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In the present paper, controllability and observability of second 

order linear time invariant systems in matrix form are considered. 

Without reducing to first order systems, we show how the classical 

conditions for first order linear systems can be generalized to this 

case. In term of Kalman criteria, these concepts are investigated 

for second order discrete and continuous time linear systems. By 

repeated differentiation of state and output vector-functions, we 

derive two different systems of linear algebraic equations. Then the 

initial values 𝑥0, 𝑥1 and input functions can be determined uniquely 

from these systems if and only if the observability and 

controllability matrices have full rank, respectively. The transfer 

function of the second order continuous-time linear state-space 

system is also constructed. Numerical examples are presented to 

illustrate the theoretical results. 
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1. Introduction 

 

This paper focuses on second order time-invariant finite-dimensional systems, covering both 

continuous and discrete-time topics. Second order linear systems theory has played an important role 

in many technology advancements, for instance, in aerospace, communications, automotive, and 

computer engineering, forced oscillations and resonance phenomenon, earthquake – induced 

vibrations of multi-story buildings, etc. The significant advantage of modern linear control theory [1, 

2] over the classical theory is its applicability to control problems involving time invariant and time-

varying systems.  

Since the behavior of many systems of importance in engineering practice is governed by 

second order controllable systems, our objective in the present paper is to contribute to the analysis 

of the controllability and observability of linear discrete/continuous time of second order systems. 

We recall that controllability is an important property of a control system, and this property plays a 

crucial role in many control problems, such as stabilization of unstable systems by feedback, or 

optimal control. Controllability and observability are dual aspects of the same problem and represent 

two major concepts of modern control system theory. These concepts were introduced by Kalman 

[1]. They can be roughly defined as follows. In order to be able to do whatever we want with a given 

dynamic system under control input, the system must be controllable. In order to see what is going 

on inside the system under observation, the system must be observable. In this paper, we show that 

the concepts of controllability and observability are related to linear systems of algebraic equations. 
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It is well known that a solvable system of linear algebraic equations has a solution if and only if the 

rank of the system matrix is full. Observability and controllability tests will be connected to the rank 

tests of certain matrices: the controllability and observability matrices. 

The works [3-6, 7-19, 20] focus on different first order time-invariant and time-varying finite-

dimensional systems, covering both continuous and discrete-time topics. The note [5] studies the 

controllability and observability for piecewise time‐varying impulsive systems. Necessary and 

sufficient criteria for complete controllability and observability are established. The paper [8] 

introduces the concept of ‘hybrid‐dual systems’ and presents some new results on the controllability 

and observability of these systems. It is proved that for hybrid‐dual systems, which include dual 

systems as a special case, controllability of one implies observability of the other. The purpose of the 

paper [7] is to rigorously establish a duality between reachability and observability for linear 

impulsive systems both in direct system‐theoretic terms as well as in geometric terms. These 

connections are established using an appropriately defined adjoint system associated with the original 

impulsive system. In the paper [18], several different concepts of controllability are investigated for 

a class of linear singular systems which system parameters are piecewise constant. Necessary and 

sufficient geometric criteria for special controllability of such systems are established, respectively. 

These conditions can be easily transformed into algebraic form. In the paper [3] continuous‐time LTI 

systems with either unknown‐input or with lack of information about the input and output derivatives 

are considered. The unknown‐input observability subspace and the observability subspace with 

unknown derivatives of input and output are computed.  

The remainder of this paper is organized as follows. In Section 2, we consider a linear, time 

invariant, second order discrete-time system in the state space form with output measurements. The 

higher order difference operator method applied in the present analysis is not standard, and its 

exposition in the framework of investigated problem is new. It is shown that using even and odd-

orders finite differences and observability matrix the initial values 𝑥0, 𝑥1 can be determined. In 

Section 3 for the purpose of studying observability of second order continuous system, we consider 

an input-free system with the corresponding measurements and show how the classical observability 

conditions for first order systems can be generalized to this case. Repeatedly differentiating of output 

vector-function we derive two different system of linear algebraic equations. Then the initial values 

𝑥0, 𝑥1 can be determined uniquely from these systems if and only if the observability matrix has full 

rank. Section 4 deals with the controllability of second order time-invariant linear systems; it is 

possible to find a control sequence such that the given point can be reached from any initial state in 

a finite time. The system (15) is controllable if and only if rank 𝒞(𝐴, 𝐵) = 𝑛, where 𝑛 is an order of 

a square matrix 𝐴. Section 5 devoted to study the evolution of the concept of controllability of second 

order linear continuous systems. We show how to find a control input that will transfer our system 

from any initial state to any final state. For a vector input system 𝑥′′ = 𝐴𝑥 + 𝐵𝑢 the above discussion 

produces the same relation with the controllability matrix and with the input vector 𝑢(𝑡). We 

remarked that the observability results of Section 3 can be obtained from duality relation between 

observability and controllability. Numerical examples are presented to illustrate the theoretical 

results; we present some numerical results corresponding to different cases of checking the 

controllability and observability conditions. In particular, in the one example involving single-input 

single-output system, by zero-pole cancellations principle of the transfer function 𝐻(𝑠) [4] we show 

that system is observable and controllable.  

