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Algorithms are developed for determining the confidence interval 

of the mathematical expectation of the noise of a noisy signal. 

The possibility of calculating the noise distribution density 

function with the lower and upper limits of the confidence 

interval of its mathematical expectation is shown. Technologies 

are proposed for determining the least and most probabilistic 

time intervals of failure of technical objects using the calculated 

noise characteristics. 
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1. Introduction 
 

It is known that in most cases, when processing noisy random signals, it is impossible to 

conduct research on the general population [1-2]. This is because the general population is usually 

very large, and acquiring information is practically impossible. Therefore, to conduct research, a 

sample is selected, and the characteristics obtained as a result of processing are generalized to the 

entire population. Naturally, the statistical characteristics calculated from a random sample will 

differ from the characteristics of the general population. For this reason, it becomes necessary to 

estimate the bias or to determine the interval into which sample estimates of statistical 

characteristics fall with some probability, that is, to determine the confidence interval [1-2].  

This problem is especially relevant when processing information from the corresponding 

sensors in systems of monitoring, control, diagnostics, forecasting, control, identification, etc., 

when the signal G( t )  under investigation consists of the useful component X( t )  and the noise 

 t . It was shown in [3-17] that in these systems, as a rule, there is always the constant noise 

 1 t  from external factors, and at the time of damage initiation, the noise  2 t  also appears, 

which is added to  1 t : 
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 t =  1 t +  2 t . 

In [3-17], it was shown that the characteristics of  2 t  even at an early stage of the 

occurrence of a malfunction vary depending on the degree and dynamics of the development of 

damage and are reflected in the values of the characteristics of the sum noise  t . 

It is traditionally assumed that the mathematical expectation of the noise  t  calculated 

from the sample is zero m
=0. However, in reality, in the general population, the strict equality is 

violated and the approximate equality m
≈0 is fulfilled, and the value of the mathematical 

expectation is in a certain interval. As a result, all other noise characteristics calculated from the 

condition m =0 turn out to be inaccurate. At the same time, it was shown in [3-17] that the values 

of the noise characteristics are informative attributes of the onset of a defect at an early stage and 

make it possible to assess the technical condition of the object under study in the latent period of a 

malfunction. Calculation of erroneous noise characteristics negatively affects the reliability of 

systems of monitoring, control, diagnostics, forecasting, control, identification, etc. 

Therefore, the problem of estimating the mathematical expectation in the general population 

and its application to refine other estimates of the noise characteristics arises. 

In this paper, we propose algorithms for determining the confidence interval for estimating 

the mathematical expectation of the noise and applying lower and upper boundaries for correcting 

the values of such noise characteristics as estimates of the distribution density function and its 

inflection points. This allows determining the least and most probable limits of the occurrence of a 

malfunction of technical objects. 

 

2. Problem statement 

 

Let the noisy signal G( t ) = X( t ) +  t  consisting of the useful component X( t )  and the 

noise  t  come from a sensor installed in the most informative spot of the technical object. The 

signals X( t ) ,  t , G( t )  are random stationary ergodic processes, and the noise  t  cannot be 

extracted from G( t ) . 

For the random process G( t ) , we can calculate such characteristics as mathematical 

expectation gm , variance gD , mean square deviation g , correlation function ggR ( )  from the 

formulas [18-21]: 

 
1

1 N

g

i

m G i t
N 

  ,      (1) 

2

1

1 N

g g

i

D G( t ) m
N 

     ,     (2) 

g gD  ,      (3) 

      
1

1 N

gg

i

R G i t G i t
N 

      ,      (4) 

where gG( t ) G( t ) m  , t  is the sampling step, =0, t , 2 t , 3 t , …. is the time shift. 

