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A general mathematical model is developed for solving problems 

of dynamic thermoviscoelasticity taking into account the 

dependence of material properties on temperature in the case of 

arbitrary hereditary functions describing the mechanical 

properties of the studied viscoelastic bodies. In the case when the 

hereditary functions are of the type of Mittag-Lefler functions, 

solutions of similar problems for viscoelastic bodies of fractal 

structure are obtained. The dependence of material properties on 

temperature is described by a temperature-time analogy for 

thermorheologically simple and complex media. 
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1. Introduction 

 

Despite the considerable efforts of researchers, the problem of creating adequate quantitative 

models of nonequilibrium processes remains relevant. This is especially true in the case of fractal 

structure systems. When describing the properties of systems with a fractal structure, it is impossible 

to use the representations of Euclidean geometry and it is necessary to involve representations of the 

geometry of fractional dimension. A specific characteristic of systems with a fractal structure is that 

for them such effects as memory, the complex nature of spatial correlations, and self-organization 

effects are essential. The creation of adequate mathematical models for systems, where the properties 

of self-organization, deterministic chaos are manifested, also requires non-traditional approaches 

based on the use of the mathematical apparatus of differential equations of fractional order. 

The phenomenon of viscoelasticity is determined by the existence of temporary effects caused 

by the effect of creep and relaxation of real materials considered as solid deformable bodies.  

 

2. Problem statement 

 

In the linear theory of thermoviscoelasticity (TVE), the relationship between stresses ij  and 

strains ij  takes into account this time dependence and in the most general case is given in the form 

of a linear integral operator [1-9]: 

The defining physical relationships between stress and strain for fractal media are taken in the 

form [6-8]: 
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𝜎(𝑥, 𝑡)=𝐸𝜉𝛼𝐷𝛼𝜀(𝑥, 𝑡),          𝛼 ∈ (0,1) 
                                      

We rewrite the defining relations for viscoelastic bodies in the generalized case in the form: 

             

t

klklijklij xxdtxRtx
0

,,,,                           (1) 

            

t

klijklijij xdtxtxtx
0

,,,,                       (2) 

Then, with the integrands in the form of functions of the Mittag-Leffler type, these dependences 

describe the dynamic processes arising in viscoelastic media of a fractal structure [6-8]. 

Here ijklR  and ijki  are tensors of relaxation and creep functions, respectively, ij  is the thermal 

expansion tensor,   is the temperature difference, 𝛼 ∈ (0,1) is the order of fractional differentiation 

when describing solid polymers [6], 𝐸 is the modulus of instantaneous elasticity material of the 

material, 𝜀(𝑥, 𝑡) is strain, 𝜎(𝑥, 𝑡) is stress, 𝜉 is the technological parameter describing the loading 

mode. 

Let us consider dynamic problems. Substituting stress according to formula (1) into the equation 

of motion 

2

2

,
t

u
F

ij

ijij



                                                            (3) 

and using the Cauchy relations for small deformations  

  
ijjiij uu ,,

2

1
                                                             (4) 

we obtain a system of three equations for determining the displacements  

      u
t

FBuA
x

iijij

j

2

2









                                            (5) 

where the operators 𝐴𝑖𝑗{𝑢} and 𝐵ij{𝑢} have the following form 

            

t

kilkijklij xuxudtxRuA
0

,, ,,,
2

1
                                (6) 

            

t

lkijklij xxdtxRB
0

, ,,,  , 

Here:    ;,, zyxx    is the density of the substance; iF  is mass force vector components. 

Let the displacements, ,0iu  be given on the part 
1S  of the surface S  bounding the body under 

consideration, and the load 0iT  on the part 2S  of the surface S : 

0
1

ii uu
S
 ;           02 ijijijSjij TlBuAl                                   (7) 

Then the objective of linear TVE theory is to integrate equations (5) under boundary conditions 

(7).  

Methods based on the Volterra principle and the Laplace transform are successfully applied to 

solve the problem. However, the situation is more complicated if the properties of the material 

strongly depend on temperature, i.e. depend on the temperature of the relaxation and creep functions 

in (1), (2). This significantly complicates the task, and makes the above-mentioned methods of its 

solution actually unusable. In some cases, the so-called temperature-time analogy (TTA) comes to 

the rescue, which has two types; 1) TTA for thermorheologically simple materials (TRSM), which is 

based on a property that is a simple mathematical consequence of the assumption that all viscosity 

coefficients in viscoelastic (VE) elementary models identically depend on temperature, i.e. 