 

2. Observability of second order discrete systems 

 

This section is devoted to observability of controllable second order discrete systems. Criteria 

for determining observability for these systems are developed. Let us consider a linear, time invariant, 

second order discrete-time system in the state space form 
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𝑥𝑡+2 − 2𝑥𝑡+1 + 𝑥𝑡 = 𝐴𝑥𝑡 + 𝐵𝑢𝑡, 𝑥0 = 𝑎𝑜 , 𝑥1 = 𝑎1,   (1) 

with output measurements 

𝑦𝑡 = 𝐶𝑥𝑡, 𝑡 = 0,1,2, …               (2) 

where 𝑥𝑡 = (𝑥𝑡
1, … , 𝑥𝑡

𝑛) ∈ ℝ𝑛, 𝑦𝑡 = (𝑦𝑡
1, … , 𝑦𝑡

𝑝) ∈ ℝ𝑝, 𝑎0, 𝑎1 unknown vectors, 𝐴, 𝐵, 𝐶 are constant 

matrices of appropriate dimensions; 𝐴 ∈ ℝ𝑛,𝑛, 𝐵 ∈ ℝ𝑛,𝑟 , 𝐶 ∈ ℝ𝑝,𝑛. Here ℝ𝑛,𝑙 denotes the vector space 

of 𝑛 × 𝑙 real matrices, 𝑥𝑡 is the state, 𝑢𝑡 is the unknown input vector, and 𝑦𝑡 is the output of the 

system. Now using only information from the output measurements (2) we will solve the observability 

problem for the state space variables defined in (1).  

We say that the linear discrete-time system modelled by (1) and (2) is observable at time 𝑡 = 0 

if there exits some 𝑡1 > 0 such that the state (𝑥0, 𝑥1) = (𝑎0, 𝑎1) at time 𝑡 = 0 can be uniquely 

determined from the knowledge of 𝑢𝑡 , 𝑦𝑡, 𝑡 = 0,1, … , 𝑡1. 

For a known 𝑎0, 𝑎1, of course, the recursion (1) gives us complete knowledge about the state 

variables at any discrete-time instant. Thus, our main problem is to determine from the state 

measurements the initial state vector 𝑥0 = 𝑎0, 𝑥1 = 𝑎1. The developments applied in this section are 

not standard, and their exposition in the framework of problem (1) is new. 

Obviously, the 𝑛-dimensional vector has unknown components, and we try to determine an 

initial values 𝑎0 and 𝑎1 using output measurements 𝑦𝑡. Take 𝑡 = 0,1,2, … , 𝑛 − 1 in (1) and (2), and 

generate the following sequence 

        𝑦0 = 𝐶𝑥0, ∆𝑦0 = 𝑦1 − 𝑦0 = 𝐶(𝑥1 − 𝑥0) = 𝐶∆𝑥0, ∆𝑥0 = 𝑥1 − 𝑥0, 
    ∆2𝑦0 = 𝑦2 − 2𝑦1 + 𝑦0 = 𝐶(𝑥2 − 2𝑥1 + 𝑥0) = 𝐶∆2𝑥0 = 𝐶𝐴𝑥0 + 𝐶𝐵𝑢0, 
    ∆3𝑦0 = 𝑦3 − 3𝑦2 + 3𝑦1 − 𝑦0 = 𝐶(𝑥3 − 3𝑥2 + 3𝑥1 − 𝑥0) = 𝐶𝐴𝑥1 + 𝐶𝐵∆𝑢0, 
    ∆4𝑦0 = 𝐶𝐴2𝑥0 + 𝐶𝐴𝐵𝑢0 + 𝐶𝐵∆𝑢0,  
    ………………………………………………………………………………. 

    ∆2𝑛−2𝑦0 = 𝐶𝐴𝑛−1𝑥0 + 𝐶𝐴𝑛−2𝐵𝑢0 + 𝐶𝐴𝑛−3𝐵∆2𝑢0 + ⋯+ 𝐶𝐵∆2𝑛−4𝑢0,  
∆2𝑛−1𝑦0 = 𝐶𝐴𝑛−1𝑥1 + 𝐶𝐴𝑛−2𝐵𝑢0 + 𝐶𝐴𝑛−3𝐵∆3𝑢0 + ⋯+ 𝐶𝐵∆2𝑛−3𝑢0,     (3) 

where 𝑠 th-order difference operator is defined as follows 

∆𝑠𝑥𝑡 = ∑(−1)𝑘𝐶𝑠
𝑘𝑥𝑡+𝑠−𝑘,

𝑠

𝑘=0

 𝐶𝑠
𝑘 =

𝑠!

𝑘! (𝑠 − 𝑘)!
, 𝑡 = 0,1,2, … 

Now let us separate equations (3) involving even and odd-orders finite differences in the 

following relevant matrix form 

 

[
 
 
 
 

𝑦0

∆2𝑦0 − 𝐶𝐵𝑢0

∆4𝑦0 − 𝐶𝐴𝐵𝑢0 − 𝐶𝐵∆𝑢0

⋮
∆2(𝑛−1)𝑦0 − 𝐶𝐴𝑛−2𝐵𝑢0 − 𝐶𝐴𝑛−3𝐵∆2𝑢0 − ⋯− 𝐶𝐵∆2𝑛−4𝑢0]

 
 
 
 

(𝑛𝑝)×1

=

[
 
 
 
 

𝐶
𝐶𝐴
𝐶𝐴2

⋮
𝐶𝐴𝑛−1]

 
 
 
 

(𝑛𝑝)×𝑛

∙ 𝑥0;  

[
 
 
 
 