It is known a priori that in a system of monitoring, control, diagnostics, forecasting, 

management, identification, etc. the noise has zero mean m =0 and obeys the normal distribution 
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law N( ;m , )   . Since the stationary random noise  t  is ergodic, its mathematical expectation 

m
 and the mean square deviation 

  have the same value for any of the random functions in the 

population, i.e.: 

   ,;mN
=  

 
2

221

2

m

N e












 
 

     (5) 

It is known that the confidence interval for estimating the mathematical expectation of the 

noise with the known mean square deviation 
  is calculated from the expression [18-21]: 

p pm z ;m z
N N

 
 

  
    

 
,    (6) 

where N  is the - sample size; pz  is the critical value of the distribution, which can be found by 

setting a certain confidence probability  1p z    ;  z  is a - Laplace function. For 

instance, to construct an interval with a 95% confidence level, it is necessary to choose α=0.05; then 

for the probability p=0.95 we have 
0 95.z =1.96.  

In the following paragraphs, we propose is a technology for determining confidence interval 

(6) of the mathematical expectation of the noise  t .
 

 

3. Development of algorithms for determining the confidence interval of the mathematical 

expectation of the noise. 

 

From formula (6) it is obvious that to determine the confidence interval of the mathematical 

expectation of the noise, it is necessary to calculate the mean square deviation D    of the 

noise. To do this, let us use the expression for calculating the correlation function  ggR   of the 

noisy signal G( t ) . 

It is known that for the stationary random signal G( t )  with ergodicity, the correlation 

function is calculated from the expression [11-13]: 

      
1

1 N

gg

i

R G i t G i t
N 

     .     (7) 

Given that the useful signal X( t )  and the noise  t  are uncorrelated, i.e.  

    
1

1 N

i

X i t i t
N 

    =0,     
1

1 N

i

i t X i t
N 

    =0,    (8) 

we can write: 

 ggR  =  xxR  +  R  .      (9) 

Thus, the correlation function  ggR   of the noisy signal G( t )  consists of the sum of the 

correlation functions  xxR   and  R   of the useful signal X( t )  and the noise  t , 

respectively. 

In practice, for infra-low-frequency slow-flowing technological processes, when t    is 

much smaller compared to the observation time T , the noise  t  is formed from high-frequency 

spectra due to the occurrence of such damage as cracks, breakdowns, holes, deformations, etc. as a 

result of wear, corrosion, carbon deposits, scale, etc. and has a higher spectrum than the useful 
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component X( t )  itself. The value of the useful component over the time interval t  does not have 

time to change, and X( t t )   coincides with the value of X( t ) , i.e. 

X( t t )  = X( t ) .       (10) 

This equality holds for cases when, for instance, T  is 10-20 hours, and t  depending on the 

specifics of the process being studied, seconds or minutes. In this case, the sampling step t  is 

selected based on the final time of the correlation 
end  of the noise  t  with the useful signal. 

Then, for the specified production facilities, when condition (10) is satisfied, we obtain:  

0xx xxR ( t ) R ( )  . 

Since the sampling step t  is selected based on the final time of the correlation end  of the 

noise, the correlation function  R   can be represented in the form [3-15]: 

    (11) 

Therefore, we obtain:  

 0ggR  -  ggR t =  0R .     (12) 

Then the estimate of the variance D

  of the noise  t  of the noisy signal G( t )  can be 

calculated: 

D

 =  0R =  0ggR -  ggR t     (13) 

or 

D

 =  0R
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1
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i

G i t G i t
N 

  -     
1

1
1

N

i

G i t G i t
N 

   .   (14) 

However, a more general formula for calculating the noise variance for real objects was 

derived in [3-10]: 

D
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1
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i

G i t G i t
N 

  -2     
1

1
1

N

i

G i t G i t
N 

   +     
1

1
2

N

i

G i t G i t
N 

   . (15) 

Naturally, the mean square deviation 

  of the noise  t  will be determined from the 

expression [3-15]: 


 = D

 .      (16) 

Then, taking into account expression (6) and the condition 0m   in the general population, 

we can calculate the confidence interval for the mathematical expectation m

  of the noise: 

p pm z ;m z
N N

 

 
 

  
    

 
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or 

p pm z m m z
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Since the mathematical expectation of the sample population cannot be a negative number, 

the lower limit of the confidence interval is zero, and the upper limit is 
pz

N



 . Therefore,  

 0 pm z
N


 



   .      (19) 

Thus, the lower limit of the confidence interval for the mathematical expectation of the noise 

is  

nm

 =0,        (20) 

and the upper limit is:  

v pm z
N


 



  .       (21) 

Taking into account expression (19), we can calculate the density function of the normal 

distribution  N ,m ,    of the noise  t , its maximum and the inflection points with the values 

of the lower nm

  and upper vm

  limits of the confidence interval of the mathematical expectation of 

the noise . This, in turn, will allow constructing the confidence intervals for these characteristics. 

