Assume otherwise. Then, from the conditions
p(1) = 0and p’'(1) = 0 we obtain that A = 1 is a double root of the polynomial p(1).

Consider the homogeneous finite-difference equation

ak yn+k + ak—lymk—l +o.+ alyn+1 + 0(0 yn = O’

whose general solution can be written in the following form:
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Y, =CA +CMA +C A5 +...+C A,
where 4; (i = 1,2, ..., k) are the roots of the polynomial p(4). Hence, as h — 0 we know that y,,, —
oo because m — oo. Thus, if 9(1) + y(1) = 0, then the method does not converge. It follows that
9(1) + y(1) # 0. If we use the conditions
p@)=0and IQ)+r@) = p'(1)
in asymptotic relation (10), then we obtain that
p=>1.

Now, consider using method (9) to solve problem (1). To this end, we investigate the

numerical solution of problem (1) by using the following methods:

K
ZO{ yn+| hz ﬂl n+i + hz Vi Fn+i+vi ! (18)
i=0
Z Ailnyi = hiiﬂl(j) K(Xn+j 1 Xnsio Ynsi ) + hii7i(j) K(Xn+j+mj J Xn+i+vi ! yn+i+vi ):
i=0 j=0i=0 j=0i=0

qmj\<1, j=0L...k). (19)

To study method (19), we suggest that the kernel of the integral K(x,s,y) is a continuous
function that is defined in the region ¢ = {x, < s <x <X, |y| < b} and that has continuous
derivatives up to and including some order p . If in method (19) we take into account the properties

of the function K (x, s, y), then we have following (see, e.g., [20]):
P =0, 7P =0 (i>]).

Method (19) as a numerical method for solving Volterra integral equations is studied in [20].
We remark that method (18) is a generalization of hybrid methods. In the past few years, scientists
have thoroughly studied the application of hybrid methods to solving initial-value problems with
ordinary differential equations and Volterra integro-differential equations (see, e.g., [16-24]). Let us
consider finding the coefficients in methods (9) and (19).

It can be shown that by using the Taylor expansions

y(x+ih) = y(x) +ihy’ (x)+( ) y'(x) + (ir;)lpy(p)(x)+0(hp”), (20)
y’(x+|ih)=y’(x)+|ihy”(x)+%y”’(x)+.. E zp)l ®(x)+0(hP), (21)

in asymptotic equation (10), we can obtain the necessary and sufficient conditions for equation (10),
where x = x, + nh is the fixed point and [; =i +v; (i =0,1,2,...,k). These conditions can be
written in the form of systems of equations that consist of the following nonlinear equations:

Zai =0, Z(iai -B-r)=0,

HEN

> (g =0 (=280 ) 22)

It is easy to determme that system (22) for the values v; =0 (i = 0,1, ..., k) is linear and
coincides with known systems that are used to determine the coefficients of the multistep method
with constant coefficients. Furthermore, for the conditions |vy| + |v4]| + -+ + |v| # 0, system (22)
is nonlinear; by solving it, we determine the coefficients of method (9). In this system, the number
of unknowns is equal to 4k + 4 and the number of equations is equal to p + 1. Because system (22)
is homogeneous, it always has a trivial solution, but to ensure that system (22) will have a solution
that is different from zero, the condition 4k + 4 > p + 1 must hold. Thus, the following can be
written:
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p<4k+2.
Note that if we take §; = 0 (i = 0,1,2, ..., k), then the relationship between the degree and the
order of method (9) will be as follows:
p<3k+1.
It is known that if we consider the casey; = 0 (i = 0,1,2, ..., k), then the degree of the stable
method received from formula (9) satisfies the condition p < 2[k/2] + 2 (see [15]).
To determine the coefficients in method (19), consider a special case and let K(x,s,y) =
F(x,y). Then, from (2) we have
=F(xy), 9(x)=0. (23)
If we apply method (19) to solve problem (23) then we obtaln

Zar n+i hzlgr n+|+hz7/r n+i+v; ! (24)

where

Z,B(” B 27/,“):7, (i=01...K). (25)

j=0

First, from system (22) we determine the values of @, B, 7,v; (i =0,1,2,..,k), and then, by
solving system (25) we find the coefficients of method (19). Note that in system (25), the number of
equations is equal to k + 1 and the number of unknowns is greater than k 4+ 1. Consequently, the
solution of system (25) is not unique. Therefore, although the method of type (9) may be unique, the
corresponding method of type (19) is not unique. This fact allows us to select some of the
coefficients to construct the method with an extended region of stability.