∆𝑦0

∆3𝑦0 − 𝐶𝐵∆𝑢0

∆5𝑦0 − 𝐶𝐴𝐵∆𝑢0 − 𝐶𝐵∆3𝑢0

⋮
∆2𝑛−1𝑦0 − 𝐶𝐴𝑛−2𝐵∆𝑢0 − 𝐶𝐴𝑛−3𝐵∆3𝑢0 − ⋯− 𝐶𝐵∆2𝑛−3𝑢0]

 
 
 
 

(𝑛𝑝)×1

=

[
 
 
 
 

𝐶
𝐶𝐴
𝐶𝐴2

⋮
𝐶𝐴𝑛−1]

 
 
 
 

(𝑛𝑝)×𝑛

∙ 𝑥1. (4) 

We know from linear algebra that each system of linear algebraic equations with 𝑛 unknowns of (4), 

has a unique solution 𝑥0 and 𝑥1 if and only if the system matrix has rank 𝑛. 
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rank

[
 
 
 
 

𝐶
𝐶𝐴
⋮

𝐶𝐴𝑛−2

𝐶𝐴𝑛−1]
 
 
 
 

= 𝑛.                                                               (5) 

The initial values 𝑥0, 𝑥1 are determined if the so-called observability matrix 𝒪(𝐴, 𝐶)  

𝒪(𝐴, 𝐶) =

[
 
 
 
 

𝐶
𝐶𝐴
⋮

𝐶𝐴𝑛−2

𝐶𝐴𝑛−1]
 
 
 
 

(𝑛𝑝)×𝑛

                                                             (6) 

has rank𝑛, that is 

rank𝒪(𝐴, 𝐶) = 𝑛.                                                               (7) 

Theorem 2.1 The second order linear discrete-time system (1) with measurements (2) is observable 

if and only if the observability matrix (6) has rank𝑛. 

Example 2.1 Consider the following second order linear discrete system with measurements 

[
𝑥𝑡+2

1 − 2𝑥𝑡+1
1 + 𝑥𝑡

1

𝑥𝑡+2
2 − 2𝑥𝑡+1

2 + 𝑥𝑡
2] = [

2 1
3 4

] [
𝑥𝑡

1

𝑥𝑡
2], 

𝑦𝑡 = [1 3] [
𝑥𝑡

1

𝑥𝑡
2] ; 𝐴 = [

2 1
3 4

] , 𝐶 = [1 3]. 

In this case, the equations (4) are simplified as follows 

[
𝑦0

∆2𝑦0
] = [

𝐶
𝐶𝐴

] 𝑥0;  [
∆𝑦0

∆3𝑦0
] = [

𝐶
𝐶𝐴

] 𝑥1 

and the observability matrix for this second-order system is  

𝒪(𝐴, 𝐶) = [
𝐶
𝐶𝐴

] = [
1 3
11 13

]. 

The determinant of this square matrix is nonzero (det 𝒪(𝐴, 𝐶) = −20 ≠ 0) and the rows of the 

matrix are linearly independent. Thus, rank 𝒪(𝐴, 𝐶) = 𝑛 = 2 i.e. the system under consideration is 

observable. 

Example 2.2 Suppose now the corresponding system and measurement matrices of our problem are 

given as follows 

𝐴 = [
2 3

−1 −2
] , 𝐶 = [1 3]. 

Obviously, the observability matrix is  

𝒪(𝐴, 𝐶) = [
𝐶
𝐶𝐴

] = [
1 3

−1 −3
]. 

It is not hard to see that rank 𝒪(𝐴, 𝐶) = 1. It means that rank 𝒪(𝐴, 𝐶) = 1 < 𝑛, where 𝑛 = 2 and the 

system is unobservable.  

 

3. Observability of second order continuous systems 

 

In this section, we study an observability problem for a second order continuous-time linear 

state-space system 

     𝑥′′(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡), 𝑥(0) = 𝑥0, 𝑥
′(0) = 𝑥1                                  (8) 

with the corresponding measurements 

𝑦(𝑡) = 𝐶𝑥(𝑡)                                                                 (9) 

of dimensions 𝑥(𝑡) ∈ ℝ𝑛 , 𝑦(𝑡) ∈ ℝ𝑝 and matrices 𝐴 ∈ ℝ𝑛,𝑛 and 𝐶 ∈ ℝ𝑝,𝑛, 𝑥0, 𝑥1 unknown vectors. 

Here 𝑥(𝑡) ∈ ℝ𝑛, 𝑢(𝑡) ∈ ℝ𝑟 and 𝑦(𝑡) ∈ ℝ𝑝 are respectively the state vector, the unknown input vector 

and the output vector. We will conclude that the knowledge of 𝑥0, 𝑥1 is sufficient to determine at any 

https://en.wikipedia.org/wiki/Discrete-time
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time instant. This difficulty is also related to the one we encountered in the previous section when 

dealing with the difference operator. The problem is to find 𝑥0, 𝑥1 from the available measurements 

