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A solution to a system of finite-dimensional equations with the 

following features is investigated: 1) the system has a high 

dimensionality; 2) most of the unknowns are linear in the 

equations; 3) in the equations there is a small number of nonlinear 

terms depending on a small number of variables. To solve such 

systems, which are called almost linear in the paper, an approach 

is proposed, which comes down to first solving two linear systems, 

and then the nonlinear system. The dimension of the nonlinear 

system matches the number of variables participating in the 

original system in a nonlinear form. The solution of an illustrative 

problem is given. 
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1. Introduction 

 

Many practical problems come down to solving systems of linear and nonlinear finite-

dimensional systems of equations. The complexity of their solution is due to various reasons, among 

which the most common are the high dimensionality of the system, i.e. a large number of unknowns, 

and nonlinearity of equations. 

Systems of linear equations of high dimensionality are well studied in cases where the Jacobian 

(matrix of the left side) of the system has a certain structure [1-6]. For instance, for 𝑘-diagonal systems 

(2 ≤ 𝑘 ≪ 𝑛, 𝑛 is the dimensionality of the system), there are effective algorithms based on various 

analogues of the sweep method. Such systems, as a rule, arise in the approximation of systems of 

ordinary or partial differential equations [1, 5, 7–9]. 

To solve systems of linear equations whose Jacobian matrix has a block structure, in particular, 

a diagonal block structure, methods have been developed based on decomposition (aggregation) of 

variables and solving a sequence of linear systems of equations of smaller dimension. The problem 

of nonlinearity of systems of equations is more complex. The most common methods for solving 

them are iterative methods based on Newton's methods, conjugate gradients methods. The complexity 

of their application, in addition to the problem of investigating the issue of their applicability 

(convergence, convergence rate, which is very important in itself), faces the difficulty of their 

implementation in case of high dimensions [7–9]. In solving nonlinear systems in practice, various 

versions of iteration methods, analogs of the Seidel method, the conjugate directions method are 

widely used. But the bottleneck here is the issues of convergence, the choice of the initial 

approximation [10-12]. One approach to solving systems of nonlinear equations is to reduce them to 

the problem of minimizing the sum of squares of equations (often using weights for each of the 

equations). But this approach does not solve the problem fundamentally, but only allows using a rich 
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arsenal of numerical methods and application program packages of finite-dimensional optimization. 

It is known that the problem of minimizing a nonlinear function of high dimensionality is as complex 

as solving systems of nonlinear equations of high dimensionality. 

This paper is devoted to solving systems of mainly linear equations of high dimensionality, in 

which some equations include terms that are nonlinear relative to the unknowns. The total number of 

nonlinear terms in the system and, most importantly, the number of unknowns involved in the system 

nonlinearly, is much smaller than the total number of variables in the system. Such finite-dimensional 

nonlinear systems of equations in the paper are called almost linear. 

An approach to solving almost linear systems is proposed, in which, by solving auxiliary linear 

systems, the initial problem is reduced to solving a system of nonlinear equations. The number of 

equations of the reduced nonlinear system is determined only by the number of unknown variables 

that are nonlinearly involved in the system. Further, to solve the resulting reduced nonlinear system 

of small dimension, one can use the well-known effective numerical methods [13, 14] and the 

corresponding application program packages. 

In the paper, the proposed approach to solving almost linear systems of equations is illustrated 

by one test problem. 

 

2. Problem statement 

 

The following finite-dimensional system of equations is considered.:  

𝐴𝑋 + ∑ 𝐵𝑖𝑔𝑖(𝑋𝑖) = 𝐶,𝑙
𝑖=1      (1) 

where 𝑋 = (𝑥1, … , 𝑥𝑛) is the desired vector; 𝑋𝑖 = (𝑥𝑗: 𝑗 ∈ 𝐼𝑖 ⊂ 𝐼, 𝐼 = {1, … , 𝑛}); 𝐴 is n-dimensional 

square matrix; 𝐵𝑖, 𝑖 = 1, … , 𝑙 −  (𝑛 × 𝑚𝑖)-dimentional matrices; 𝑔𝑖(⋅) is prescribed continuously 

differentiable nonlinear 𝑚𝑖-dimensional vector functions; С is n- dimensional vector; 𝐼𝑖, 𝑖 = 1, … , 𝑙, 
are prescribed index sets. 