Consider special cases and let k = 1. Then, by solving system (22) and using the solution in
system (25), we obtain a few methods of degree p = 6. One of them is the following:

Yo =Yt h (Fn+1 + Fn)/12 +5h (Fn+]/2—a n+]/2+a)/12 (0[ \/—/10) (26)
where the corresponding method of type (19) in one variant can be written as:
Zya = 2y + DK (X0 X Vo) + K (s X0, V) + KOG X0 Yo)) 28+ 450K (X1 Xy Yiigea) +

(27)
+ K( n+l/2+a ! n+]/2+a’ yn+]/2+a)++K( n+1! n+]/2 -a! yn+]/2—a) ++K( n+Y2-a" n+1/2 ! yn+]/2_a /24 \/7/10

Note that the method with degree p = 8 for k = 2 is as follows:
yn+2 = yn +h (64 yr,1+2 +98 yr'1+1 +18 yrr)/180 +h (18 yr’1+1+ﬂ +98 yrlr + 64yr'1+1—ﬂ)/180 ! (28)

where the value g = v21/14.
Here we consider the study of some multistep methods by using results of the work [25]. To
this end, we use some of the generalization of the method (2) which can be written as follows:

k k
Z &, yn+i = hz (IBI F (Xn+i ! yn+i ! Zn+i) + Yi F (Xn+vI ! yI’H—Vi ! Zn+v, )) (29)
i=0 i=0

This method in some sense coincides with the method (9). Because it can be assumed that
there are stable methods of type (29) having a degree p = 3k + 1. However, stable methods of type
(4) have a degree p < k + 2. A simple comparison shows that the hybrid methods are more
promising. Note that for the construction of more exact methods, some scholars suggest to use
multistep methods with a second derivative (see eg. [26-29]). We know that stable methods of this
type have a degree p < 2k + 2. Consequently, such this modification of the multistep method does
not extend the area of its applications. Therefore, here we propose constructing multistep methods
at the junction of the hybrid method with the method of the second derivative, which can be written
as follows:
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k k R k R
Zai yn+i = hz (ﬁl l:n+i + ﬂl l:n+i+vi ) + hZZ (7ign+i + 7/ign+i+vi ) (30)
i=0 i=0 i=0

Here the coefficients a;, B, B, Vi, 7, vi (i = 0,1,2,...,k) are real numbers and a; # 0, but the
function g(x,y,z) =y" or g(x,y,2z) = Ky(x,y,2) + K;,(x,y,2)y" + K;(x,y,2)z'. From the
method (30) follows method (29), for the values y; =¥, =0+ (i = 0,1,2, ..., k), but for the values
Bi =7 =0-(i=0,1,2,..,k) the method (30) follows second derivative multistep methods, which
have investigated in some works (see, e.g. [26-29]). Note that stable second derivative multistep
methods have order of accuracy p < 2k + 2. These methods in [26] are generalized as follows:

m | K
zai Ynii = hZﬂi Yoi + hzz% Youi (@, #0). (31)
i—0 i—0 i—0

Depending on the relation between of the variables m,l and k different methods can be
obtained from formula (31). For instance, for m = [ = k and |Sx| + |yx| # 0 implicit methods can
be obtained from method (31), but m = [ = k and S, = y, = 0 explicit methods can be obtained
from method (31). It is clear that some connections can be established between methods (30) and
(31). However, our aim is to study method (30). Typically, the study of a numerical method consists
in determining the area of its application, finding the maximum value of its order of accuracy,
determining the boundary of step size h or determining the stability region of the investigated
method. Methods with the basic characteristic of the solution of considered problems are
constructed. All of these listed properties of the numerical methods are determined by the value of
the coefficient of method (30). Therefore, we consider determining the values of coefficients in
method (30). After the application of the method of undetermined coefficients in order to find the
values of the coefficients in method (30), we obtain a system of nonlinear algebraic equations,
which generalizes the existing similar systems, such as system (22). To construct a system of
algebraic equations, method (30) can be rewritten as follows:

k k R k .
Zai yn+i = hz (ﬂl yr,1+i + ﬂl yr,H-i+vi ) + hZZ (7/| yg+i + Vi yﬂ+i+vi ) (32)
i=0 i=0 i=0

Using the diagram in Section 2 to find the values of coefficients in method (32), we obtain the
following system of algebraic equations:

Zai =0 DA+ =Yia,

(|+vi)' S (|+v) [
Z( A e R e a2 O
(1=23.., p).