(9). We have solved this problem for the second order discrete-time systems by defining the sequence 

of measurements at discrete-time instants 𝑡 = 0,1,2,… , 𝑛 − 1. By analogy way in the second order 

continuous-time system (8) by computing higher order derivatives of the continuous-time 

measurements (9) at a point 𝑡 = 0 we have  

𝑦(0) = 𝐶𝑥(0) = 𝐶𝑥0, 𝑦
′(0) = 𝐶𝑥′(0) = 𝐶𝑥1, 

𝑦′′(0) = 𝐶𝐴𝑥0 + 𝐶𝐵𝑢(0), 𝑦′′′(0) = 𝐶𝐴𝑥1 + 𝐶𝐵𝑢′(0), 

𝑦(𝐼𝑉)(0) = 𝐶𝐴2𝑥0 + 𝐶𝐴𝐵𝑢(0) + 𝐶𝐵𝑢′′(0), 

𝑦(𝑉)(0) = 𝐶𝐴2𝑥1 + 𝐶𝐴𝐵𝑢′(0) + 𝐶𝐵𝑢′′′(0), 
………………………………… 

𝑦(2𝑛−2)(0) = 𝐶𝐴𝑛−1𝑥0 + 𝐶𝐴𝑛−2𝐵𝑢(0) + 𝐶𝐴𝑛−3𝐵𝑢′′(0) + ⋯+ 𝐶𝐵𝑢(2𝑛−4)(0), 

𝑦(2𝑛−1)(0) = 𝐶𝐴𝑛−1𝑥1 + 𝐶𝐴𝑛−2𝐵𝑢′(0) + 𝐶𝐴𝑛−3𝐵𝑢′′′(0) + ⋯+ 𝐶𝐵𝑢(2𝑛−3)(0),         (10) 

Equations (10) according to even and odd-orders derivatives of input and output functions comprise 

the following two system of 𝑛𝑝 linear algebraic equations:  

𝑦(0) = 𝐶𝑥(0) = 𝐶𝑥0, 𝑦′(0) = 𝐶𝑥′(0) = 𝐶𝑥1,

𝑦′′(0) = 𝐶𝐴𝑥0 + 𝐶𝐵𝑢(0), 𝑦′′′(0) = 𝐶𝐴𝑥1 + 𝐶𝐵𝑢′(0),

𝑦(𝐼𝑉)(0) = 𝐶𝐴2𝑥0 + 𝐶𝐴𝐵𝑢(0) + 𝐶𝐵𝑢′′(0), 𝑦(𝑉)(0) = 𝐶𝐴2𝑥1 + 𝐶𝐴𝐵𝑢′(0) + 𝐶𝐵𝑢′′′(0),
………………………………………………… …………………………………………………
𝑦(2𝑛−2)(0) = 𝐶𝐴𝑛−1𝑥0 + 𝐶𝐴𝑛−2𝐵𝑢(0) 𝑦(2𝑛−1)(0) = 𝐶𝐴𝑛−1𝑥1 + 𝐶𝐴𝑛−2𝐵𝑢′(0)

+𝐶𝐴𝑛−3𝐵𝑢′′(0) + ⋯+ 𝐶𝐵𝑢(2𝑛−4)(0), +𝐶𝐴𝑛−3𝐵𝑢′′′(0) + ⋯+ 𝐶𝐵𝑢(2𝑛−3)(0),

     (11) 

By analogy with the second order discrete-time system (11) can be rewritten in the following matrix 

forms: 

[
 
 
 
 

𝑦(0)

𝑦′′(0) − 𝐶𝐵𝑢(0)

𝑦(𝐼𝑉)(0) − 𝐶𝐴𝐵𝑢(0) − 𝐶𝐵𝑢′′(0)
⋮

𝑦2𝑛−2(0) − 𝐶𝐴𝑛−2𝐵𝑢(0) − 𝐶𝐴𝑛−3𝐵𝑢′′(0) − ⋯ − 𝐶𝐵𝑢(2𝑛−4)]
 
 
 
 

(𝑛𝑝)×1

=

[
 
 
 
 

𝐶
𝐶𝐴
𝐶𝐴2

⋮
𝐶𝐴𝑛−1]

 
 
 
 

(𝑛𝑝)×𝑛

 𝑥0 = 𝒪𝑥0   

   (12) 

[
 
 
 
 

𝑦′(0)

𝑦′′′(0) − 𝐶𝐵𝑢′(0)

𝑦(𝑉)(0) − 𝐶𝐴𝐵𝑢′(0) − 𝐶𝐵𝑢′′′(0)
⋮

𝑦2𝑛−1(0) − 𝐶𝐴𝑛−1𝐵𝑢′(0) − 𝐶𝐴𝑛−3𝐵𝑢′′′(0) − ⋯− 𝐶𝐵𝑢(2𝑛−3)]
 
 
 
 

(𝑛𝑝)×1

=

[
 
 
 
 

𝐶
𝐶𝐴
𝐶𝐴2

⋮
𝐶𝐴𝑛−1]

 
 
 
 

(𝑛𝑝)×𝑛

 𝑥1 =

𝒪𝑥1,     (13) 

where 𝒪 = 𝒪(𝐴, 𝐶) is the observability matrix already defined in (6). Thus, for determining of the 

initial values 𝑥0, 𝑥1 uniquely from (12), (13) it is necessary and sufficient that the observability matrix 

has full rank, i.e. rank 𝒪 = 𝑛. It would be noted that taking more higher-order derivatives in (12) and 

(13) it is impossible to increase the rank of the observability matrix 𝒪(𝐴, 𝐶), because by the Cayley-

Hamilton theorem for 𝑚 ≥ 𝑛 we have 𝐴𝑚 = ∑ 𝛽𝑗𝐴
𝑗𝑛−1

𝑗=0  and so the additional equations would be 

linearly dependent on the previously defined n  equations (12). 