  The following conditions are assumed as fulfilled: 

𝑟𝑎𝑛𝑘𝐴 = 𝑛,       (2) 

𝑟𝑎𝑛𝑘 [𝐴 + ∑ 𝐵𝑖 𝜕𝑔𝑖(𝑋𝑖)

𝜕𝑋

𝑙
𝑖=1 ] = 𝑛, 𝑋 ∈ 𝑅𝑛,       

|𝑋0| = |⋃ 𝑋𝑖𝑙
𝑖=1 | ≪ 𝑛,   𝑚𝑖 ≪ 𝑛, 𝑖 = 1, … , 𝑙,  𝑙 ≪ 𝑛, 𝑛 ≫ 1.   (3) 

Here |𝑎| is the number of elements of the set 𝑎,  

𝑋0 = {𝑥𝑗: 𝑗 ∈ 𝐼0 = ⋃ 𝐼𝑖𝑙
𝑖=1 }. 

The requirement of condition (2.2) is not critical. If it is not fulfilled, condition (2) can be 

satisfied by making changes to the matrix A and compensating for these changes with changes in the 

nonlinear parts of the corresponding equations. This case will be illustrated further in Section 3.. 

The main specific features of system under investigation (1) are: 1) the high dimensionality of 

the desired vector 𝑋; 2) the small number 𝑙 of various nonlinear functions 𝑔𝑖(𝑋𝑖) in the nonlinear 

part of system (1); 3) the small number of variables involved in general in all nonlinear terms of the 

system. 

Considering the listed features of system (1), i.e. conditions (3) we will refer to it as almost 

linear. 

The most important, as will be seen later, is the third feature that significantly affects the 

computational complexity of solving the entire system (1). 

In general, system of equations (1) is nonlinear. To solve it numerically, one can use available 

known iterative methods (see, for instance, [1, 6, 10]). The most commonly used method is the 

Newton method and its modifications. For systems of high dimensionality (even with several tens 

and hundreds), a numerical solution of nonlinear systems, even more so their investigation, is rather 

difficult because of it is impossible to obtain and constructively verify the fulfillment of the conditions 

of existence of their solution. It is more difficult to identify “good” initial approximations for the 
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iterative methods used, as well as to study and verify the convergence conditions of these methods. 

In this paper, an approach is proposed in which the solution of system (1) is replaced by a 

single-time solution of auxiliary linear systems, after which it is necessary to solve the reduced 

nonlinear system. The dimensionality of the reduced nonlinear system is determined only by the 

number of variables involved in the equations of system (1) nonlinearly. 

We should also point out an important feature of systems of form (1) found in practical 

applications. The linear part of system (1) defined by matrix A has a k-diagonal form or a block 

structure. These features allow one, in solving systems of linear equations, to use special effective 

methods and algorithms for numerical solution that significantly reduce (by orders of magnitude) the 

amount of computational operations. 

 

3. Solving system (2.1) 

 

First, we consider the auxiliary parametric system of algebraic equations corresponding to the 

system (1): 

𝐴𝑋 + ∑ 𝐵𝑖𝜆𝑖 = 𝐶𝑙
𝑖=1 ,     (4) 

where 𝜆𝑖 is 𝑚𝑖-dimensional system parameter vector, 𝜆𝑖 ∈ 𝑅𝑚𝑖. Given condition (2), parametric 

system (4) has a unique solution for arbitrarily given values 𝜆𝑖 ∈ 𝑅𝑚𝑖 , 𝑖 = 1, 𝑙̅̅ ̅̅ . The following theorem 

takes place. 

Theorem 1. Under condition (2) for arbitrarily given parameters 𝜆𝑖 ∈ 𝑅𝑚𝑖  the solution of (4) 

can be represented as 

𝑋 = 𝑍0 + ∑ 𝑍𝑖𝜆𝑖𝑙
𝑖=1 ,      (5) 

where 𝑍0 − is n-dimensional vector, 𝑍𝑖 , 𝑖 = 1, … , 𝑙 , − (𝑛 × 𝑚𝑖)- dimensional matrices are solutions 

of the following systems of linear equations 

𝐴𝑍0 = 𝐶, 𝐴𝑍𝑖 = −𝐵𝑖.      (6) 

To prove the theorem, we substitute solution representation (5) into system (4). After the 

grouping, we will have 

(𝐴𝑍0 − 𝐶) + ∑(𝐴𝑍𝑖 + 𝐵)𝜆𝑖 = 0𝑛

𝑙

𝑖=1

. 

