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The most popular noise model employed in studying stochastic 

systems is a white noise model. At the same time, the real noises 

are rarely white. They are rarely colored as well. Mostly, they are 

wide band.  This pushes to develop mathematical methods of 

studying stochastic systems corrupted by wide band noises. 

Engineers detect wide band noises by their autocovariance 

functions, which do not allow to model them uniquely. Therefore, it 

becomes important to develop mathematical methods which are 

independent of wide band noises having the same autocovariance 

function. Such results are called invariant results. In this paper, we 

review some invariant estimation and control results for wide band 

noise driven stochastic systems. 
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1. Introduction 

 

 Noise is an indestructible attribute of nature. Therefore, the scientists have been studying 

methods of working under noises. The most popular noise model employed by system scientists is a 

white noise. Somewhat improved noise model is a colored noise. But, the real noises are rarely 

white and colored. They are mostly wide band.  

To the best of the author's knowledge, a first record about wide band noises appears in the 

book [1] by Fleming and Rishel, although earlier discussions in the engineering literature are not 

excluded as well. Later, wide band noises were prompted in [2] by Kushner and Runggaldier. At 

present, there are two approaches to wide band noises. A method by approximations is developed in 

a series of works  [2-11]. A different method by integral representation was suggested in [12-16] 

which leads to modeling wide band noises as a distributed delay of white noises [17, 18]. 

White noise driven systems have a strong mathematical basis, provided by Ito's stochastic 

calculus [19, 20]. Moreover, a replacement of wide band noises by white noises produces results 

which are more or less acceptable in some applied areas. These factors prompted the acceptance of 

white noises as a popular noise model. At the same time, technology needs more and more delicate 

study of stochastic systems. In this way, a modification of the results for white noise driven systems 

to wide band noise driven systems becomes important. In this paper, we are aimed to present some 

already proved results in the areas of estimation and stochastic control of linear and nonlinear 

stochastic systems along the second of the above mentioned approaches.   

We prefer to write the arguments of functions in subscripts, for example, 𝑓𝑡 instead of 𝑓(𝑡). 

This is done to make shorter big expressions. The other general notations are as follows. ℝ𝑛 is the 

𝑛-dimensional Euclidean space. As always, ℝ1 = ℝ. ℝ𝑛×𝑚 is a space of (𝑛 × 𝑚)-matrices. The 

transpose of 𝐴 is denoted by 𝐴∗. We write 𝐴 ≥ 0 for 𝐴 ∈ ℝ𝑛×𝑛 if 𝐴 = 𝐴∗ and 〈𝑥, 𝐴𝑥〉 ≥ 0 for all 
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𝑥 ∈ ℝ𝑛. We also write 𝐴 > 0 if 𝐴 = 𝐴∗ and  〈𝑥, 𝐴𝑥〉  > 0 for all 𝑥 ∈ ℝ𝑛 ∖ {0}. tr𝑃 means the trace 

of the matrix 𝑃. The expectation and conditional expectation of the random variable 𝜉 are denoted 

by E𝜉 and E(𝝃| ⋅), respectively. cov(𝜉, 𝜂) denotes the covariance of 𝜉 and 𝜂. We let cov𝜉 = 

cov(𝜉, 𝜉). Some other notation will be introduced in the text.  

 

2. Motivation 

 

For a given square integrable random process 𝜑, denote 

                                                      𝛬𝑡,𝜃 = cov(𝜑𝑡+𝜃, 𝜑𝑡),    𝑡, 𝜃 ≥ 0.                                                          (1) 

If 𝛬𝑡,𝜃 ≠ 0 for 0 ≤ 𝜃 < 𝜀  and 𝛬𝑡,𝜃 = 0 for 𝜃 ≥ 𝜀  , where 𝜀 > 0, then 𝜑 is said to be a wide band 

noise, which is stationary (in the wide sense) if, additionally, E𝜑𝑡 = 0 and Λ depends just on its 

second argument. In the case when 𝛬𝑡,𝜃 = 𝛿𝜃, where 𝛿 is the Dirac's delta function, 𝜑 becomes a 

white noise. Therefore, a white noise is an ideal limit case of wide band noises when 𝜀 → 0+ so that 

𝛬𝑡,0 → ∞. 

