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1. Introduction

Currently, the theory of necessary optimality conditions for various classes of problems of op-
timal control of ordinary dynamical systems is sufficiently developed (e.g. [1-4]).

The study of a number of control processes, the choice of program controls comes down to the
management of step systems described in different time intervals by various equations [5-9]. Such
optimal control problems are also called optimal control problems with a variable structure (e.g. [7,

8]).

In [5-9] and others, a number of variable structure optimal control problems described by dif-
ferential equations were studied and various necessary optimality conditions were established in var-
ious ways under various assumptions. In this paper, one variable structure optimal control problem
described by a set of systems of differential and integral equations with a linear multipoint quality
functional is investigated. It is proved that in the case under consideration an analog of the Pontryagin
maximum principle is not only a necessary, but also a sufficient optimality condition.

2. Problem statement

Let us consider a controlled process described by a set of differential and integral equations of
the form

x=A)x+ f(t,u), teT,=]tyt], (D
t x(to) = Xo, (2)
y(© = j (B, y@+g(tru@))dr+Cx(ty), teT,=[ty,t,]. 3)

to
Here, t,, t;, t, are prescribed (t, < t; < t), X, is a prescribed n-dimensional constant vec-
tor, A(t) is a prescribed (n X n) continuous matrix function, f(t,u) is a prescribed n-dimensional
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vector function, B(t,t) is a prescribed (m x m) continuous matrix function, C is a prescribed con-
tinuous matrix of corresponding dimensionality, g(t, T, w) is a prescribed m-dimensional vector func-
tion that is continuous in the set of variables, u(t) (v(t)) is r (q)-dimensional piecewise continuous
vector function with a finite number of points of discontinuity of the first kind with values from
prescribed nonempty and bounded sets U (V), i.e.
u(t) eUcCR", teT,, 4)
v(t) EVCcRY teT,.

The pair (u(t), v(t)) with the above properties shall be called an admissible control. It is as-
sumed that for each given admissible control(u" (t),v"(t)) Cauchy problem (1)-(2) has the unique
piecewise-smooth solution x°(t), and Volterra-type integral equation (3) has the unique continuous
solution y°(t).

Suppose 7, i = Lk (ty<my <mp < <me<t)and & i=1Tk (t; <& <& <<
&, < t,) are prescribed.

Let us consider the problem of the minimum of the multipoint functional
k K

Jaww) =) e xm)+ ) diyED, )
with constraints (1)-(4). = =

Here, c; (d;), i = 1, k are the prescribed constant n (m)-dimensional vectors.

The admissible control (u° (t),v"(t)) that satisfies the minimum of functional (5) with con-
straints (1)-(4) shall be called an optimal control, and the corresponding process
(u" (t),v"(t),xo(t),y"(t)) — an optimal process. It is assumed that an optimal control exists in the
problem under investigation.

3. The necessary and sufficient optimality condition

Suppose (u" (1), ve(t), x° (t),y"(t)) is a fixed admissible process and the set. Let us denote

by (ﬁ(t) =u°(t) + Au(t), v(t) = v°(t) + Av(t), x(t) = x°(t) + Ax(t), y(t) = y°(t) +
Ay(t)) arbitrary admissible process and write the increment of the quality functional
k
1@ ) — e, v°) = Z ci ax(n) + Z i By () ©)

It is clear that the increment (Ax(t), Ay(t)) of the trajectory will be the solution to the system
of equations

Ax(t) = A(t) Ax(t) + (f(t,ﬁ(t)) - f(t,u(t))) , (7)

AX(to) =0 B
t

Ay(t) = f (B(t, D) Ay(@ + (g(t7,9(®) — g(t, T,UO(T)))) dr +CAx(t).  (8)
t1
Suppose Y°(t), p°(t) are still arbitrary n and m-dimensional vector functions. From identities
@) and (8), we get

jw" (t) Ax(t) dt = fz/)" (t) A(t) Ax(t)dt + f VO (0) f(t u(0) - f(¢, u"(t))) dt, (9)
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f pol(t) Ay(t) dt = f [f p"’(t) [B(t, T) Ay(T) + (g(t, T, 17(1)) — g(t, T,UO(T)))] dr| dt +

t1 t1

t1
ts
+ f p° (t) C Ax(t,) dt. (10)
%1
Given identities (9) and (10) in the formula of increment (6) we get
k

