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1. Introduction

Despite the considerable efforts of researchers, the problem of creating adequate quantitative
models of nonequilibrium processes remains relevant. This is especially true in the case of fractal
structure systems. When describing the properties of systems with a fractal structure, it is impossible
to use the representations of Euclidean geometry and it is necessary to involve representations of the
geometry of fractional dimension. A specific characteristic of systems with a fractal structure is that
for them such effects as memory, the complex nature of spatial correlations, and self-organization
effects are essential. The creation of adequate mathematical models for systems, where the properties
of self-organization, deterministic chaos are manifested, also requires non-traditional approaches
based on the use of the mathematical apparatus of differential equations of fractional order.

The phenomenon of viscoelasticity is determined by the existence of temporary effects caused
by the effect of creep and relaxation of real materials considered as solid deformable bodies.

2. Problem statement

In the linear theory of thermoviscoelasticity (TVE), the relationship between stresses o;; and
strains &; takes into account this time dependence and in the most general case is given in the form

of a linear integral operator [1-9]:
The defining physical relationships between stress and strain for fractal media are taken in the
form [6-8]:
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o(x,t)=E&*D%(x, t), a € (0,1)
We rewrite the defining relations for viscoelastic bodies in the generalized case in the form:

IRukl A Td[gkl({} ) akl®({x}’r)] (1)

gij({x}’t):aij®({ x}t-7) _[Hukl xj,t—7)doy ({x},7) )

Then, with the integrands in the form of functlons of the Mittag-Leffler type, these dependences
describe the dynamic processes arising in viscoelastic media of a fractal structure [6-8].
Here Ry, and IT;;,; are tensors of relaxation and creep functions, respectively, «;; is the thermal

expansion tensor, © is the temperature difference, a € (0,1) is the order of fractional differentiation
when describing solid polymers [6], E is the modulus of instantaneous elasticity material of the
material, e(x, t) is strain, o(x,t) is stress, & is the technological parameter describing the loading
mode.

Let us consider dynamic problems. Substituting stress according to formula (1) into the equation
of motion

o%u,
Oy PR =P (3)
and using the Cauchy relations for small deformations
1
&jj :E(Ui,J +uj,i) 4)
we obtain a system of three equations for determining the displacements
a 0°
—-Adul-By el oF = p S5 ) ©)

where the operators A;;{u} and B;; {u} have the following form

jRum [ukl({ h)+ ui,k({x}’f)] (6)
J.Rum O‘k | ({X}’ T)"‘ ®({X}’ 2')],

Here: {x}=(x,y,z), p is the density of the substance; F, is mass force vector components,
Let the displacements, u,,, be given on the part S, of the surface S bounding the body under
consideration, and the load T,, on the part S, of the surface S:
ui|51 =Ujp, u i [An - Bij {G}]Ij =T (7)
Then the objective of linear TVE theory is to mtegrate equations (5) under boundary conditions

(7).

Methods based on the Volterra principle and the Laplace transform are successfully applied to
solve the problem. However, the situation is more complicated if the properties of the material
strongly depend on temperature, i.e. depend on the temperature of the relaxation and creep functions
in (1), (2). This significantly complicates the task, and makes the above-mentioned methods of its
solution actually unusable. In some cases, the so-called temperature-time analogy (TTA) comes to
the rescue, which has two types; 1) TTA for thermorheologically simple materials (TRSM), which is
based on a property that is a simple mathematical consequence of the assumption that all viscosity
coefficients in viscoelastic (VE) elementary models identically depend on temperature, i.e.
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proportionally to the same universal temperature shift function o (T) [1-9]; 2) TTA for
thermorheologically complex materials (TRCM), which is free from the restrictions specified in
section 1) [1-9]. If we enter the local time as an integral of the differential of physical time, converted
to universal temperature functions

t T
t,:j dc . T,:I dg ®)

o7 (€) (5
then relations (1) and (2) will not include an explicit dependence on temperature T, and they change
only in that the letters t and t in them are replaced with t'and 7.