Although the real noises are wide band, a replacement of them by white noises produces 

results which are more or less acceptable in applications. To explain this phenomena, consider a 

standard Wiener process 𝑣 (for simplicity, one-dimensional). Its derivative does not exist in the 

ordinary sense. We can look to its generalized derivative 𝑣′, which is called a white noise. 

Therefore, informally   

                                                                        𝑣𝑡
′ = lim𝜀→0

𝑣𝑡+𝜀 − 𝑣𝑡

𝜀
.                                                         (2) 

For random processes, this limit should be treated as the left limit. Then  

                                                          𝑣𝑡
′ = lim𝜀→0+

𝑣𝑡−𝜀 − 𝑣𝑡

−𝜀
= lim𝜀→0+ ∫

1

𝜀
𝑑𝑣𝑠 .

𝑡

𝑡−𝜀

                             (3) 

Denote 

𝜙𝑡 = ∫
1

𝜀
𝑑𝑣𝑠.

𝑡

𝑡−𝜀

                                                          (4) 

Calculations show that 

                                                   𝜆𝑡,𝜃 = cov(𝜙𝑡+𝜃, 𝜙𝑡) = 𝐄(𝜙𝑡+𝜃𝜙𝑡) =
𝜀−𝜃

𝜀2 ≠ 0                         (5) 

if 0 ≤ 𝜃 < 𝜀 and cov(𝜙𝑡+𝜃, 𝜙𝑡) = 0 if 𝜃 ≥ 𝜀.  This means that 𝜙 is a wide band noise and 𝜆 is its 

autocovariance function.  

This explaines the preceding phenomena as follows. In the cases when 𝜀 in (4) is sufficiently 

small, a replacement of the wide band noise 𝜙 by white noise 𝑣′ produces mathematical results 

which reflect the reality with more or less acceptable accuracy. But for more adequate mathematical 

results, wide band noises with representation in (4) should be considered. 

More generally, the representation in (4) can be written as 

𝜑𝑡 = ∫ 𝛷𝑡,𝑠−𝑡𝑑𝑤𝑠,        𝑡 ≥ 0
𝑡

max(0,𝑡−𝜀)

,                                      (6) 

where 𝜀 > 0, 𝑤 is a vector-valued standard Wiener process, and 𝛷 is a matrix-valued non-random 

function on [0, ∞) × [−𝜀, 0]. Then 
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𝛬𝑡,𝜃 = cov(𝜑𝑡+𝜃, 𝜑𝑡) = ∫ 𝛷𝑡+𝜃,𝑠−𝑡−𝜃𝛷𝑡,𝑠−𝑡
∗ 𝑑𝑠 ≠  0   

𝑡

max(0,𝑡+𝜃−𝜀)

        (7) 

if 0 ≤ 𝜃 < 𝜀 and Λ𝑡,𝜃 = 0 if 𝜃 ≥ 𝜀. Therefore, 𝜑 is a wide band noise and (6) is its integral 

representation. The function 𝛷 in (6) is called a relaxing function of 𝜑. The wide band noise 𝜑 is 

stationary on [𝜀, ∞) if 𝛷 is independent on its first argument. In this case,  

𝛬𝑡,𝜃 = ∫ 𝛷𝑠−𝜃𝛷𝑠
∗𝑑𝑠,                                       

0

max(−𝑡,𝜃−𝜀)

        (8) 

implying 𝛬𝑡,𝜃 ≡ 𝛬𝜃 if 𝑡 ≥ 𝜀. 