The results are used in monitoring, control, diagnostics, forecasting, control, identification, etc. to 

determine the lower and upper limits of the probability of failure. In this case, the most dangerous 

and safe time intervals T N t   of probability failures are determined by the sample size N . 

 

4. Algorithms for calculating the distribution density function of the noise with the lower and 

upper limits of the confidence interval of the mathematical expectation of the noise 

 

In the following paragraphs, we will show how to calculate the distribution density function 

of the noise using the lower and upper limits of the confidence interval of the mathematical 

expectation of the noise, as well as the calculated mean square deviation 

  of the noise  t .  

1. Taking into account formulas (5), (14)-(16), the normal distribution density function 

 N ,m ,    of the noise  t  of the noisy signal G( t )  is calculated from the expression: 

 

 
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2

2
21

2

m

N e







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

 
 

.     (22) 

At the lower limit of the confidence interval with the mathematical expectation of the noise 

nm

 =0, formula (22) takes the form: 

 
 

2

2
21

2
nN e













 
 

    (23) 

or, taking into account formulas (14)-(16), we obtain: 

 
    

    

2

2 01

2 0

gg ggR R t

n

gg gg

N e
R R t



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   (24) 

or 
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 
      

      
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At the upper limit of the confidence interval with the mathematical expectation 
v pm z

N


 



   

formula (22) takes the form: 

 
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or, taking into account formulas (14)-(16), we obtain: 
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

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 


     

    
. (28) 

2. To calculate the maximum of the distribution density function  maxN   of the noise  t  

of the noisy signal G( t ) , we use the formula: 

 
1

2
maxN m




 

.     (29) 

At the lower limit of the confidence interval with the mathematical expectation of the noise 

nm

 =0, formula (29) takes the form: 

 
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
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     (30) 

or, taking into account formulas (14)-(16), we obtain: 
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At the upper limit of the confidence interval with the mathematical expectation 
v pm z

N


 



   

formula (29) takes the form: 

1
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
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     (33) 

or, taking into account formulas (14)-(16), we obtain: 
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    
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3. To calculate the coordinates of the inflection points of the noise distribution density 

function, we use the formulas: 

1
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m ;

e
 
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 
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At the lower limit of the confidence interval with the mathematical expectation of the noise 

nm

 =0, formula (36) takes the form: 
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or, taking into account formulas (14)-(16), we obtain: 
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At the upper limit of the confidence interval with the mathematical expectation 
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or, taking into account formulas (14)-(16), we obtain: 

    
    

1
0

2 0
p gg gg

gg gg

z R R t ;
N e R R t





 
    

     
 

 and 



N.F. Musaeva, M.T. Suleymanova / Informatics and Control Problems 40 Issue 1 (2020) 

      
 

64 

    
    

1
0

2 0
p gg gg

gg gg

z R R t ;
N e R R t





 
    

     
 

   (41) 

or 

      
      

1
0 2 2

2 0 2 2
p gg gg gg

gg gg gg

z R R t R t ;
N e R R t R t





 
      

       
 

 and  

      
      

1
0 2 2

2 0 2 2
p gg gg gg

gg gg gg

z R R t R t ;
N e R R t R t





 
      

       
 

. (42) 

Thus, algorithms have been developed for calculating the distribution density function 

 N   , its maximum  maxN m 

 , as well as the inflection points 
1

2
;

e



 



 
    

 and 

1

2
;

e



 



 
    

 of the normally distributed noise  t  for the values of the lower nm

 =0 and upper 

v pm z
N


 



   limits of the confidence interval of the mathematical expectation of the noise of the 

noisy signal G( t )  in the sample. These values can be used in monitoring, control, diagnostics, 

forecasting, control, identification, etc. to determine the time intervals at which the failure of 

technical objects is the least and most likely. 

