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Perishable queueing-inventory system with positive service time 

and different types of customers is considered. Customers are 

arriving according to the Markov-Modulated Poisson process 

(MMPP). The inventory size is finite, while the queue length is 

infinite. Customers after the service completion either purchase the 

inventory item or leave the system empty-handed. The inventory 

items perish independently after exponentially distributed random 

times. The customers in the queue become impatient when the 

inventory level drops to zero. Impatient customers according to 

Bernoulli trial leave the system after exponentially distributed 

random times. If there are no items left in the inventory at the 

moment of arrival, the customer either enters the queue or leaves 

the system according to Bernoulli scheme. The (s, S) policy is used 

for the inventory replenishment. Gillespie’s Direct simulation 

method is used to calculate the stationary distribution and 

performance measures of the system. The convergence speed of 

simulation, dependence of performance measures on reorder level 

and solution of optimization problem are considered and 

illustrated in the numerical experiment. 
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1. Introduction 
 

 Queueing-Inventory System (QIS) that combines the queueing and inventory control system 

properties has been studied extensively through last decades by researchers. A variety of models has 

been proposed and analyzed up to now. The most recent review of QIS models could be found in [1].  

In the majority of classical QIS models, the inventory items are considered non-perishable. This 

assumption is not compliant with the real systems where items has finite lifetimes. The examples are 

blood banks, food stocks, pharmacy etc. The analysis of the existing literature shows that the 

perishable QIS models are less studied. The first works in this direction we found are [2-4]. In [2] 

author considers inventory with items that have deterministic lifetimes. In [3] two joint inventory 

systems with fresh and older items are analyzed using different replenishment policies. The recent 

works about perishable QIS models we found are [5-11]. Continuous review perishable inventory 

system with a finite number of homogeneous sources of demands was studied in [5]. The lifetime of 

items in inventory is assumed to be exponential. The joint probability distribution of the inventory 

level and the number of demands is obtained. The perishable QIS system with MAP arrival is 

considered in [6]. Perishable queueing inventory systems with different types of customers are studied 
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in [8, 10, 11].  

The other assumption made in the most QIS models is that the customer purchases the item 

after the service completion. This condition is not satisfied in some real systems. For example, the 

customer may not purchase the goods after the consultation due to the low service level. In that case, 

the inventory level remains unchanged after the service completion. The non-perishable models with 

such customers were first studied in [12, 13]. The perishable QIS model with different types of 

customers was considered in [8].  

The analysis of existing literature shows that in the most of the QIS models only customers with 

Poisson arrival are considered. The reason is the unique mathematical properties of exponential 

distribution that simplifies the calculation and formula derivation processes. Some examples of QIS 

models with MAP arrival are studied in [6, 14-16]. The QIS models with variable arrival intensities 

are more compliant with the real systems.  

Taking into consideration the above information, we have been motivated to study the 

perishable QIS system with MMPP arrival. Markov Modulated Poisson Process (MMPP) is the 

special case of MAP where the customer arrival alternates between Poisson processes of different 

intensities [17]. We could not found any works that consider QIS models with MMPP arrival and 

perishable inventory. The problem is to find the joint stationary distribution of MMPP state, inventory 

level, queue length of the system, and derive formulas for the performance measures. Total run cost 

optimization problem is solved and numerical results are presented as well.  

 

2. Model description 
  

 Customers are arriving into the single channel and single server system according to MMPP 

flow with parameters (𝛴, 𝛬), where Σ represent transition matrix of size 𝐾 × 𝐾 between the K possible 

arrival rates that are described by vector 𝛬 = (𝜆1, 𝜆2, … , 𝜆𝐾); 𝐾 > 1. The element 𝛽𝑖𝑗𝜖Σ represents 

the transition intensity between the arrival rates 𝜆𝑖 and 𝜆𝑗. Customers are accepted for the service if 

the server is idle at the moment of arrival. Otherwise, the customer joins the queue of infinite size. 

Customers are assumed to join the queue with probability 𝜙1 when the inventory level is zero and to 

leave the system with probability 𝜙2, 𝜙1 + 𝜙2 = 1. When inventory level drops to zero customers 

that are waiting in the queue become impatient and leave the system independently after some 

exponentially distributed time with parameter 𝜏. 

The customer after service completion either leaves the system empty-handed with probability 

𝜎1 or purchases the inventory item with probability 𝜎2 according to Bernulli trial, 𝜎1 + 𝜎2 = 1. The 

service intensities for these customers are described by exponential random variables with parameters 

𝜇1 and 𝜇2 accordingly, where 𝜇1 > 𝜇2. If the customer acquires the item after the service completion 

the inventory level decreases by unit. Because the queue size is unlimited, we assume that 
max(𝜆𝑖)

min(𝜇1𝜎1,𝜇2𝜎2)
< 1 in order to guarantee the ergodicity of the system.  