In applied problems, engineers detect wide band noises by their autocovariance functions. If 

𝛷 is a solution of (8) under given 𝛬, then – 𝛷 is also a solution. Generally, in [21, 22] it is shown 

that for a given positive definite function 𝛬, there are infinitely many relaxing functions 𝛷 

producing infinitely many  wide band noises with the same autocovariance function 𝛬. Therefore, 

the integral form requires making an appropriate selection among all infinitely many relaxing 

functions. In this regard, the results which are independent on the infinitely many relaxing 

functions, but dependent on the unique autocovariance function become very important. Such 

results are called invariant results. The invariance requires to specify a class of relaxing functions 𝛷 

which do not change the result. Below, we will use the following invariances: 

 𝐿2-invariance. Let 𝐿2 = 𝐿2(−𝜀, 0; ℝ𝑛×𝑘) be the space of square integrable with respect to 

the Lebesgue measure ℝ𝑛×𝑘-valued functions on [−𝜀, 0]. If a result remains the same for all 

wide band noises with the same autocovariance function 𝛬 so that the respective relaxing 

functions 𝛷 are continuous in t and take values in 𝐿2, then it will be called 𝐿2-invariant.  

 𝑊0
1,2

-invariance. Let 𝑊0
1,2 = 𝑊0

1,2 (−𝜀, 0; ℝ𝑛×𝑘) be the space of ℝ𝑛×𝑘-valued functions on 

[−𝜀, 0] with the representation 𝑓𝜃 = ∫ 𝑔𝑠
𝜃

−𝜀
𝑑𝑠 for some 𝑔 ∈ 𝐿2(−𝜀, 0; ℝ𝑛×𝑘). If a result 

remains the same for all wide band noises with the same autocovariance function 𝛬 so that 

the respective relaxing functions 𝛷 are continuous in t and take values in 𝑊0
1,2

, then it will 

be called 𝑊0
1,2

-invariant.   

This paper is aimed to present some 𝐿2- and 𝑊0
1,2

-invariant estimation and control results for wide 

band noise driven systems.  

 

3. Linear filtering 

 

Generally speaking, given a pair (𝑦, 𝑧) of random processes, a filtering problem consists of 

finding a finite number of equations for the conditional expectation 

                                                                         ŷ𝑡 = 𝐄(𝑦𝑡|𝑧𝑠, 0 ≤ 𝑠 ≤ 𝑡).                                                    (9) 

A most popular and widely used filtering result is the so-called Kalman filtering [23, 24], which is 

stated for the white noise driven linear signal-observation system 

                                                    {
𝑑𝑦𝑡 = 𝐴𝑦𝑡𝑑𝑡 + 𝛷𝑑𝑤𝑡, 𝑦0 = 𝜉, 𝑡 > 0,
𝑑𝑧𝑡 = 𝐶𝑦𝑡𝑑𝑡 + 𝑑𝑣𝑡 ,          𝑧0 = 0, 𝑡 > 0,     

                                (10) 

where 𝐴 ∈ ℝ𝑛×𝑛, 𝐶 ∈ ℝ𝑚×𝑛, 𝛷 ∈ ℝ𝑛×𝑘, 𝑤 and 𝑣 are independent (for simplicity) standard 𝑘- and 

𝑚-dimensional Wiener processes, 𝜉 is a Gaussian random variable which is independent on (𝑤, 𝑣) 

and 𝐄𝜉 = 0. Kalman filtering result states that  

                                         𝑑ŷ𝑡 = 𝐴ŷ𝑡 + 𝑃𝑡𝐶∗(𝑑𝑧𝑡 − 𝐶ŷ𝑡𝑑𝑡), ŷ0 = 0, 𝑡 > 0,                          (11) 
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where 𝑃 is the solution of the Riccati equation 

                                 𝑃𝑡
′ = 𝐴𝑃𝑡 + 𝑃𝑡𝐴∗ + 𝛷𝛷∗ − 𝑃𝑡𝐶∗𝐶𝑃𝑡, 𝑃0 = cov 𝜉, 𝑡 > 0,                     (12) 

with the mean square error 𝑒𝑡 = 𝐄 ‖ŷ𝑡 − 𝑦𝑡‖2 = tr𝑃𝑡. 