 
 

5. Technologies for determining the least and most probable failure intervals of technical 

objects. 

 

 1. At the time instant 0t  when the object is in normal condition, the values of the noise 

characteristics are calculated from the expressions (14) - (16), (20)-(21), (30), (33), (37), (40): 

– estimates of the variances 0tD

 ;  

– mean square variations 0t



 ;  

– lower 0n tm

  =0 and upper 0v tm

   limits of the mathematical expectation 0tm

 , the set of 

possible values of the mathematical expectation at the time instant 0t  is formed:  

 0 0 0 0 0t t n t t v tM m m m m    

         ;  

– maximum of distribution density  0n max n tN m 

   ,  0v max v tN m 

    for 0n tm

   and 0v tm

  ;  

– inflection points 0 0

0

1

2
n t t

t

m ;
e

 

   



 
    

, 0 0

0

1

2
n t t

t

m ;
e

 

   



 
    

 for 0n tm

  : 

for the first point along the abscissa 0 0 01n t n t ta m 

     , 

for the second point along the abscissa 0 0 02n t n t ta m 

     , 

for the first and second points along the ordinate 0

0

1

2
t

t

O
e




 

; 
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– inflection points 
0 0

0

1

2
v t t

t

m ;
e

 

   



 
    

, 
0 0

0

1

2
v t t

t

m ;
e

 

   



 
    

 for 0v tm

  : 

for the first point along the abscissa 0 0 01v t v t ta m 

     , 

for the second point along the abscissa 0 0 02v t v t ta m 

     . 

A confidence interval is constructed for the first inflection point of the noise distribution 

density function 
0 0 01 1 1n t t v ta a a   , and the set of possible values at the time instant 

0t is formed: 

 0 0 0 0 01 1 1 1 1t t n t t v tA a a a a    . 

A confidence interval is constructed for the second inflection point of the noise distribution 

density function 0 0 02 2 2n t t v ta a a   , and the set of possible values at the time instant 0t is formed: 

 0 0 0 0 02 2 2 2 2t t n t t v tA a a a a    . 

2. After a certain period of time at the instant 
1t , the above characteristics are recalculated. 

First, at the time instant 
1t , the estimates of the variance 1tD

  and the mean square deviation 

1t



  of the noise are calculated. If 1t



 = 0t



 , then the technical condition of the object has not 

changed. 

If 1t



 ≠ 0t



 , then we should calculate:  

– the estimate of the lower 1n tm

  =0 (always remains zero) and the upper 1v tm

   limits of the 

mathematical expectation 1tm

 ,   form the set of possible values of the mathematical expectation at 

the time instant 1t :   1 1 1 1 1t t n t t v tM m m m m    

         ;  

– maximum of distribution density  1max n tN m 

  ,  1max v tN m 

   for 1n tm

   and 1v tm

  ;  

– inflection points 
1 1

1

1

2
n t t

t

m ;
e

 

   



 
    

, 
1 1

1

1

2
n t t

t

m ;
e

 

   



 
    

 for 1n tm

  : 

for the first point along the abscissa 1 1 11n t n t ta m 

     , 

for the second point along the abscissa 1 1 12n t n t ta m 

     , 

for the first and second points along the ordinate 
1

1

1

2
t

t

O
e




 

; 

– inflection points 1 1

1

1

2
v t t

t

m ;
e

 

   



 
    

, 1 1

1

1

2
v t t

t

m ;
e

 

   



 
    

 for 1v tm

  : 

for the first point along the abscissa 1 1 11v t v t ta m 

     , 

for the second point along the abscissa 1 1 12v t v t ta m 

     . 

A confidence interval is constructed for the first inflection point of the noise distribution 

density function 1 1 11 1 1n t t v ta a a   , and the set of possible values at the time instant 1t  is formed: 

 1 1 1 1 11 1 1 1 1t t n t t v tA a a a a    . 