The number of equations in system (33) is p + 1, and the number of unknowns is equal to
6k + 6. Solving this system of equations, we determine the values of coefficients in method (32). It
is obvious that the system always has zero solutions, which is of no interest to us. Therefore, it can
be shown that there are methods with a degree p = 6k + 4. Methods of construction of type (32)
are stable for k = 1, but for the k = 2, stable methods can be obtained from method (32) for a, =
—a;=1; ap=0and a, = —ay, = 1; a; = 0. There are other cases when the methods obtained
from (32) will be stable. For instance, if a, = 1,a; = ag = —1/2. We are here to construct some
specific methods having a degree p < 10 and compare these methods with well-known ones, as
well as to investigate types of these methods (that is, they belong to a class of explicit or implicit
methods). Now consider the case k = 1. Then from system (33) we obtain the following:

ﬂ1+ﬁo+/§1+/§o =1
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y1+70+y71+7?0+ﬁ1+llﬁ1+loﬁo:—
207, + 1,7, +1,7,) + B+ 17 ﬂ1+l ﬂo
(7, + 157, +1370) + B+ E B +13 By =
Ay, + 137, +139) + B+ 1B+ 12 B, = (34)

5(71+|147/1+|c;170)+ﬂ1+| ﬂl"‘l ﬂo

6(71""'171""570)"',31"" ﬁl"’l ,Bo

7(7/1+I1671+|070)+ﬂl+| ﬁ1+| :Bo
8(71""1771""0770)"':31"" ﬂ1+| :Bo

9(71+|17/1+|g7o)+ﬂ1+| ﬂ1+| :Bo

Solving the resulting system for [; =i+ v; (i = 0,1,...,k), we can construct a type of
methods (32) with the degree p < 10. First construct methods of type (32), do not put any
restrictions on their coefficients. It is clear that without loss of generality we can take it as a; = 1.
Then from (32) we have:

yn+l = yn + h(ﬁOyI"l +ﬁlyr’1+l +ﬂ0yr,1+v0 +ﬂ1yr,1+1+v1) + hz(yoyr,‘: +}/1yr'1,+l + j}Oyr":+vo + j}lyl,'l,+l+vl)' (35)

Note that for a; = 1 from the necessary condition p(1) = 0 of the convergence of method

(32) we determine that oy, = —1. By means of the selection coefficient in (35), we obtain different

methods. Take into account that the complexity of computing the values of variables y” (x) in some

cases any of the coefficients of method (35) may be ignored. Therefore, these coefficients here are
equal to zero. To this end, consider the following cases:

Variant I. (p = 10).
S, =0.1221534P20703744; 3, = 0.15666106 5399144 ;

?. =0.0009481261851575; 7, = -0.0000071 9154282459 ;
7, =-0.0043496344129716; y, = 0.00748767 300880619 ;
/3, =0.34229328 05307209 ; /3, =0.37889217 49062838 ;
|, =0.7134442452241004; |, = 0.34194466 714378163 ;

N |-
o||—\ @IH OOIH \llH cm._\ U'Ill—‘ 4;|._\ oo||—\

VariantIl. (y, =71 =7, = 0;p = 9).
S, =0.0581973604284103; 43, =0.19190172 45988311 ;
7, = 0.01149880 442542037 ; /3, = 0.32222913 09798016 ;

,30 =0.42767178 13784907 ; |, =0.7972984%7901002;
I, = 0.40543017 22504762

10
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Variant 1. (B, = 7; = 0;p = 10).
S, =0.1812975M70343553; £3, = 0.29905999 40784864 ;
7, =—0.00010121 84020778 ; y, = —0.0094756(681483327;