Modifications of the Kalman filter are proved in [25] for a wide band noise driven signal 

system and in [26] for a wide band noise driven observation system as stated below in Subsections 

(9) and (10) in simple forms. More general result, combining these two results and considering 

correlation between the disturbing wide band noises, is proved in [27]. These results pushes to 

consider filtering problems with pointwise delays of white noises as well [28-30].   

3.1. Wide band noise driven signal. Consider the preceding system with the wide band 

noise driven signal 

                                        {
𝑦𝑡

′ = 𝐴𝑦𝑡 +  𝜑𝑡, 𝑦0 = 𝜉, 𝑡 > 0,               
𝑑𝑧𝑡 = 𝐶𝑦𝑡 𝑑𝑡 + 𝑑𝑣𝑡,          𝑧0 = 0, 𝑡 > 0,     

                                            (13) 

 

where additionally we assume that 𝜑 is a wide band noise with the autocovariance function 𝛬 and 

independent on (𝜉, 𝑣). Then the 𝐿2-invariant best estimate ŷ is a unique solution of the equation 

                      𝑑ŷ𝑡 = (𝐴ŷ𝑡 + 𝜓𝑡,0)𝑑𝑡 + 𝑃𝑡𝐶∗(𝑑𝑧𝑡 − 𝐶ŷ𝑡𝑑𝑡), ŷ0 = 0, 𝑡 > 0,                       (14) 

where 𝜓 is a unique solution of the equation 

                                           {
(

𝜕

𝜕𝑡
+

𝜕

𝜕𝜃
) 𝜓𝑡,𝜃𝑑𝑡 = 𝑀𝑡,𝜃𝐶∗(𝑑𝑧𝑡 − 𝐶ŷ𝑡𝑑𝑡),                                     

 𝜓0,𝜃 = 𝜓𝑡,−𝜀 = 0, −𝜀 ≤ 𝜃 ≤ 0, 𝑡 > 0.                                              
          (15) 

Here, 𝑃 is a unique solution of the Riccati equation  

                     𝑃𝑡
′ = 𝐴𝑃𝑡 + 𝑃𝑡𝐴∗ + 𝑀𝑡,0 + 𝑀𝑡,0

∗ − 𝑃𝑡𝐶∗𝐶𝑃𝑡, 𝑃0 = cov𝜉, 𝑡 > 0,                      (16) 

where 𝑀 is uniquely determined as a solution of the equation  

                            {
(

𝜕

𝜕𝑡
+

𝜕

𝜕𝜃
) 𝑀𝑡,𝜃 = 𝑀𝑡,𝜃𝐴∗ + Λ𝑡,−𝜃 − 𝑁𝑡,𝜃,0 − 𝑀𝑡,𝜃𝐶∗𝐶𝑃𝑡 ,               

 𝑀0,𝜃 = 𝑀𝑡,−𝜀 = 0, −𝜀 ≤ 𝜃 ≤ 0, 𝑡 > 0.                                              
                        (17) 

and 𝑁 of the equation 

                            {
(

𝜕

𝜕𝑡
+

𝜕

𝜕𝜃
+

𝜕

𝜕𝜏
) 𝑁𝑡,𝜃,𝜏 = 𝑀𝑡,𝜃𝐶∗𝐶𝑀𝑡,𝜏

∗                                                                  

 𝑁0,𝜃,𝜏 = 𝑁𝑡,−𝜀,𝜏 = 𝑁𝑡,𝜃,−𝜀 = 0, −𝜀 ≤ 𝜃 ≤ 0, −𝜀 ≤ 𝜏 ≤ 0, 𝑡 > 0.                 
         (18) 

The mean square error is equal to 𝑒𝑡 = 𝐄‖𝑥𝑡 − 𝑥𝑡‖2 = tr𝑃𝑡. 