A confidence interval is constructed for the second inflection point of the noise distribution 

density function 1 1 12 2 2n t t v ta a a   , and the set of possible values at the time instant 1t  is formed: 

 1 1 1 1 12 2 2 2 2t t n t t v tA a a a a    . 

 3. Differences of the sets are found [8-14]:  
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3.1 possible values of the mathematical expectation 1tM 

  at the time instant 
1t  and possible 

values of the mathematical expectation 0tM 

  at the time instant 
0t :  

0 1t tM 

  = 1tM 

 \ 0tM 

 := 1tM 

 ∩
0tM 


= 1 1 1 1 0t t t t tm m M and m M    

       for 1tm

 > 0tm

 , 

i.e. those values of mathematical expectation that are part of the set 1tM 

  but not of the set 0tM 

 , 

r 

0 1t tM 

  = 0tM 

 \ 1tM 

 := 0tM 

 ∩
1tM 


= 0 0 0 0 1t t t t tm m M and m M    

       for 1tm

 < 0tm

 , 

i.e. those values of mathematical expectation that are part of the set 0tM 

  but not of the set 1tM 

 , 

3.2 possible values of the first inflection point 
11tA  of the noise distribution density function 

at the time instant 
1t  and possible values of the first inflection point 01tA  at the time instant 0t :  

0 11t tA 
=

11tA \
01tA :=

11tA ∩ 01tA =  1 1 1 1 01 1 1 1 1t t t t ta a A and a A   for 
11ta >

01ta , 

i.e. those values of the first inflection point that are part of the set 
11tA  but not of the set 

01tA , 

or 

0 11t tA 
= 01tA \

11tA := 01tA ∩ 11tA =  0 0 0 0 11 1 1 1 1t t t t ta a A and a A   for 
01ta > 11ta , 

i.e. those values of the first inflection point that are part of the set 01tA  but not of the set 
11tA , 

3.3 possible values of the second inflection point 
12tA  of the noise distribution density 

function at the time instant 
1t  and possible values of the second inflection point 

02tA  at the time 

instant 0t :  

0 12t tA  = 12tA \ 02tA := 12tA ∩ 02tA =  1 1 1 1 02 2 2 2 2t t t t ta a A and a A   for 12ta > 02ta , 

i.e. those values of the first inflection point that are part of the set 12tA  but not of the set 02tA , 

or 

0 12t tA 
=

02tA \
12tA :=

02tA ∩ 12tA =  0 0 0 0 12 2 2 2 2t t t t ta a A and a A   for 
02ta > 12ta , 

i.e. those values of the first inflection point that are part of the set 
02tA  but not of the set 

12tA . 

 After training of the system depending on the values of the sets 0 1t tM 

  , 0 11t tA  , 0 12t tA   

conclusions are made about the degree of malfunction. 

 4. Similar differences of the set are formed for the time instants 2t , 3t , …  

Comparing the values of the differences of the sets of possible values of the mathematical 

expectation tiM 

 , the first and second inflection points 1tiA , 2tiA , the density function of the noise 

distribution at the time instant it  and the possible values of the mathematical expectation 1t ,iM 

  , 

the first and second inflection points 11t ,iA  , 12t ,iA  , at the time instant 1it  , conclusions are made 

about the dynamics of the malfunction. 

 

6. Conclusion 

 

The technologies developed in the paper make it possible to determine the early period of 

occurrence of malfunctions of technical objects. This is achieved by calculating such noise 

characteristics as estimates of variance, mean square deviation, confidence interval for the 

mathematical expectation, maximum of the distribution density, inflection points along the abscissa 

and ordinate. 
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The application of the proposed algorithms in monitoring, control, diagnostics, forecasting, 

control, identification, etc. allows determining the intensity of the development of a nascent 

malfunction, as well as identifying the least and most probable time intervals for the failure of 

technical objects [3-17,22]. This can be achieved by constructing confidence intervals for the 

mathematical expectation of the noise, the first and second inflection points of the distribution 

density function in different time intervals. 
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