In a homogeneous isotropic medium, there are two independent components of the relaxation

(or creep) function tensor; moreover, since in most cases the volumes of VE of bodies change
according to the elastic linear law, only one component remains. Therefore, local (or adjusted) time
will be the same for both functions R and IT in form (8). Accordingly, relations (1) and (2) for a

homogeneous isotropic medium take the following form:
t

Si (xht)= J. R(t' - T')deij (x4 7)
o(txht)=3K]e({xt)-a({x} )] ©)
€ ({X}! t) = IH(t’ - T')dsij ({X}’ T)

(X)) a0 (1) = T (10)

3K

where tensors of stress ¢;;and strain ¢;; are divided into deviators S, and spherical tensor:

IJ’ Ij
o =3 +c75,], &; =€; + &4,

oc=0413 €=¢6413 (11)
Here: K — elastic bulk modulus, &;; — Kronecker symbol.

The operators A;;{u} and By{@} for an isotropic medium, taking into account relations (8),

have the following form:
t

e{u}:%jR(v—f)d[ui,,-( o)+ u, (i) o)k, ()=

0
I Rt~ )duy (X} 7),  B;{®}=3ad;Ke({x}t) (12)
If the relationshlp between stresses and small deformations is given as a nonlinear operator

Ojj (t) =0, {gkl ({X}7 T)’ ®({X}’ T)}' re (O;t)’

then the operators A;;{u} and B;{6} will also be non-linear. The specific form of such operators is
considered in detail in [9], and in this case the principle of TTA can also be applied [1, 3].

The application of TTA introduced in this way, which was empirically developed much earlier,
reduces the linear problem to a nonlinear one, and such problems are called nonlinear problems of
linear TVE theory. TTA is mainly used for solving non-interrelated TVE problems, i.e. in such
problems, the heat inflow equation is separated from the general system of TVE equations and solved
separately.

Solving the equations of heat conduction under the corresponding boundary conditions in a
given area, we find the temperature as a function of coordinates and time.
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Therefore, we take this as the known temperature shift function ¢ . This function, in a fairly

wide temperature range for many TRSM materials, is well described by the Williams—Lander—Ferry
(WLF) formula given in

ci(r-T,)
where T, =T, +50°C, T — glass transition temperature of the material, C’, CJ — experimentally

determined coefficients for many VE materials, given in reference books.
For TRCM, C? in formula (13) is replaced by the function of time C2(t), which is described

in detail in [4, 5, 9].
Thus, all of our following reasoning will be adequate for both types of VE materials.

(13)

Ina; =

3. Solution methods

An analytical solution of nonlinear problems of the linear theory of TVE is associated with
great mathematical difficulties, therefore, in order to overcome these difficulties, an effective method
has been developed based on the method of a small parameter, which allows us to bring the analytical
solution to obtaining the final results of the set boundary value problem of TVE, which does not
require specifying by relaxation and creep functions in explicit analytical form.

In order to explain the essence of the proposed research methodology, let us consider the
problem of thermomechanical longitudinal impact on a semi-infinite viscoelastic rod, when the
properties of the rod material depend on temperature. We will assume that the heat flow equation is
determined by separating it from the general system of TVE equations and is solved independently,
i.e. the case of a non-interrelated TVE is considered. The mathematical problem is reduced to
integrating motion and heat equations:

o%u,,
oy~ PR = p@TZJ (14)
2
20 ®(§’t) o o0(x,t)
OX ot
under initial and boundary conditions.
0(x,0)=0, u(x,0)= o ua(>t< t)|t:0 =0
O(+0,t)=Ap(t) o(0,t)=c"p(t) (15)
®—>0, o0—0, at XxX—>owo,
e=ylc-p