3.2. Wide band noise driven observations. Consider the preceding system with the 

wide band noise driven observation system in the form 

                                              {
𝑑𝑦𝑡 = 𝐴𝑦𝑡 𝑑𝑡 + 𝛷𝑑𝑤𝑡, 𝑦0 = 𝜉, 𝑡 > 0,                

𝑑𝑧𝑡 = (𝐶𝑦𝑡 + 𝜑𝑡)𝑑𝑡 + 𝑑𝑣𝑡 ,          𝑧0 = 0, 𝑡 > 0,
                       (19) 

where besides the above mentioned conditions we assume that 𝜑 is a wide band noise with the 

autocovariance function 𝛬 and independent on (𝜉, 𝑤, 𝑣). Then the 𝑊0
1,2

-invariant best estimate ŷ is 

a unique solution of the equation 
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            𝑑ŷ𝑡 = 𝐴ŷ𝑡 𝑑𝑡 + (𝑃𝑡𝐶∗ + 𝑀𝑡,0
∗ )(𝑑𝑧𝑡 − 𝐶ŷ𝑡𝑑𝑡 − 𝜓𝑡,0𝑑𝑡), ŷ0 = 0, 𝑡 > 0,             (20) 

where 𝜓 is a wide band noise obtained as a solution of   

                        {
(

𝜕

𝜕𝑡
+

𝜕

𝜕𝜃
) 𝜓𝑡,𝜃𝑑𝑡 = (𝑀𝑡,𝜃𝐶∗ + Λ𝑡,−𝜃 − 𝑁𝑡,𝜃,0)(𝑑𝑧𝑡 − 𝐶𝑥ŷ𝑡𝑑𝑡 − 𝜓𝑡,0𝑑𝑡),         

 𝜓0,𝜃 = 𝜓𝑡,−𝜀 = 0, −𝜀 ≤ 𝜃 ≤ 0, 𝑡 > 0.                                                                       
 (21) 

Here, 𝑃 is a solution of the Riccati equation 

          𝑃𝑡
′ = 𝐴𝑃𝑡 + 𝑃𝑡𝐴∗ + 𝛷𝛷∗ + (𝑃𝑡𝐶∗ + 𝑀𝑡,0

∗ )(𝐶𝑃𝑡 + 𝑀𝑡,0), 𝑃0 = cov𝜉, 𝑡 > 0,        (22) 

where 𝑀 is uniquely determined as a solution of the equation  

                         {
(

𝜕

𝜕𝑡
+

𝜕

𝜕𝜃
) 𝑀𝑡,𝜃 = 𝑀𝑡,𝜃𝐴∗ − (𝑀𝑡,𝜃𝐶∗ + Λ𝑡,−𝜃 − 𝑁𝑡,𝜃,0)(𝐶𝑃𝑡 + 𝑀𝑡,0),              

 𝑀0,𝜃 = 𝑀𝑡,−𝜀 = 0, −𝜀 ≤ 𝜃 ≤ 0, 𝑡 > 0,                                                                    
   (23) 

and 𝑁 of the equation 

               {
(

𝜕

𝜕𝑡
+

𝜕

𝜕𝜃
+

𝜕

𝜕𝜏
) 𝑁𝑡,𝜃,𝜏 = (𝑀𝑡,𝜃𝐶∗ + Λ𝑡,−𝜃 − 𝑁𝑡,𝜃,0)(𝐶𝑀𝑡,𝜏

∗ + Λ𝑡,−𝜏
∗ − 𝑁𝑡,𝜏,0

∗ ),             

 𝑁0,𝜃,𝜏 = 𝑁𝑡,−𝜀,𝜏 = 𝑁𝑡,𝜃,−𝜀 = 0, −𝜀 ≤ 𝜃 ≤ 0, −𝜀 ≤ 𝜏 ≤ 0, 𝑡 > 0.                                   
 (24) 

Additionally, 𝑒𝑡 = 𝐄‖𝑥𝑡 − 𝑥𝑡‖2 = tr𝑃𝑡. 