Thus, we have proved the following theorem for the validity of Kalman criterion. 

Theorem 3.1 For observability of the linear second order continuous-time system (8) with 

measurements (9) it is necessary and sufficient that the observability matrix has full rank. 

Remark 3.1 It can be pointed out that to prove Theorem 3.1, we can use the idea of construction the 

discrete-approximation problem for second order continuous system (8); at first we introduce the first 
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and second order difference operators  

∆𝑥(𝑡) ≔
1

ℎ
[𝑥(𝑡 + ℎ) − 𝑥(𝑡)], ∆2𝑥(𝑡) ≔

1

ℎ
[∆𝑥(𝑡 + ℎ) − ∆𝑥(𝑡)], 𝑡 = 0, ℎ, 2ℎ,…, 

where ℎ is a step on the 𝑡-axis and 𝑥(𝑡) ≡ 𝑥ℎ(𝑡) is a grid functions on a uniform grid. We define the 

following discrete-approximation problem associated with the problem (18) 

∆2𝑥(𝑡) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡), 𝑡 = 0, ℎ, 2ℎ,… , 𝑥(0) = 𝑥0, ∆𝑥(0) =
𝑥(0+ℎ)−𝑥(0)

ℎ
= 𝑥1.    (14) 

Note that by using the definition of 𝑠 th-order difference operator ∆𝑠𝑥(𝑡) we have associated with the 

linear state-space system (8) the following discrete-approximate equation 

∆𝑠𝑥(𝑡) = 𝐴∆𝑠−2𝑥(𝑡) + 𝐵∆𝑠−2𝑢(𝑡), 𝑠 = 2,3, … ,2𝑛 + 1. 

We proceed by analogy with the preceding derivation of Section 2; only in this case in the equations 

(4) for second order discrete-approximation-time system (14) instead of  ∆𝑠𝑦0, ∆
𝑠𝑢0, 𝑥0, 𝑥1, 𝑦0 we 

take ∆𝑠𝑦(0), ∆𝑠𝑢(0), 𝑥(0), ∆𝑥(0), 𝑦(0), respectively: 

[
 
 
 
 

𝑦(0)

∆2𝑦(0) − 𝐶𝐵𝑢(0)

∆4𝑦(0) − 𝐶𝐴𝐵𝑢(0) − 𝐶𝐵∆2𝑢(0)
⋮

∆2(𝑛−1)𝑦(0) − 𝐶𝐴𝑛−2𝐵𝑢(0) − ⋯− 𝐶𝐵∆2𝑛−4]
 
 
 
 

(𝑛𝑝)×1

=

[
 
 
 
 

𝐶
𝐶𝐴
𝐶𝐴2

⋮
𝐶𝐴𝑛−1]

 
 
 
 

(𝑛𝑝)×𝑛

𝑥(0); 

[
 
 
 
 

𝑦(0)

∆3𝑦(0) − 𝐶𝐵∆𝑢(0)

∆5𝑦(0) − 𝐶𝐴𝐵𝑢(0) − 𝐶𝐵∆3𝑢(0)
⋮

∆2𝑛−1𝑦(0) − 𝐶𝐴𝑛−2𝐵∆𝑢(0) − 𝐶𝐴𝑛−3𝐵∆3𝑢(0) − ⋯− 𝐶𝐵∆2𝑛−3]
 
 
 
 

(𝑛𝑝)×1

=

[
 
 
 
 

𝐶
𝐶𝐴
𝐶𝐴2

⋮
𝐶𝐴𝑛−1]

 
 
 
 

(𝑛𝑝)×𝑛

∆𝑥(0); 

Then derivation of conditions (12) is implemented by passing to the limit here (at least formally), 

whenever the discrete steps tend to zero. 

 

4. Controllability of second order discrete systems 

 

We have seen earlier that controllability is an important property of a control system, and 

besides controllability property plays a crucial role in many control problems, such as stabilization of 

unstable systems by feedback, or optimal control. Now, we consider again a linear discrete-time 

invariant control system defined in Section 2: 

𝑥𝑡+2 − 2𝑥𝑡+1 + 𝑥𝑡 = 𝐴𝑥𝑡 + 𝐵𝑢𝑡, 𝑥0 = 𝑎0, 𝑥1 = 𝑎1                                 (15) 

Thus, the linear second order discrete-time system modelled by (15) is controllable if it is 

possible to find a control sequence such that the given point can be reached from any initial state in 

a finite time. In other words, we want to transfer our system from any initial state 𝑥0 = 𝑎0, 𝑥1 = 𝑎1 

to any desired final state 𝑥𝑡1 = 𝑥0𝑓 , ∆𝑥𝑡1 = 𝑥1𝑓 − 𝑥0𝑓in a finite time 𝑡1 < ∞. 