Here 0𝑛 – 𝑛-dimensional vector, all components of which are equal to 0. 

Given the arbitrariness of the vectors 𝜆𝑖, 𝑖 = 1, … , 𝑙 , we will require equality to 0 of the 

bracketed expressions, hence we will have (6). 

Theorem 2. Representation (5) for solving system (4) is unique.  

For proof, we assume the existence of an n-dimensional vector 𝑌0 and (𝑛 × 𝑚𝑖)-dimensional 

matrices 𝑌𝑖, 𝑖 = 1, … , 𝑙, at which the vector 

𝑋 = 𝑌0 + ∑ 𝑌𝑖𝜆𝑖𝑙
𝑖=1      (7) 

together with the corresponding 𝑍0 and 𝑍𝑖 satisfies system (4). Then, substituting (7) into (4), given 

the arbitrariness of the vectors 𝜆𝑖, we get a system of linear algebraic equations: 

𝐴𝑌0 = 𝐶, 𝐴𝑌𝑖 = −𝐵𝑖, 𝑖 = 1, … , 𝑙.    (8) 

Let us consider the differences of corresponding systems (3.5) and (3.3): 

𝐴(𝑌0 − 𝑍0) = 0, 𝐴(𝑌𝑖 − 𝑍𝑖) = 0, 𝑖 = 1, … , 𝑙.   (9) 

From condition (2), it follows that the systems in (9) can have only a trivial solution, i.e. 

𝑌0 − 𝑍0 = 0, 𝑌𝑖 − 𝑍𝑖 = 0, 𝑖 = 1, … , 𝑙, 
hence the uniqueness of representation (3.2). 

Assuming that 

𝜆𝑖 = 𝑔𝑖(𝑋𝑖), 𝑖 = 1, … , 𝑙,      

it follows from Theorem 1 that the solution of system (2.1) can be represented as: 
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𝑋 = 𝑍0 + ∑ 𝑍𝑖𝑔𝑖(𝑋𝑖),𝑙
𝑖=1      (10) 

where 𝑍𝑖,  𝑖 = 0, … , 𝑙, determined from the solution of linear systems of equations (6). 

System (10), on the one hand, is a system of n nonlinear equations. But given the specifics of 

(3), it is not required to solve it in a general form. Firstly, the number of unknown components of the 

vector 𝑋 from (10), as a rule, is much smaller than n, secondly, if the unknowns from 𝑋0  can be 

grouped into a certain number of k disjoint groups such that 

 𝒳𝑠 = ⋃ 𝑋𝑖
𝑖∈𝐾𝑠 ,   𝐾𝑆1 ⋂ 𝐾𝑆2 = ∅, ⋃ 𝐾𝑠𝑘

𝑠=1 = 𝐼0,   
then the process of determining the unknown components of 𝑋 is divided into solving independent 

nonlinear k subsystems relative to  𝒳𝑠, the order of which is substantially smaller than n, and 

consequently than the dimensionality |𝐼0|. To solve them, it is possible to use effective numerical 

high-order convergence rates (see, for instance, [6, 13, 15], etc.), as well as standard program 

packages such as Matlab, Mathcad [13-20]. 

 

4. Illustrative example 

 

Let us consider the following system of equations 

{

𝑥1 + 𝑥2 + 𝑥3 = 1,

𝑥1 − 𝑥2 − 𝑥3 + 𝑥3
2 = −2,

𝑥2
2 + 𝑥3

2 = 2.

