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1. Introduction and problem statement

In [1-4] and others, various aspects of Cauchy-type optimal control problems described by or-
dinary differential, as well as difference equations with initial conditions were studied. A number of
necessary first-order optimality conditions are established. In this paper, we study one discrete opti-
mal control problem with non-separated, non-local boundary conditions. Under the assumption of
linearity with respect to the phase vector of the problem under investigation, the necessary and suffi-
cient optimality condition in the form of the discrete maximum principle is proved. For this purpose,
one modified version of the increment method is used.

Let us consider a discrete controlled process described by a system of linear heterogeneous
difference equations

x(t+1) =A®x@®) + f(tu®), t=toto+1, .. t—1 (1D
with the boundary conditions
Lox(to) + Lyx(ty) = ¢. (2)

Here, Ly, L, are prescribed (n X n) matrices, A(t) isaprescribed (n x n) discrete matrix func-
tion, f(t, u) is a prescribed n-dimensional vector function that is continuous in the set of variables, ¢
is a prescribed constant vector, t,, t, are prescribed natural numbers, x(t) is a n-dimensional state
vector (trajectory), and u(t) is a r-dimensional discrete vector of control actions with values from
the prescribed nonempty and bounded set U, i.e.

u(t) EUCR", teT={tyte+1,..,t; -1} 3
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We shall call such control functions admissible controls.
The task is to find the minimum value of the functional
J) = c'x(ty) + d'x(ty), 4)

determined on the solutions of boundary value problem (1)-(2) generated by all possible admissible
controls.
The admissible control that satisfies the minimum value of functional (4) with constraints (1)-

(3) shall be called an optimal control, and the corresponding process (w(t), x(t)) — an optimal pro-
cess. Here, ¢, d are prescribed constant vectors of the corresponding dimensionality.

2. The necessary and sufficient optimality condition

Suppose (u(t), x(t)) is a fixed, and (#(t) = u(t) + Au(t), x(t) = x(t) + Ax(t)) — an arbi-
trary admissible processes.
Then it is clear that the increment Ax(t) of the x(t) will be the solution to the problem

Ax(t +1) = A®)Ax(t) + f(t,u(®)) — (¢, u(®)), (5)
LoAx(to) + Ly Ax(t,) = 0. (6)

Suppose Y (t), A are arbitrary n-dimensional vector function and vector, respectively.
From boundary value problem (5)-(6), we get

t—1 t1—1
Z W' (8) bx(t + 1) = Z b’ (£) A(D)AX(D) +
- t1—-1 -
+ ) PO (f(670) - f(Lu®)), @
A'LyAx(ty) + A'LiAx(ty) = 0. (8)
It is easy to show that
t1—1 t—1
D WO 8t + 1) = Y6 - DAX(E) — ¥/t~ DAX(E) + ) /(e = 1) 8x(0). (9)
t=tg t=to

Let us introduce the Hamilton-Pontryagin function in the form:
o . HEuwP) =y few). _ o
Taking into account identities (7)-(9), the increment of quality functional (4) can be written in
the form:

AJ(w) =]@) —JW) =¥’ (t; — DAx(t1) — §'(to — DAx (L) + Z Pt —1) Ax(t) -
= ) WO AOA® - ) (H(630,90) - Hew®,$(©0)) + (10)

+c'Ax(ty) + d'Ax(ty) + A'LoAx(ty) + AL Ax(t;)
Hence, grouping similar members, we will have
AJ(w) = =(to — 1) + L) Dx(to) + (¢, — 1) + L1A) Ax(¢1) +
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+ Z (Wt —1) — A'(®) p(©)) Ax(t) + c'Ax(to) + d'Ax(ty) —
-1 o
— Z (H(t,ﬂ(t),l/}(t)) — H(t,u(t),l/)(t))) = (=(to — 1) + Lod + )" Ax(to) +
~fo t1—1
Tty — 1) + LA + d)' Ax(ty) + Z (Wt — 1) — A'(®) (©)) Ax(t) — 11
=) (H(Ea@,w®) - Hew©,p®)).
t=t,
Assuming that ¥ (t) satisfies the relations
Yt —1) = A1) @), (12)
Y(tp—1)—LyA—c=0,
Wt - D+ Lat+d=0 (13)
then the formula of increment (11) takes the form:
t1—1
y@ =- Y (H(eaw,p®) - Heu®,p©)) (14)