By using the definition of 𝑠 th-order difference operator ∆𝑠𝑥𝑡, we have 

∆𝑠𝑥𝑡 = 𝐴∆𝑠−2𝑥𝑡 + 𝐵∆𝑠−2𝑢𝑡 , 𝑠 = 2,3, … ,2𝑛 + 1.     
Then we continue our techniques used in the study of observability problems of the preceding 

sections; by repeatedly substitutions here we derive the following set of equations 

∆2𝑥0 = 𝐴𝑥0 + 𝐵𝑢0,   ∆
3𝑥0 = 𝐴∆𝑥0 + 𝐵∆𝑢0,

∆4𝑥0 = 𝐴∆2𝑥0 + 𝐵∆2𝑢0 = 𝐴2𝑥0 + 𝐴𝐵𝑢0 + 𝐵∆2𝑢0,

∆5𝑥0 = 𝐴∆3𝑥0 + 𝐵∆3𝑢0 = 𝐴2∆𝑥0 + 𝐴𝐵∆𝑢0 + 𝐵∆3𝑢0,
……………………………………………………………

∆2𝑛𝑥0 = 𝐴𝑛𝑥0 + 𝐴𝑛−1𝐵𝑢0 + 𝐴𝑛−2∆2𝑢0 + ⋯+ 𝐵∆2𝑛−2𝑢0,

∆2𝑛+1𝑥0 = 𝐴𝑛∆𝑥0 + 𝐴𝑛−1𝐵∆𝑢0 + 𝐴𝑛−2∆3𝑢0 + ⋯+ 𝐵∆2𝑛−1𝑢0.

                         (16) 

In a general case, as earlier, according to even and odd-orders finite derivatives when the input 

https://en.wikipedia.org/wiki/Control_system
https://en.wikipedia.org/wiki/BIBO_stability
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𝑢𝑡 is a vector of dimension 𝑟, splitting the equations (16) on two group, the repetition of the same 

procedure give us 

∆2𝑛𝑥0 − 𝐴𝑛𝑥0 = [𝐵 ⋮ 𝐴𝐵 ⋮ 𝐴2𝐵 ⋮ ⋯ ⋮ 𝐴𝑛−2𝐵 ⋮ 𝐴𝑛−1𝐵] [

∆2𝑛−2𝑢0

⋮
∆2𝑢0

𝑢0

]                          (17) 

∆2𝑛+1𝑥0 − 𝐴𝑛𝑥1 = [𝐵 ⋮ 𝐴𝐵 ⋮ 𝐴2𝐵 ⋮ ⋯ ⋮ 𝐴𝑛−2𝐵 ⋮ 𝐴𝑛−1𝐵] [

∆2𝑛−1𝑢0

⋮
∆3𝑢0

∆𝑢0

]                          (18) 

Where [𝐵 ⋮ 𝐴𝐵 ⋮ ⋯ ⋮ 𝐴𝑛−1𝐵] is a matrix of dimension 𝑛 × (𝑟 ∙ 𝑛). In what follows we denote 

it by 𝒞(𝐴, 𝐵) define it as the controllability matrix:  

𝒞(𝐴, 𝐵) = [𝐵 ⋮ 𝐴𝐵 ⋮ ⋯ ⋮ 𝐴𝑛−1𝐵].                                         (19) 

The system of 𝑛 linear algebraic equations in 𝑟 ∙ 𝑛 unknowns for 𝑛 number of 𝑟-dimensional 

vector components of 𝑢0,  ∆
2𝑢0, … , ∆2𝑛−2𝑢0  and ∆𝑢0,  ∆

3𝑢0, … , ∆2𝑛−1𝑢0, are the following equations 

𝒞𝑛×(𝑛∙𝑟)(𝐴, 𝐵) [

∆2𝑛−2𝑢0

⋮
∆2𝑢0

𝑢0

]

(𝑛𝑟)×1

= 𝑥0𝑓 − 𝐴𝑛𝑥0;   𝒞
𝑛×(𝑛∙𝑟)(𝐴, 𝐵) [

∆2𝑛−1𝑢0

⋮
∆3𝑢0

∆𝑢0

]

(𝑛𝑟)×1

= 𝑥1𝑓 − 𝐴𝑛𝑥1.     

Then these equations will have a solutions for any given pair of vectors 𝑥0𝑓 , 𝑥1𝑓 if and only if 

the matrix has full rank, i.e. rank 𝒞(𝐴, 𝐵) = 𝑛. These results are summarized in the following 

theorem. 

Theorem 4.1 The linear discrete-time system (15) is controllable if and only if rank 𝒞(𝐴, 𝐵) = 𝑛, 

where the controllability matrix is defined by (19). 

 

5. Controllability of second order continuous systems 

 

As is known, the basic concepts of controllability with continuous systems play an essential, 

fundamental role in the solutions of many important different optimal control problems. Roughly 

speaking, as in the discrete systems we remind that controllability of continuous systems generally 

means that it is possible to steer dynamical system from an arbitrary initial state to an arbitrary final 

state using the set of admissible controls.  

Suppose we have a simplified problem, where the input is a scalar and input matrix 𝐵 is a 

vector, usually denoted by 𝑏: 

𝑥′′ = 𝐴𝑥 + 𝑏𝑢, 𝑥(0) = 𝑥0, 𝑥′(0) = 𝑥1.                                         (20) 

A system is said to be (state) controllable at time 𝑡 = 0, if there exists a finite 𝑡1 > 0 such that 

for any 𝑥0  and any 𝑥1, there exist an input 𝑢(𝑡), 𝑡 ∈ [0,1] that will transfer the state (𝑥(0), 𝑥′(0)) to 

the state (𝑥(𝑡1), 𝑥′(𝑡1)) at time 𝑡1, otherwise the system is said to be uncontrollable at time 𝑡 = 0. 