 

4. Stochastic control 

A most popular and completely solved stochastic optimal control problem is a so-called linear 

quadratic Gaussian (LQG) problem. In a simple form, it is stated as a minimization of the functional  

                                      𝐽(𝑢) = 𝐄 (〈𝑥𝑇 , 𝐻𝑥𝑇〉 + ∫(〈𝑥𝑡, 𝐹𝑥𝑡〉 + 〈𝑢𝑡𝐺𝑢𝑡〉)𝑑𝑡

𝑇

0

)                                      (25) 

subjected to the partially observable linear system 

                                         {
𝑑𝑦𝑡 = (𝐴𝑦𝑡 + 𝐵𝑢𝑡)𝑑𝑡 + 𝛷𝑑𝑤𝑡, 𝑥0 = 𝜉, 0 < 𝑡 ≤ 𝑇,         
𝑑𝑧𝑡 = 𝐶𝑦𝑡𝑑𝑡 + 𝑑𝑣𝑡 ,                   𝑧0 = 0, 0 < 𝑡 ≤ 𝑇,             

                        (26) 

over the controls 𝑢 in the linear feedback form. Here, in addition to the preceding conditions, 𝐵 ∈
ℝ𝑛×𝑙, 𝐻, 𝐹 ∈ ℝ𝑛×𝑛 with 𝐻 ≥ 0 and 𝐹 ≥ 0, 𝐺 ∈ ℝ𝑙×𝑙 with 𝐺 > 0. There exists an optimal control 

𝑢∗ in this LQG problem together with the optimal state 𝑦∗ and corresponding observation process 

𝑧∗such that 

                                                     𝑢𝑡
∗ = −𝐺−1𝐵∗𝑄𝑡ŷ𝑡

∗, 0 ≤ 𝑡 ≤ 𝑇.                                                      (27) 

The best estimate ŷ𝑡
∗ = 𝐄(𝑦𝑡

∗|𝑧𝑠
∗, 0 ≤ 𝑠 ≤ 𝑡) is a unique solution of the equation  

                  𝑑ŷ𝑡
∗ = (𝐴ŷ𝑡

∗ + 𝐵𝑢𝑡
∗)𝑑𝑡 + 𝑃𝑡𝐶∗(𝑑𝑧𝑡

∗ − 𝐶ŷ𝑡
∗𝑑𝑡), ŷ0

∗ = 0, 0 < 𝑡 ≤ 𝑇.                   (28) 

Here 𝑄 is a unique solution of the backward Riccati equation 

                   𝑄𝑡
′ + 𝐴∗𝑄𝑡 + 𝑄𝑡𝐴 + 𝐹 − 𝑄𝑡𝐵𝐺−1𝐵∗𝑄𝑡, 𝑄𝑇 = 𝐻, 0 ≤ 𝑡 < 𝑇,                            (29) 

and 𝑃 of the forward Riccati equation 

                       𝑃𝑡
′ = 𝐴𝑃𝑡 + 𝑃𝑡𝐴∗ + 𝛷𝛷∗ − 𝑃𝑡𝐶∗𝐶𝑃𝑡 , 𝑃0 = cov𝜉, 0 < 𝑡 ≤ 𝑇.                        (30) 
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Modification of this result to the case of wide band noise driven systems is proved in [31] and 

presented below in a simple case. 

4.1. Wide band noise driven state. Consider LQG problem of minimizing the preceding 

functional subject to the state-observation system  

                         {
𝑦𝑡

′ = 𝐴𝑦𝑡 +  𝐵𝑢𝑡 + 𝜑𝑡, 𝑦0 = 𝜉, 0 < 𝑡 ≤ 𝑇,               
𝑑𝑧𝑡 = 𝐶𝑦𝑡𝑑𝑡 + 𝑑𝑣𝑡 ,          𝑧0 = 0, 0 < 𝑡 ≤ 𝑇.                  