Using the formula of increment (14), we prove

Theorem 1. Under the assumptions made, it is necessary and sufficient for the optimality of the
admissible control u(t) that the inequality

ti—1
> (HEv©,w®) - Heu®,p®)) < 0 (15)
t=t0
holds forall v(t) e U,t €T.
Proof. Necessity. Suppose the control u(t) is optimal. Then it follows from (14) that
ti—1
Z (H (6w, (D) — H(t,u(®, p(®)) < 0. (16)
tzto
Assuming
Au(t) =v(t) —u(t), teT,
where v (t) arbitrary admissible control, from (16) we get that inequality (15) holds.
This proves the necessary part of the theorem.

Sufficiency. Suppose condition (15) is satisfied. We shall prove that it is an optimal control. It
follows from condition (15) that forany v(t) e U, t € T

t;—1

J@) = j@ = > (HEv©,9®) - H(6u®,p©)) 2 0.

t=t0
This proves the theorem.
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3. Sufficient optimality condition

Suppose we need to find the minimum value of the functional

J@W) = p(x(to), x(t1)) (17)

under constraints (1)-(3) (problem (1)-(3), (17) ).

Here, @ () is a prescribed continuously differentiable convex function.

Using the Taylor formula, let us write the increment of quality functional (17) corresponding
to the admissible controls u(t) and @ (t) = u(t) + Au(t).

We have
09" (x(t), x(ty)) 00’ (x(to), x(t1))
Aj(u) = ox(ty) Ax(ty) + ax(t) Ax(ty) +
+o1([[Ax(Eo) Il + [[Ax(E) D). (18)
Suppose p(t) is a n-dimensional vector function that is the solution to the difference equation
p(t—1) =A'"(t) p(t), (19)
with the boundary conditions
o 0p(x(to), x(8)
p(ty — 1) — Ly — ( axo(to) ! ) =0, (20)
, a‘P(x(to);x(Q)) _

p(t; —1) + LjA + 20t =0. (21)

From relations (20)-(21), we can exclude the parameter A. Let us multiply both sides of relation
(20) on the left by L,, and relation (21) by L, and add the obtained relations together. Then boundary
conditions (20)-(21) will take the form:
dep(x(to), x(t1))
dx(to)

Let us introduce the Hamilton-Pontryagin function in the form

M(t,u,p) =p'(®) f(t,w).
Taking into account the introduced notation and adjoint system (19)-(21), from the formula of
increment (18) we get
ti—1

8@ == ) (M(6a®,p®) - M(6u®,p®)) + 0, (Ax(t)ll + 1AxE) ).

tzto

0 (x(t0), x(t2)) _

2x(ty) 0

Lip (tp—1) — Ly

+ Lop(ty —1) — L

Since the function ¢ (x4, x,) is assumed to be convex, then o, (||Ax(t) |l + [[Ax(t,)]]) = 0.
Therefore

ti—1

Aw) = — Z (M(t, 1), p®) - M(t,u(®),p(®))) 22)

t=t0

From inequality (22) follows

91



M.Y. Najafova / Informatics and Control Problems 39 Issue 2 (2019)

Theorem 2. If the function ¢ (x,, x,) is a convex differentiable function, then it is sufficient for
the optimality of the admissible control u(t) in problem (1)-(3), (17) that the maximum condition

t1—1
> (M v@®.p®) - M(t 2, p®)) < 0

holds forall v(t) e U, t € T.
4. Conclusion

In this work, we study one discrete optimal control problem described by an ordinary linear
difference equation with a linear non-local boundary condition. A necessary and sufficient optimality
condition is proved by the increment method. A similar result is established in the case of a nonlinear
but convex quality functional. The obtained result allows solving the problem completely.

The author expresses gratitude to the reviewer for very useful comments.
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