By sequential differentiation of equation (20), we derive the following set of equations 

𝑥′′ =
𝑑2𝑥

𝑑𝑡2 = 𝐴𝑥 + 𝑏𝑢,    𝑥′′′ =
𝑑3𝑥

𝑑𝑡3 = 𝐴𝑥′ + 𝑏𝑢′, 

𝑥(𝐼𝑉) =
𝑑4𝑥

𝑑𝑡4
= 𝐴𝑥′′ + 𝑏𝑢′′ = 𝐴2𝑥 + 𝐴𝑏𝑢 + 𝑏𝑢′′, 

………………………………………………….. 

𝑥(2𝑛) =
𝑑2𝑛𝑥

𝑑𝑡2𝑛
= 𝐴𝑛𝑥 + 𝐴𝑛−1𝑏𝑢 + 𝐴𝑛−2𝑏𝑢′′ + ⋯+ 𝑏𝑢(2𝑛−2), 

𝑥(2𝑛+1) =
𝑑2𝑛+1𝑥

𝑑𝑡2𝑛+1 = 𝐴𝑛𝑥′ + 𝐴𝑛−1𝑏𝑢′ + 𝐴𝑛−2𝑏𝑢′′′ + ⋯+ 𝑏𝑢(2𝑛−1).              (21) 

Notice that in this case the controllability matrix  

𝒞(𝐴, 𝑏) = [𝑏 ⋮ 𝐴𝑏 ⋮ 𝐴2𝑏 ⋮ ⋯ ⋮ 𝐴𝑛−2𝑏𝐴𝑛−1𝑏] 
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is a square matrix of size 𝑛 × 𝑛. If the controllability matrix is non-singular, i.e. its determinant is 

nonzero, then equation (21) has the unique solution for the input sequence given by 

𝒞𝑛×𝑛(𝐴, 𝑏)

[
 
 
 
 
 
𝑢(2𝑛−2)(𝑡)

𝑢(2𝑛−4)(𝑡)
⋮

𝑢′′(𝑡)
𝑢(𝑡) ]

 
 
 
 
 

= 𝑥(2𝑛)(𝑡) − 𝐴𝑛𝑥(𝑡); 𝒞𝑛×𝑛(𝐴, 𝑏)

[
 
 
 
 
𝑢(2𝑛−1)(𝑡)

𝑢(2𝑛−3)(𝑡)
⋮

𝑢′′′(𝑡)

𝑢′(𝑡) ]
 
 
 
 

= 𝑥(2𝑛+1)(𝑡) −

𝐴𝑛𝑥′(𝑡).                                                          (22) 

Note that (22) is valid for any 𝑡 ∈ [0, 𝑡𝑓] with an arbitrary finite 𝑡𝑓. Thus, the nonsingularity of 

the controllability matrix implies the existence of the scalar input function 𝑢(𝑡) and its 2𝑛 − 1 

derivatives, for any 𝑡 < 𝑡𝑓 < ∞. 

For a vector input system 𝑥′′ = 𝐴𝑥 + 𝐵𝑢 where 𝐵 is 𝑛 × 𝑟 matrix, the above discussion 

produces the same relation as (22) with the controllability matrix given by (19) and with the input 

vector 𝑢(𝑡) ∈ ℝ𝑛. It is well known from linear algebra that a solution of (22) exists for any 𝑥(2𝑛)(𝑡) −

𝐴𝑛𝑥(𝑡) and 𝑥(2𝑛+1)(𝑡) − 𝐴𝑛𝑥′(𝑡) and any desired state at 𝑡 if and only if rank 𝒞(𝐴, 𝑏) = 𝑛. 

We have obtained the following theorem. 

Theorem 5.1 The linear continuous-time system is controllable if and only if the controllability 

matrix has full rank, i.e. rank 𝒞(𝐴, 𝑏) = 𝑛. 

Remark 5.1 We recall that these observability results can be obtained from duality relation between 

observability and controllability (see [7] and references therein).  

Indeed, by this relation 𝑥′′ = 𝐴𝑥 + 𝐵𝑢, 𝑦 = 𝐶𝑥 is observable if and only if the dual system 

𝑥∗′′ = −𝐴𝑇𝑥∗ + 𝐶𝑇𝑢 with output vector 𝑧 = 𝐵𝑇𝑥∗ is controllable, where a prime denotes the adjoint 

transformation. But according to the Theorem 4.1 for controllability of the last dual system (with 

respect to the state 𝑥∗) the controllability 𝑛 × (𝑛𝑝) matrix [𝐶𝑇 ⋮ 𝐴𝑇𝐶𝑇 ⋮ (𝐴2)𝑇𝐶𝑇 ⋮ ⋯ ⋮ (𝐴𝑛−1)𝑇𝐶𝑇]  
should be have full rank. 

Example 5.1. Suppose we have the linear continuous-time system 

𝑥′′ = [
1 0 −1
2 3 1
4 −5 2

] 𝑥 + [
1
0
3
] 𝑢. 

Here the matrix 𝐵 is vector-column 𝑏 of dimension three and the controllability matrix for this 

third-order system is given by 

𝒞(𝐴, 𝑏) = [𝑏 ⋮ 𝐴𝑏 ⋮ 𝐴2𝑏] = [
1 −2 −12
0 5 21
3 10 −13

]. 

Since det 𝒞(𝐴, 𝑏) = −211 ≠ 0  we can conclude that rank 𝒞(𝐴, 𝑏) = 3. Thus, rank 𝒞(𝐴, 𝑏) =
3 = 𝑛 implies that the system under consideration is controllable. 

The following result is the bridge between the transfer functions of first and second order linear 

systems with continuous-time linear state-space system and with the corresponding measurements. 