                                    (31) 

There exists a unique 𝐿2-invariant optimal control 𝑢∗ in this LQG problem determined by 

                     𝑢𝑡
∗ = −𝐺−1𝐵∗𝑄𝑡ŷ𝑡

∗ − 𝐺−1𝐵∗ ∫ 𝒴𝑠,𝑡
∗

min(𝑇,𝑡+𝜀)

𝑡

𝑄𝑠𝜓𝑡,𝑡−𝑠𝑑𝑠, 0 ≤ 𝑡 ≤ 𝑇,                   (32) 

with the optimal state and observations 𝑦∗ and 𝑧∗. The best estimate ŷ𝑡
∗ = 𝐄(𝑦𝑡

∗|𝑧𝑠
∗, 0 ≤ 𝑠 ≤ 𝑡) is a 

unique solution of the equation 

          𝑑ŷ𝑡
∗  = (𝐴ŷ𝑡

∗ + 𝜓𝑡,0 + 𝐵𝑢𝑡
∗)𝑑𝑡 + 𝑃𝑡𝐶∗(𝑑𝑧𝑡

∗ − 𝐶ŷ𝑡
∗ 𝑑𝑡), ŷ0

∗ = 0, 0 < 𝑡 ≤ 𝑇.            (33) 

Here 𝜓, (𝑃, 𝑀, 𝑁), and 𝑄 are unique solutions of (15), (16)-(18), and (29), respectively, 𝒴 is a 

bounded perturbation of the semigroup 𝑒𝐴𝑡 by – 𝐵𝐺−1𝐵∗𝑄𝑡. 

 4.2. Wide band noise driven observations. Consider the preceding LQG-problem with 

wide band noise driven observation system in the form 

                              {
𝑑𝑦𝑡 = (𝐴𝑦𝑡 + 𝐵𝑢𝑡) 𝑑𝑡 + 𝛷𝑑𝑤𝑡, 𝑦0 = 𝜉, 0 < 𝑡 ≤ 𝑇,         

𝑑𝑧𝑡 = (𝐶𝑦𝑡 + 𝜑𝑡)𝑑𝑡 + 𝑑𝑣𝑡 ,          𝑧0 = 0, 0 < 𝑡 ≤ 𝑇.                
                  (34) 

There exists a unique 𝑊0
1,2

-invariant optimal control 𝑢∗ in this LQG problem determined by  

                                                           𝑢𝑡
∗ = −𝐺−1𝐵∗𝑄𝑡ŷ𝑡

∗, 0 ≤ 𝑡 ≤ 𝑇,                                              (35) 

with the optimal state and observation processes 𝑦∗ and 𝑧∗. The best estimate ŷ𝑡
∗ =

𝐄(𝑦𝑡
∗|𝑧𝑠

∗, 0 ≤ 𝑠 ≤ 𝑡) is a unique solution of the equation 

𝑑ŷ𝑡
∗  = (𝐴ŷ𝑡

∗ + 𝐵𝑢𝑡
∗)𝑑𝑡 + (𝑃𝑡𝐶∗ + 𝑀𝑡,0

∗ )(𝑑𝑧𝑡
∗ − 𝐶ŷ𝑡

∗𝑑𝑡 − 𝜓𝑡,0𝑑𝑡), ŷ0
∗ = 0, 0 < 𝑡 ≤ 𝑇.       (36) 

Here 𝜓, (𝑃, 𝑀, 𝑁), and 𝑄 are unique solutions of (21), (22)-(24), and (29), respectively. 