The items in the inventory perishes independently after some exponentially distributed time 

with parameter 𝛾. We assume that the item reserved while serving the customer cannot perish. The 

inventory level decreases by unit after the item perishing event.  

The system has the inventory of limited capacity 𝑆 that is monitored  by the system 

continuously. The inventory is replenished according to (s,S) policy. The replenishment order of size 

𝑆 − 𝑠 is placed whenever the inventory level drops to the predefined threshold 𝑠, where 𝑠 < 𝑆/2. 

Replenishment order lead time is described by exponential random variable with parameter 𝜈. 

We divide the required performance measures into two related categories below: 

 Inventory related performance measures: 

o 𝑆𝑎𝑣 – average inventory level; 

o 𝑅𝑅 – average replenishment rate; 
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o Γ𝑎𝑣 – average perishing rate; 

 Customer service related performance measures: 

o 𝐿𝑎𝑣 – average number of customers in queue; 

o 𝑅𝐿 – average customer loss intensity. 

The system is modeled using the continuous three-dimensional Markov chain and the current 

state is denoted by (𝑚, 𝑛, 𝑘) where the variables 𝑚, 𝑛, 𝑘 indicate the inventory level, the number of 

customers in the system (including the one being served) and the MMPP state correspondingly. The 

system State Space is defined as the follows: 

 𝐸 = {(𝑚, 𝑛, 𝑘): 𝑚 = 0, 1 …  𝑆;  𝑛 = 0, 1, … ;  𝑘 = 0, 1, … , 𝐾 ; }  

We consider the following notations before constructing the transition rate matrix: 

 𝑝(𝑚, 𝑛, 𝑘) – the stationary probability of the state (𝑚, 𝑛, 𝑘); 

 𝑞((𝑚1, 𝑛1, 𝑘1), (𝑚2, 𝑛2, 𝑘2)) – transition rate from the state (𝑚1, 𝑛1, 𝑘1) to the state 

(𝑚2, 𝑛2, 𝑘2);  

 𝐼(𝐴) – the indicator function of the event 𝐴. 

The Q-matrix of the model is described by pseudo-code in Fig. 1. To simplify the transition 

matrix let us consider the following observations. According to the model description all the state 

transitions could be divided into three groups: 

 MMPP state transition event (𝑘𝑖 → 𝑘𝑗) occurs with the intensity 𝛽𝑖𝑗 and other state 

components (𝑚1 = 𝑚1, 𝑛1 = 𝑛2) remains unchanged. 

 When the inventory level is positive (𝑚1 > 0) the state transition is possible only after the 

customer arrival (𝜆𝑘), item perishing ((𝑚1 − 𝐼(𝑛1 > 0))𝛾), service completion 

(𝜇1𝜎1 𝑜𝑟 𝜇2𝜎2) or inventory replenishment (𝜈) events. After such transitions MMPP state 

does not change, 𝑘1 = 𝑘2 = 𝑘. 

 When the inventory level is zero (𝑚1 = 0) state transitions after service completion is not 

possible. In that case, state transition occurs only after customer arrival (𝜆𝑘𝜙1), item 

perishing ((𝑚1 − 𝐼(𝑛1 > 0))𝛾) or inventory replenishment (𝜈) events and additionally, 

when impatient customer leaves the system (𝑛1𝜏).  

 

 
Fig. 1. Pseudo code of transition matrix 

 

After the stationary distribution is known, the inventory related performance measures could 

be calculated using the following formulas: 

 𝑆𝑎𝑣 = ∑ 𝑚𝑝(𝑚, 𝑛, 𝑘)

(𝑚,𝑛,𝑘)𝜖𝐸

 (1) 
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 Γ𝑎𝑣 = 𝛾 ∑ 𝑚𝑝(𝑚, 𝑛, 𝑘)

(𝑚,𝑛,𝑘)𝜖𝐸

 (2) 

 𝑅𝑅 = (𝜇2𝜎2𝐼(𝑛 > 0) + 𝛾(𝑠 + 𝐼(𝑛 = 0))) ∑ 𝑝(𝑠 + 1, 𝑛, 𝑘)

(𝑠+1,𝑛,𝑘)𝜖𝐸

 (3) 

Service related performance measures are calculated as using below formulas: 

 𝐿𝑎𝑣 = ∑ 𝑛𝑝(𝑚, 𝑛, 𝑘)

(𝑚,𝑛,𝑘)𝜖𝐸

 (4) 

 𝑅𝐿 = 𝜏 ∑ 𝑛𝑝(0, 𝑛, 𝑘)

(0,𝑛,𝑘)𝜖𝐸

+ ∑ 𝜆𝑘𝜙2𝑝(0, 𝑛, 𝑘)

(0,𝑛,𝑘)𝜖𝐸

 (5) 

𝐼(𝐴) is the indicator function of the event 𝐴. Now let us calculate the stationary distribution in 

the next section. 