Here o(t), w(t) are prescribed functions, ¢°, A are some constants, ©(x,t)=T(x,t)-T,, Toisthe
initial temperature, y is the coefficient of thermal conductivity, c is the specific heat capacity at

constant deformation, p— is the density of the material.
The relationship between stress-strain-time and temperature is taken in the form

t
o(x,t)=[Rt' - 7)d [e(x,7)—a®(x,7)] (16)
0
where R(t’) — relaxation function, t'— adjusted time, which is given by the formula
t de
Y (17)
a6
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The temperature-time shift function o, (T) for thermorheologically simple materials is
expressed by the Williams-Lander-Ferry (WLF) formula [1], then

f(x,t):a{l(T)—exp{b o(x.t) : } (18)

T T, 1+0(x,t)/T,
where b, is the material constant. It is easy to find from (14) and (15) that

t ex?
@(x,t):7 — [wlt- s)s 24, (19)
0
lim O(x,t)= A-¥(t)
the quantity A =sup|(®, —®)/(®, + ®) can be taken as a small parameter. In this case,
f(xt)= f,(t)+Af,(x,t)+ 2 f,(x,t)+.....

fo(x,t)= exp{To(l— . E(’@ H f,(x,t)=—f,(t)- M

0 1

The adjusted time is expressed by the formula:
t' = @, (t)+ Ao, (X, 1)+ Lo, (X, 1) +.......

where o, (x,t)=[ f (x,£)d&; k =012,.....

O'-—r*

Expanding R(t') in a power series of 1, we find:
R(t') = Ry (t)+ AR (X, t)+ 2R, (X, 1) +.......,

Ro(t)z R[a)o(t)]v
Rl(x’t) = R[a’o(t)] a)l(x’t)’ RZ(X,t) = R[a)o(t)] a)z(xit)"'%ﬁ[a’o(t)] a)f(x,t),

It can be seen from these formulas that in the initial approximation, the temperature of the rod
is assumed to be, T, +®1(t) i.e., the material properties of the rod are already considered changed.
We represent the solution of the problems in the form of a series in terms of powers of A

=> o, (xt), u(x, £)=Y oo A"u, (x,t) (20)
n=0
Taking into account (20) in formula (16), we obtain

an(x,t)=}Rn(x,t—r)d[a“f’a(xx”) ]ZIRnkxt— g (X7 ( o)y o

k=1 o
Taking into account (19) and (20) in the equation of motion (3) and equating the coefficients at the
same degrees of A, we obtain:

o%u. ¢ o%u £ OR,(x ou
L= R, (X t—7)d| -« + $— a0 |+
P ln(x T)(x j! (ax J
LR (Xt 7)), 0 ou,,
+;£ ( J+m '([anxt— [asz’ (22)
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Equations (20), (21) are solved under the following initial and boundary conditions

0
u,(x,0)= ;t” o (n=123,......... )
o, >0, X—>o; O'O(O,I)zao(p(t); an(O,t):O, (n:1,2,3, ......... )
It follows from these relations that to determine the zero approximation u,(x,t) the original
problem is solved with a variable and X -coordinate independent relaxation function R,(t).

Subsequent approximations are determined from the same equation with some “fictitious forces”
determined through the solutions of the previous approximations.

Applying the Laplace transform to the first equation in (21), taking into account the
corresponding initial and boundary conditions, we find Uo(x, p). The solution to this equation, limited

at X > oo,

=3 I C — =\ x|
0, (X, p):—aAR°¢@ e J;_&[agp 4 Aerd J e ‘/RT’ (23)
Jplpz—CcR,) PP PR,  pr—CcR,
In Laplace transforms, the equation for determining Ul(x, p) IS written as
d’o(x,p) pp - 5
—= =-Yilx,p), 24
dx? Ro(p) ul(xl p) 1(X p) (24)
dR,(x, p) = co| X
where ¥,(x, p)=-F(p) —==~-R,(x, p).[== |xe '* +
dx X
_ dr, (X, _ x [
+ Fz(p){ 1(5)( P)_R (x, p) %}xe *
ahg, o’p =
Fp)=WR) A (p) - HPL ()
The general solution to equation (24) will be
0,(x, p)=B(p)e " +\/E; e % [ (x, p) e V"™ dx (25)
o,
Here B(p) is determined from the boundary condition (0, p)=0 and is expressed by the formula
_ °2R. (0, R _ _, R,
s(p)= 208 R g0, p) o) @9
Jp(pR, Y2 Vop PP