 4.3. Stochastic maximum principle. Consider a wide band noise [𝜑(𝑦)]𝑡 depending on the 

parameter 𝑦 ∈ ℝ𝑛. Its autocovariance function [𝛬(𝑦)]𝑡,𝜃 depends on 𝑦 as well. If it has a 

representation of the form (6) for some Wiener process 𝑤, then its relaxing function [𝛷(𝑦)]𝑡,𝜃 also 

depends on 𝑦. Define 

                                       [𝛹(𝑦)]𝑡,𝜃 = {
[𝛷(𝑦)]𝑡−𝜃,𝜃       if  𝑡 − 𝜃 ≤ 𝑇,

0                          if  𝑡 − 𝜃 > 𝑇.
                                 (37)  

We can consider the problem of minimizing the nonlinear functional 

                                       𝐽(𝑢) = 𝐄 (ℎ(𝑦𝑇) + ∫ 𝑔(𝑡, 𝑦𝑡 , 𝑢𝑡)𝑑𝑡
𝑇

0
)                                      (38) 

over the system 

                                    𝑦𝑡
′ = 𝑓(𝑡, 𝑦𝑡, 𝑢𝑡) + [𝜑(𝑦𝑡)]𝑡 , 𝑦0 = 𝜉, 0 < 𝑡 ≤ 𝑇,                             (39) 

assuming the following standard conditions for the functions 𝑓: [0, 𝑇] × ℝ𝑛 × ℝ𝑚 → ℝ𝑛, 

𝛹: [0, 𝑇] × ℝ𝑛 → 𝐿2(−𝜀, 0; ℝ𝑛×𝑘), ℎ: ℝ𝑛 → ℝ, and 𝑔: [0, 𝑇] × ℝ𝑛 × ℝ𝑚 → ℝ: 

 𝑓, 𝛹, ℎ, and 𝑔 are measurable and differentiable in 𝑦, 

 𝜕𝑓/𝜕𝑦  and 𝜕𝛹/𝜕𝑦 are bounded, 
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 𝑓, 𝛹, 𝜕𝑔/𝜕𝑦, and 𝜕ℎ/𝜕𝑦 are bounded by 𝑐(1 + ‖𝑦‖ + ‖𝑢‖), 

 ℎ and 𝑔 are bounded by 𝑐(1 + ‖𝑦‖2 + ‖𝑢‖2) 

where 𝑐 is a constant. Let 𝑈 ⊂ ℝ𝑚 be nonempty and measurable. Choose the set of admissible 

controls to be all square integrable and ℱ𝑡-adapted random processes on [0, 𝑇] with values in 𝑈 and 

let 𝜉 be ℱ0-measurable, where {ℱ𝑡} is a natural filtration generated by 𝑤. Define the Hamiltonian 

by  

                                                ℋ(𝑡, 𝑦, 𝑢, 𝑝) = −𝑔(𝑡, 𝑦, 𝑢) + 〈𝑝, 𝑓(𝑡, 𝑦, 𝑢)〉                                          (40) 

and consider the backward stochastic differential equation 

                   𝑑𝑝𝑡 = −ℋ𝑦
′ (𝑡, 𝑦𝑡 , 𝑢𝑡, 𝑝𝑡)𝑑𝑡 + 𝑞𝑡𝑑𝑤𝑡, 𝑝𝑇 = −ℎ𝑦

′ (𝑦𝑇), 0 ≤ 𝑡 < 𝑇.                (41) 

Under the above conditions and notation, the following 𝐿2-invariant maximum principle holds: if  

𝑢∗ is an optimal control in this problem together with the optimal state 𝑦∗ and the respective 

solution (𝑝∗, 𝑞∗) of the backward equation, then 

                                             max𝑣∈𝑈ℋ(𝑡, 𝑦𝑡
∗, 𝑣, 𝑝𝑡

∗) = ℋ(𝑡, 𝑦𝑡
∗, 𝑢𝑡

∗, 𝑝𝑡
∗).                                                (42) 

5. Conclusion.  

 

Some optimal control and filtering results are presented in this article. They are proved in 

different papers for wide band noise driven systems. An essential feature of these results is that they 

are invariant and, therefore, need not to know relaxing functions. In this regard, an application of 

these results requires determination of the respective autocovariance function (by time series 

analysis, for example) and numerical solution of the presented equations. 
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