Ao, o) = Y ¢! Ax(m)+zd Ay(E) + f ¥ (£) Az () dt — f (4@ () Ax(E)dt -
l=1
t2

- f v © (F(630) - (6w ®))de+ [ 970 dy(o) de - (1)

t1
fz fz

j p°' (@) [B(,0) ay() + (9(r. £, 5(8)) — g(z.t,v°(1)) )| dz

t2

+ j p° () C Ax(ty) dt.
ty
Suppose «a;(t) is the characteristic function of the segment [¢t,, n;], and B;(t) is the character-
istic function of the segment [t4, &;].
It is clear that

dt +

t1

Ax(n;) = j a;(t) Ax(t) dt. (12)
to
Further, it follows from (8) that
¢

2y = [ (B 8@ + (9(607.9() - g(67,0°@)) ) dr + Caxe) = (13)

t1
t1

j B (B ay(@ + (9(57.7@) - 96,7 v°(D)) ) dr + € f Ax(t) dt .
Taklng into account identities (12), (13), in (11) we have ¢
t1

AJ(u°, v°) = f Za () ¢! Ax(t) dt + f w° () A (6)dt

- f ( f (4'(z) ¢0(T))’dr>Ax(t)dt—

to \t

j v © (F(650) - f(6u () dt+z j BUO 4 BED MyDde+ (14)

llt1
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t1

+Z f Bi (1) d' g(g‘l,r v(r)) g(fl,‘r v"(r)) dT+Zd C fa (t) Ax(t) dt +

i= 11_-1 to

ty o[ L2
+ f p° (¢) Ay(t) dt — f lf p° (1)B(x, t)dr] Ay(t) dt +

t1 t; Lt

fl.f p° (r)( (r t, v(t)) g(‘r t, UO(t)))dT] dt— lp (v C fAJ'c(T) dr] dt.

t: Lt

Suppose Y°(t) and p°(t) satlsfy the relations

k ta
" (t)=—zai(t)ci+jA(T)l,l}(r)dr+jCp (T)dT—ZC dia;(0) , (15)
i=1 t ty
t2
p°(0) = f B0 p°() dr+2ﬁl(t>d3(a.t> (16)

Then the formula for increment (14) of the quality functlonal will take the form:

AW, v°) = — f o' @ (F(t.a®) - £(t,u°(©)) dt +

k 2
+Z f B:(t) di (9(&t.9(0) — g(&1.t,v°(0)) ) dt —

i=1¢,

_ f [f pO'(T) (Q(T, t, ﬁ(t)) — g(r, t’vO(t))) dT] dt .

If we introduce the notation

H(t,u(®), o) = s f(tu®),
M(Ev©@0°®) = | v @g(ntv@)dr -

k
=Y B d; g( v (),

hence we get
ty

A (u°,v°) = — f (H(t,a(t),¢°(t)) —H(t,u"(t),t/)"(t))) dt —

to
)

- f (M(t,ﬁ(t),p"(t))—M(t,v"(t),p"(t)))dt. (17)

t1

Note that equations (15), (16) are Volterra-type linear integral equations. We shall call them
the adjoint system in the problem under investigation.
The formula of increment (17) allows proving the necessary and sufficient optimality condition
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in the form of an analogue of the Pontryagin maximum principle. Using McShane needle-like varia-
tions [10, 11], we prove

Theorem 1. It is necessary for the optimality of the admissible control (u" (1), v"(t)) that the
relations

max H(6,u,%°(6)) = H(6,u°(6),9°(0)),

max M (¢, v,p°()) = M(£,v°(9),p°(©)
hold for all 6 € [ty,t,) and &€ € [tq,t,), respectively.
Here, 6 € [t,, t;) (¢ € [t1,t,)) are arbitrary points of continuity of the controls u°(t) and
vO(t), respectively.
A similar result can also be obtained in the case of a nonlinear convex and smooth quality
functional using a modified version of the scheme from [11].

4. Conclusion

In this paper, we consider one variable structure optimal control problem described by differ-
ential equations and a Volterra-type integral equation in various time intervals. Under the assumption
that the equations under investigation are linear in the state vector and quality criterion, using the
specifics of the problem under investigation, an adjoint system is introduced in the form of Volterra-
type integral equations. A formula for the increment of the quality criterion is constructed, and with
it the necessary and sufficient optimality condition in the form of the Pontryagin maximum principle
is proved.

The author expresses gratitude to the reviewer for the useful comments that contributed to im-
proving the initial version of the paper.
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