¥, = 0.03028505 82307236 ; Bo =0.51964249 63166858
|, = 0.6449489742783179; |, = 057328482 89663501 ;
Variant IV. (By =y, =B, =71 = 0;p =4)
S, =0.42777172 72166551 ; 7, = —0.04393727 637262437 ;

%o = 0.06105439 761914382 ; 3, = 0.57222827 27833449 ;

|, =0.6449489742783179; |, = 0.84386406 91497394 ;

Each of these variant has some logical basis. For instance, for the application of methods
obtained in the first variant to solve specific problems, it is the best option. It is easy to verify that
the involvement quantity y,,., (la| < 1) in the multistep methods complicates their use. However,
if the methods have unused quantities of the type y,.. (la| < 1), then for the orders of accuracy of
these methods the following holds: p < 2k + 2 (see e.g. [26-29]). Therefore, here we have
identified the above-listed variants.

The use of the method (35) mainly depends on the construction of the formula for computing
the value of the type y,., (Ja| < 1) with a corresponding accuracy. It should be noted that an
increase in the values of the order of accuracy of such intermediate formulas complicates its
constructions. This brings up the issue of determining the optimal number of the mesh points used
in these formulas. Usually, to calculate the values of variables y,,., (|la] < 1), the construction of a
more accurate formula is attempted, using a minimal amount of mesh points. In the basic formula
with a high accuracy and using a minimal amount of mesh points is unstable. We here try to
construct a concrete stable formula, which has high accuracy and uses a minimal amount of mesh
points, i.e. to find the “golden mean” in the set of investigated formulas. Finding the the “golden
mean” in a set of formulas is not always possible. This is why we aim to describe some ways that
allow to construct formulas with the “golden mean”. Sometimes, these formulas are required to
expand the area of stability.

For simplicity, let us consider the application of the following method:

yn+l = yn + h(yrl1+l/2+a + yr,1+l/2—a)/2’ (a = \/§/6) (36)
This method will be used to solve problem (1); to use it, one must determine the values of
Yn+1/2+8> Yn+1/2-a» Which can be achieved as follows:

yn+1/2+ﬂ = Ynu2 ((4ﬂ3 + Gﬁz)yr’wl - (8ﬂ3 - 24ﬂ) yr'1+l/2 + (4ﬂ3 - 6ﬂ2)yr'1)/24 (37)
Using the formula

yn+1 = yn + hyr,1+1/2 ! (38)
we can find the variable §, ... Then, we can determine y, 5, from the following formula:
Yorarz = Yoz Th(7 Y0 —2Y0.0 + Y5) /6. (39)

By using the following sequence of methods, one can solve initial-value problem (23).
Step 1. Calculate y, , from formula (38).

Step 2. Calculate yy,41/2+, from formula (37).

Step 3. Calculate y,, ., from formula (36).
Step 4. Calculate y,,3,, from formula (39).

11
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Now let us consider that the sequence consists of the some formulas, using which one can
construct the algorithm for solving problem (1):

Step 1.
2
Yot = Yo+ o8 10707}, + (6077 +157 =97 ), + (100" -0y -
=307 +97°)y;,, + (-20ya” +157°a ~31%)yp,,.,) (40)
a}/she 3 2y VI
(Rn = 1440 (200{ —SCZ]/—6]/ )y (é))' LfE (Xn’ Xn+1+2‘a‘)
Step I1I.
_ ’ (7h)2 " 6 "o " R _ O h5 41
yn+1+y - yn+l+7hyn+1+ 120( (7yn+l+a + ayn+l 7yn+1—a) ( n ( )) ( )
If in the formula (40) put y = —a and a = 1, then receive the following:
2
yn+l—a = yn+1 - ahyr'wl + (gg()) (7 yr'1,+1+2a - 36 yr'1,+1+a +171 yr,:+l + 38 yr,1,+1—a) (42)
To calculate the values of the quantity y,,,., one can use the following:
Step I11.
hy:1+l = yn+l - yn + hz(syr,: - 2yr’1,+1 + yg+2)/24’ (Rn = O(hs))
Step IV.
9n+2 = yn + 2hyr'1 + h2(4y:+1 + 2yr’1')/3' (Rn = O(hs))
Step V.