 

3. Simulation algorithm for the calculation of stationary distribution 
 

 In order to find the stationary distribution we need to solve the system of linear balance 

equations. Because we have the infinite transition matrix, there is no universal analytical algorithm 

to calculate the stationary distribution. In such situation, we may apply simulation approach. There 

exist different simulation algorithms like Gillespie's Direct method, Gibson Next Reaction method, 

Explicit Tau-Leap method etc. The more detailed information about simulation of continuous Markov 

chains is provided in [18].  

Let us apply the exact Gillespie's Direct [19] algorithm for the simulation of our model. The 

implementation of simulation algorithm in Python programming language is illustrated in Fig. 2. The 

nextStateSpace function is used to specify all the possible transitions from the state (𝑚1, 𝑛1, 𝑘1). The 

function Q_elem on line 7 is calculated according to pseudo-code in Fig. 1. The reachedStates 

variable on line 14 is used to memorize the state path and corresponding sojourn times. The stationary 

probability of each state is equal to the ratio of its sojourn time to the total simulation time (line 37). 

We use random.expovariate function to draw the random time intervals. The random number 𝑟 is 

generated according to the uniform distribution using the function random.uniform(0,1) on line 25. 

After the stationary distribution is found we calculate the performance measures according to 

formulas (2.1)-(2.5).  

The simulation time 𝑇 is choosen experimentally based on the system parameter values. The 

provided algorithm is universal and could be used for the simulation of any Markov chain with known 

transition matrix. In order to apply the given code to any Markov model function nextStateSpace must 

be adjusted according to the transition matrix, while the simulate function remains unchanged.  
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Fig. 2. The implementation of Gillespie’s Direct simulation algorithm in Python 

 

Now that we know how to calculate the stationary distribution and performance measures let 

us consider the results of numerical experiments in the next section.  

 

4. Numerical experiments 

 

We will evaluate the convergence of simulation algorithm, analyze the dependence of 

performance measures on the reorder threshold s and solve the optimization problem in this section. 

The MMPP parameter values are assumed as follows during the experiments: 

𝛬 = [10,15,20], 𝛴 =  (
−13
15
10

9
−20

8

4
5

−18

) 

Let us evaluate the convergence speed of simulation algorithm provided in Fig. 2. The 

dependence of stationary distribution convergence from the simulation time is depicted in Fig. 3. We 

use Euclidean distance between the successive stationary distribution vectors to evaluate the change 

of stationary distribution. We conclude from Fig. 3 that the system converges to the limiting stationary 

distribution approximately for the simulation times greater than 2000 units. The system parameters 

are assumed as following in the numerical experiment: 

𝑆 = 10, 𝑠 = 3, 𝜇1 = 55, 𝜇2 = 45, 𝜎1 = 0.4, 𝜙1 = 0.8, 𝛾 = 1, 𝜏 = 1.5, 𝜈 = 1.5. 
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Fig. 3. Dependence of stationary distribution convergence on simulation time 

 
 

Although convergence time strictly depends on the size of transition matrix we have obtained 

very fast convergence speeds for different parameter values in our experiments. 

 Dependence of the inventory related performance measures on the reorder threshold 𝑠 and order 

lead-time 𝜈 is illustrated in Fig. 4. We used the following system parameter values during analysis of 

performance measures: 

𝑆 = 15, 𝜇1 = 55, 𝜇2 = 45, 𝜎1 = 0.4, 𝜙1 = 0.8, 𝛾 = 1, 𝜏 = 1.5. 
We conclude from Fig. 4 that 𝑆𝑎𝑣 increases linearly proportional to 𝑠 when order lead-time 𝜈 is 

greater than impatience rate 𝜏 and perishing rate 𝛾 and decreases otherwise. The reason is that when 

the inventory is replenished faster than the item perishing the average inventory level increases 

gradually. Additionally, the intuitive relation Γ𝑎𝑣 ≈ 𝛾𝑆𝑎𝑣 holds true. The average reorder rate 𝑅𝑅 

increasse proportional both to s and 𝜈 because with the higher values of s and 𝜈 the inventory level 

drops to the threshold faster. 
 