with the notation: |f3’(0, p):?l((), p), If3(x, p):-[¢l(x, p) e—m dx.

Taking into account the expression of the function ¥,(x, p), the function F,(x, p) can be
represented in the following form:

Fy(x p)=Fi(p) 3,(x, p)+ F,(p) [J,(x, p)- R(x, p)]
J,(x, p):j{w_ PR (x, p)}xexp[—x( P

dx ;

(@]

Ellhe)

N<_.
=
=
1
N

_[F?l(x, p) dx, etc.
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Thus, the final solution of the problem posed is reduced to the calculation of the inverse Laplace
transforms of functions describing the obtained solutions, the finding of which does not present
serious difficulties [9].

Uy(x,t) = aAEZ(t) 5 Ry (1) L, (1) (0 at)exp(- ox° 1 41)-
—[o0(t)* 11, (t) + aApca(t) « L ()] * L, (x,t)
where l‘Io(t)z(pﬁo)*1 is the zero approximation, the asterisk means the ordinary convolution of

functions, f(t)= g(t):jf(t—r)g(r)dr,and L(t) and L,(x,t) denote

0

px—CR,’
where the dot above denotes the time derivative

n n-1 l 1
Y R RS SV O U A ol S L
Co Co) 26 Co 2 n1& k! (n—k —1)!

k+1
(Z_J Mgk)(t_i} .......
CO C0

Mo(t)=5(t); M, (t)= ETIt)-K(t). M, (t)=M,(t)*M,(t)

M, (1) =M,()* M, (1)
Restoring the original of L,(t) does not present any difficulty. Representing R,(p) as: R,(p)

Lixt)s L Lz(x,t)+IW(t,éjdr

=R, (O)(l— 81:0), where ¢ >0 is some small parameter, ‘I_“o(px <1 and considering that with great

1, 8CR0(0)fo(p)[pzp—cﬁo(0)11<1

On this assumption, we find:

L(t)= |:@+MG_WH(1Z):|*§(_ £C 0(0)jn At),

R
px pPr’ = px
where A)(t)=5(t), At)=T(t)*exp(-tR,(0)c/ px), A, (t)=At)*A,(t)

Finding the original of the functions u,(x,t) and ©,(x, p) does not present any fundamental
difficulty, and the reverse transformation methods are given in [9].

The selection of the small parameter A and the rationale for the application of the new technique
for obtaining formulas for determining stresses and displacements are described in detail in [9].
Avoiding repetition, we can note that to determine the zero approximation uo(x,t), the original

problem is solved with a variable and X -coordinate-independent relaxation function Ry(t)..

Subsequent approximations are determined from the same equation with some “fictitious forces”
determined through the solutions of the previous approximations.

Thus, the final solution to the problem is reduced to calculating the inverse Laplace transforms
of functions describing the obtained solutions, the finding of which does not present serious
difficulties.
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4. Conclusion

A general mathematical model has been developed for solving problems of dynamic
thermoviscoelasticity taking into account the dependence of material properties on temperature in the
case of arbitrary hereditary functions describing the mechanical properties of the studied viscoelastic
bodies. A new technique has been proposed for obtaining analytical solutions to the problems under
consideration on the basis of small parameter methods, successive approximations and operational
calculus. For the analytical solution of thermal dynamic problems of nonstationary
thermoviscoelasticity, a mathematical model has been developed using the temperature-time analogy
for thermorheologically simple and complex media.
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