    (11) 

The matrix of the linear part of the system (4.1) 

�̃� = (
1 1 1
1 −1 −1
0 0 0

) 

has a rank equal to 2. Let us change the linear and nonlinear parts of the system so that the rank of 

the matrix of the linear part is equal to 3. For instance, let us write the third equation (11) in the 

equivalent form 

𝑥3 + 𝑥2
2 + 𝑥3

2 − 𝑥3 = 2. 
Then the rank of the modified linear part of the system 

𝐴 = (
1 1 1
1 −1 −1
0 0 1

) 

will be equal to 3. The remaining data of the problem is as follows: 

𝐵1 = (
0
1
1

),  𝐵2 = (
0
0
1

),  𝑔1(𝑋1) = 𝑥3
2, 𝑔2(𝑋2) = 𝑥2

2 − 𝑥3, 

𝑛 = 3, 𝑚1 = 𝑚2 = 1, 𝑋1 = (𝑥3), 𝑋2 = (𝑥2, 𝑥3), 𝑋0 = (𝑥2, 𝑥3), 

𝐼1 = {𝜉},   𝐼2 = {2,3},   𝐼0 = {2,3}. 

Auxiliary systems (6) relative to 𝑧𝑖 , 𝑖 = 0,1,2, have the form: 

{

𝑧1
0 + 𝑧2

0 + 𝑧3
0 = 1,

𝑧1
0 − 𝑧2

0−𝑧3
0 = −2,

𝑧3
0 = 2,

 {

𝑧1
1 + 𝑧2

1 + 𝑧3
1 = 0,

𝑧1
1 − 𝑧2

1−𝑧3
1 = −1,

𝑧3
1 = −1,

 {

𝑧1
2 + 𝑧2

2 + 𝑧3
2 = 0,

𝑧1
2 − 𝑧2

2−𝑧3
2 = 0,

𝑧3
2 = −1.

 

The solutions of these systems are the vectors: 

𝑧0 = (−0.5; −0.5; 2)𝑇 , 𝑧1 = (−0.5; 1.5; −1)𝑇 , 𝑧2 = (0; 1; −1)𝑇. 

Then from representation (3.7) we have: 

(

𝑥1

𝑥2

𝑥3

) = (
−0.5
−0.5

2
) + (

−0.5
1.5
−1

) 𝑥3
2 + (

0
1

−1
) (𝑥2

2 − 𝑥3).   (12) 

The system of nonlinear equations, as noted above, is solved only relative to the variables 𝑥𝑖 , 𝑖 ∈
𝐼0. In this case, 𝐼0 = {2,3}, and the system of nonlinear equations, as can be seen from (12), is: 
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𝑥2 = −0.5 + 1.5(𝑥3)2 + (𝑥2)2 − 𝑥3,

𝑥3 = 2 − (𝑥3)2 − (𝑥2)2 + 𝑥3.
                                                    (13) 

In the general case, numerical methods are used to solve the resulting reduced nonlinear 

systems. In this case, determining 𝑥2 from the second equation (13) and substituting into the first 

equation, we get the fourth order equation: 

0.25(𝑥3)4 − (𝑥3)3 + 3.5(𝑥3)2 − 3𝑥3 + 0.25 = 0. 

Resolving into factors, we get: 

(𝑥3 − 1)((𝑥3)3 + 3(𝑥3)2 + 11𝑥3 − 1) = 0. 

One obvious root is𝑥3,1 = 1, another real root is found, for instance, using the Cardano method: 

𝑥3,2 = 0.093 (with an accuracy of three decimal places). The other two roots are complex.  

From second equation (13) we have: 

(𝑥2)2 = 2 − (𝑥3)2 
Substituting this relationship into the first equation (13), we obtain two corresponding roots for 

𝑥2: 

𝑥2,1 = 1,   𝑥2,2 = 1.412. 
From representation (12), two corresponding roots are found for 𝑥1. 

Thus, the solution of the problem under investigation (11) is two vectors 

𝑥∗1 = (−1; 1; 1),   𝑥∗2 = (−0.505; 1.412; 0.0932). 

 

5. Conclusion 

 

The paper proposes an approach to solving a class of mainly linear systems of equations of high 

dimensionality that include nonlinear terms. The number of variables involved in the system of 

equations nonlinearly is much smaller than the total number of unknowns. Such systems in the paper 

are referred to as almost linear. 

The solution of the system is reduced to solving a reduced system of nonlinear equations, the 

number of unknowns in which is determined only by the number of unknowns that are nonlinearly 

involved in the original system. To this end, two (vector and matrix) auxiliary systems of linear 

equations are solved; their solutions are used to form a reduced nonlinear system. 

The solution of an illustrative problem is given..  
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