  

 
Fig. 4. Dependence of inventory related performance measures (1)-(3) on s. 
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Dependence graphs of the performance measures related to customer service are provided in 

Fig. 5. We conclude from the graphs that the average queue length 𝐿𝑎𝑣 and customer loss intensity 

𝑅𝐿 almost do not depend on threshold level 𝑠. 𝐿𝑎𝑣 is intuitively lower for the higher value of the order 

lead time intensity 𝜈. The behavior customer loss rate 𝑅𝐿 is proportional to 𝐿𝑎𝑣. 

  
Fig. 5. Dependence of customer service related performance measures (4), (5) on s. 

 

 

5. Optimization problem 
 

Let us consider the following long run total cost function: 

 𝑇𝐶(𝑠) = (𝐾 + 𝑐𝑟(𝑆 − 𝑠))𝑅𝑅 + 𝑐𝑠𝑆𝑎𝑣 + 𝑐𝑝Γ𝑎𝑣 + 𝑐𝑙𝑅𝐿 + 𝑐𝑤𝐿𝑎𝑣.   (6) 

We assume that all the parameters are fixed except the threshold level s, which is the only 

controllable parameter. The coefficients in (6) have the following meanings:  

 𝑐𝑠 – the inventory maintenance cost per item; 

 𝑐𝑝 – per item perishing expence; 

 𝑐𝑙 – per customer loss penalty cost; 

 𝑐𝑤 – per customer waiting cost in the queue; 

 𝐾 – fixed replenishment order cost; 

 𝑐𝑟 – per item order cost. 

The optimization problem is to find the value 𝑠∗ that minimizes the cost function 𝑇𝐶: 

 𝑠∗ = argmin{𝑇𝐶(𝑠): 0 ≤ 𝑠 ≤ 𝑠′}   (7) 

where 𝑠′ = {
⌈

𝑆

2
⌉  𝑖𝑓 𝑆 𝑖𝑠 𝑜𝑑𝑑

𝑆

2
− 1 𝑖𝑓 𝑆 𝑖𝑠 𝑒𝑣𝑒𝑛

, ⌈𝑥⌉ – is the integer part of 𝑥. 

The solution of the problem (7) is provided in Table 1 for different order lead times. 

Performance measures are calculated using provided simulation algorithm (Fig. 2) and formulas (1)-

(5). System parameter values are assumed as follows during the experiment.  

 𝑐𝑠 = 1.5, 𝑐𝑝 = 0.2, 𝑐𝑙 = 2.0, 𝑐𝑤 = 1.0,  

 𝑆 = 15, 𝜇1 = 55, 𝜇2 = 45, 𝜎1 = 0.4, 𝜙1 = 0.8, 𝛾 = 1, 𝜏 = 1.5. 
 

 

Table 1 

Solution of the optimization problem (7) 
 

𝝂 (𝑲, 𝒄𝒓) 𝒔∗ 𝑻𝑪∗ 

0.5 (1.5,0.1) 6 23.0311 

1 (2.0,0.2) 2 19.2365 

1.5 (2.5,0.3) 2 18.792 

2 (3.0,0.4) 1 19.6416 

2.5 (3.5,0.5) 0 20.4873 

3 (4.0,0.6) 0 21.8599 
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We conclude from Table 1 that the optimal value of threshold 𝑠∗ decreases for the higher lead-

time intensities. We get the minimal cost for the moderate value of 𝜈 = 1.5 and 𝑠∗ = 2. Although the 

solution of optimization problem (7) depends on the given system parameter values, in our case it is 

recommended to choose middle lead time intensity in order to minimize the long run total cost 

function 𝑇𝐶.  

 

6. Conclusion 
 

 Perishable queueing-inventory system with positive service time and different types of 

customers was considered. Customers arrive into the system according to MMPP flow and join the 

queue of infinite size when the server is busy. The inventory has finite capacity and is replenished 

according to (s, S) policy. Customers are assumed to join the queue with some positive probability 

even when the inventory level is zero while the waiting customers in the queue become impatient and 

leave the system independently after the exponentially distributed random times. Simulation approach 

was applied to find the joint stationary distribution of the inventory level, customer count and MMPP 

state. The high convergence speed of simulation algorithm for the specified system parameter values 

was demonstrated. The dependence of performance measures on the reorder level and lead time 

intensity was analyzed and the results of the numerical experiments were illustrated. Finally, the long 

run total cost optimization problem was solved with respect to threshold level.  
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