Lemma 5.1 The transfer function of the second order continuous-time linear state-space system 𝑥′′ =
𝐴1𝑥 + 𝐵𝑢 with the corresponding measurements 𝑦 = 𝐶𝑥 has the form 𝐻(𝑠) = 𝐶[𝑠2𝐸 − 𝐴1]

−1𝐵. 

Proof. Introducing a new variable 𝑣 = [
𝑥
𝑥′

] it is easy to see that our system can be converted to the 

first order system 𝑣′ = �̃�𝑣 + �̃�𝑢, where �̃� = [
Ο𝑛×𝑛 𝐸𝑛

𝐴𝑛 Ο𝑛×𝑛
], �̃� = [

Ο𝑛×𝑟

𝐵
] (Ο𝑛×𝑟 is the 𝑛 × 𝑟 zero 

matrix). By analogy 𝑦 = [𝐶 Ο𝑝×𝑛]𝑣. Then for a new problem the transfer function [21] is 𝐻(𝑠) =

[𝐶 Ο𝑝×𝑛][𝑠𝐸2𝑛 − �̃�]
−1

�̃� (𝐸𝑘 is 𝑘 × 𝑘 identity matrix). Now it is not hard to compute the inverse 

matrix of the invertible matrix [𝑠𝐸2𝑛 − �̃�] partitioned into a block form:  

https://en.wikipedia.org/wiki/Discrete-time
https://en.wikipedia.org/wiki/Discrete-time


E.N. Mahmudov / Informatics and Control Problems 39 Issue 1 (2019) 16-25 

 
 

24 

[𝑠𝐸2𝑛 − �̃�]
−1

= [
𝑠𝐸𝑛 −𝐸𝑛

−𝐴1 𝑠𝐸𝑛
]
−1

= [
[𝑠𝐸𝑛 −

1

𝑠
𝐴1]

−1
[𝑠2𝐸𝑛 − 𝐴1]

−1

[𝑠2𝐸𝑛 − 𝐴1]
−1 [𝑠𝐸𝑛 −

1

𝑠
𝐴1]

−1].                     (23) 

Then substitution (23) into the transfer function we have immediately 

𝐻(𝑠) = 𝐶[𝑠2𝐸 − 𝐴1]
−1𝐵, 𝐸 = 𝐸𝑛. 

Example 5.2 Consider the following system with scalar input and measurements 

𝑥′′ = [
2 1
3 4

] 𝑥 + [
1
2
] 𝑢; 𝑦 = [1 3]𝑥; 𝐴 = [

2 1
3 4

] ; 𝑏 = [
1
2
] ; 𝐶 = [1 3]. 

Let 𝐻(𝑠) = 𝐶[𝑠2𝐸 − 𝐴]−1𝑏 be the transfer function [21] of this single-input single-output system, 

where 𝐸 is 2 × 2 identity matrix. Then 

[𝑠2𝐸 − 𝐴]−1 = [𝑠
2 − 2 −1
−3 𝑠2 − 4

]
−1

=

[
 
 
 
 

𝑠2 − 4

(𝑠2 − 2)(𝑠2 − 4) − 3

1

(𝑠2 − 2)(𝑠2 − 4) − 3

3

(𝑠2 − 2)(𝑠2 − 4) − 3

𝑠2 − 2

(𝑠2 − 2)(𝑠2 − 4) − 3]
 
 
 
 

 

and  

𝐻(𝑠) = 𝐶[𝑠2𝐸 − 𝐴]−1𝑏 = [1 3] [

𝑠2−4

(𝑠2−2)(𝑠2−4)−3

1

(𝑠2−2)(𝑠2−4)−3

3

(𝑠2−2)(𝑠2−4)−3

𝑠2−2

(𝑠2−2)(𝑠2−4)−3

] [
1
2
]. 

Consequently, 𝐻(𝑠) =
7𝑠2−5

𝑠4−6𝑠2+5
  and there is no zero-pole cancellations in the transfer function 

of our a single-input single-output system, that is the system is both controllable and observable (i.e., 

the poles are ±√5; ±1 and zero is ±√5 7⁄ ). Notice that systems that satisfy this relationship are 

called proper. To get the complete answer we have to go to a state space form and examine the 

controllability and observability matrices; in Example 2.1 it was already shown that rank𝒪(𝐴, 𝐶) =
𝑛 = 2 and the system is observable (we recall that Examples 2.1 and 5.2 have the same matrices 

𝐴, 𝐶). On the other hand, 𝒞(𝐴, 𝑏) = [𝑏 ⋮ 𝐴𝑏] = [
1 4
2 11

], i.e., det 𝒞(𝐴, 𝑏) = 3 ≠ 0 and our system is 

controllable. 
 

6. Conclusion 
 

In this paper, the issue of the observability and controllability criteria for a class of second order 

linear time invariant systems is addressed. Several sufficient and necessary conditions for 

observability and controllability of such systems are established in the form of Kalman’s type 

conditions. By sequential differentiation of state and output vector-functions with scalar and vector 

inputs deriving different systems of linear algebraic equations are also discussed, transfer function is 

constructed. It is worth noticing that this note considers the controllability and observability for a 

class of linear time invariant systems. Many issues are still untouched on more general linear systems, 

for instance, higher order linear systems with variable coefficients. Numerical examples are presented 

to illustrate the theoretical results and to show the effectiveness of the proposed results. 
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