" "

yn+2 = 2yn+1 - yn + hz(syn+l+a +14 yn+1 + 5yr'1,+1—a)/24’ (p = 6’ Rn = O(h8)7 a= \/E/S) (43)

It is shown that the constructed secondary formulas in the form of (40) are available. Because
by choosing variable a one can change structures of the secondary formulas. For instance, for a =
1 we obtain that to use formula (42), we must know the values y,,,,, (m = 0,1,2,3). But for the
value @ = 1 / 2 we must know the values y, ., (m = 1,2,3,4). Consequently by choosing values
of variable a, we can construct formulas with different characteristics.

To illustrate these results, consider the following table.

One may also consider and compare the results obtained by methods of type (9) with other
known methods using the following model problems:

1.y =1+y—xexp(-x°) —ZJX‘ xtexp(—y?(t))dt, 0<x<2, y(0)=0
(the exact solution is y(x)0= X).

2.y = (4exp(-y) — x°)/3+ %j&sz exp(y(s))ds,1<x<2, y(1)=0
(the exact solution is y(x) = lln X).

Note that the obtained results are consistent with the theoretical results presented here, which
can be found in Table 1.

12
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Table 1

Results for the solution of problem 1

Number X By Gragg & By Kohfeld & By the method | For hybrid method
of Stetter Thomson from [3] (36)
example (see[16]) (see[16])

0.1 1.3E-09 3.5E-10 3.3E-10
=0,05 0.5 5.2E-08 2.8E-08 1.0E-08
1.00 1.5E-06 1.4E-07 1.1E-06
Il 1.031 Max error 6.3E-09
h=1/32 | 150 1.8E-07 2.7E-07
2.0 2.5E-08

Note. It is known that scientists have fully investigated the numerical solutions of ordinary
differential equations because they wished to solve integral and integro-differential equations by
applying the methods of differential equations. For the sake of demonstration, suppose that the
kernel is degenerate and has the following form:

K(x,s,y) =a(x)b(s,y) . (44)

In this case, one can rewrite the problem (1) as follows:
y'=f(x y)+a()v(x), y(X)= Yo, (45)
V'(x) =b(x, y),v(x,) =0. (46)

Thus, one can replace solving problem (1) with solving problems (45) and (46), which are
initial-value problems that can be solved by the methods of ordinary differential equations.

It is known that the problem encapsulated by (45) and (46) consists of two ODEs of the first
order. Unfortunately, this simplification is not always correct. Indeed, from the derivative of (44)
we obtain

y" = W+ a’(x)v(x) +a()b(x, y).

The equation obtained above is an integro-differential equation. In the considered examples,

the kernels have the form (44).

4. Conclusion

In this paper, some information on the solving of integro-differential equations is given. We
have investigated solving an initial-value problem in the class of Volterra integro-differential
equations using hybrid methods, starting with the work of Makroglou (see [16]). Note that the
constructed hybrid methods are symmetric. However, asymmetric hybrid methods are usually more
accurate than symmetric ones. We have constructed an asymmetric stable hybrid method with
degree p = 9 for the case k = 2. However, the application of this method to practical problems is
more difficult than using symmetric methods. It is impossible to investigate all aspects of this
problem in a single paper. We believe that the proposed method will have many applications in the
future. Note that to use (26)-(28) or (40)-(43) methods to solve certain problems, one can use block
methods or predictor-corrector methods. By single comparison we show that fir selected values of
variable ¢ in formula (40), one can construct methods with the different characteristic. We also
show that system (33) of nonlinear algebraic equations can have a solution in the case when the
quantity of equalities is greater than the quantity of the unknowns (see e.g. variant 11). It should be
noted that some results obtained in this paper are a modification of corresponding results obtained
in [30]. In conclusion, it should be noted that if the known methods have the order of accuracy p,

the methods proposed here have the order of accuracy of more that 3p or 5p. Therefore, we hope
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that these methods will be useful for the wide classes of specialists. Some of these methods have
been applied to solve the Volterra integral equations with the symmetric boundaries, in which the
advantages of these methods have been shown (see [31]).
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