A.B. Hasanov / Informatics and Control Problems 40 Issue 2 (2020) 

      
 

52 

proportionally to the same universal temperature shift function  TT  [1-9]; 2) TTA for 

thermorheologically complex materials (TRCM), which is free from the restrictions specified in 

section 1) [1-9]. If we enter the local time as an integral of the differential of physical time, converted 

to universal temperature functions  
 

 
t

T

d
t

0

;



              

 







0 T

d
,                                            (8) 

 

then relations (1) and (2) will not include an explicit dependence on temperature T, and they change 

only in that the letters 𝑡 and 𝜏 in them are replaced with 𝑡′and 𝜏 ′. 

In a homogeneous isotropic medium, there are two independent components of the relaxation 

(or creep) function tensor; moreover, since in most cases the volumes of VE of bodies change 

according to the elastic linear law, only one component remains. Therefore, local (or adjusted) time 

will be the same for both functions 𝑅 and 𝛱 in form (8). Accordingly, relations (1) and (2) for a 

homogeneous isotropic medium take the following form: 

        

t

ijij xdetRtxS
0

,,   

         txtxKtx ,,3,                                                   (9) 

        

t

ijij xdSttxe
0

,,   

     
  
K

tx
txtx

3

,
,,


                                                    (10) 

where tensors of stress ij and strain ij  are divided into deviators ijij eS ,  and spherical tensor: 

;ijijij S                    ;ijijij e    

 ;3/kk   ;3/kk                                                                 (11) 

Here: К – elastic bulk modulus, ij  – Kronecker symbol. 

The operators 𝐴𝑖𝑗{𝑢} and  Bij{𝛩} for an isotropic medium, taking into account relations (8), 

have the following form: 

              
t

kkijijjiij txukxuxudtRuA
0

,, ,,,
2

1
  

          

t

kkij xdutR
0

,
3

1
 ,       txKB ijij ,3                               (12) 

If the relationship between stresses and small deformations is given as a nonlinear operator 

          ,;0,,,, txxt klijij    

then the operators 𝐴𝑖𝑗{𝑢} and  Bij{𝛩} will also be non-linear. The specific form of such operators is 

considered in detail in [9], and in this case the principle of TTA can also be applied [1, 3]. 

The application of TTA introduced in this way, which was empirically developed much earlier, 

reduces the linear problem to a nonlinear one, and such problems are called nonlinear problems of 

linear TVE theory. TTA is mainly used for solving non-interrelated TVE problems, i.e. in such 

problems, the heat inflow equation is separated from the general system of TVE equations and solved 

separately. 

Solving the equations of heat conduction under the corresponding boundary conditions in a 

given area, we find the temperature as a function of coordinates and time. 
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Therefore, we take this as the known temperature shift function 
T . This function, in a fairly 

wide temperature range for many TRSM materials, is well described by the Williams–Lander–Ferry 

(WLF) formula given in  

 

g

g

g

g

T
TTC

TTC
In






2

1
                                                            (13) 

where SSg TCTT ,50 0  – glass transition temperature of the material, gg CC 21 ,  – experimentally 

determined coefficients for many VE materials, given in reference books. 

For TRCM, gC1  in formula (13) is replaced by the function of time  tC g

1 , which is described 

in detail in [4, 5, 9]. 

Thus, all of our following reasoning will be adequate for both types of VE materials. 

 

3. Solution methods 

 

An analytical solution of nonlinear problems of the linear theory of TVE is associated with 

great mathematical difficulties, therefore, in order to overcome these difficulties, an effective method 

has been developed based on the method of a small parameter, which allows us to bring the analytical 

solution to obtaining the final results of the set boundary value problem of TVE, which does not 

require specifying by relaxation and creep functions in explicit analytical form. 

In order to explain the essence of the proposed research methodology, let us consider the 

problem of thermomechanical longitudinal impact on a semi-infinite viscoelastic rod, when the 

properties of the rod material depend on temperature. We will assume that the heat flow equation is 

determined by separating it from the general system of TVE equations and is solved independently, 

i.e. the case of a non-interrelated TVE is considered. The mathematical problem is reduced to 

integrating motion and heat equations:  

          
2

2

,
t

u
F

ij

ijij



                                                            (14) 

 
2

2 ,
æ

x

tx




=

 
t

tx



 ,
  

under initial and boundary conditions. 

 0,x =0,             0,xu =
 

0
,

0 



t

t

txu
 

 t,0 =  ,tA      t,0 =  t 0                                               (15) 

0 ,      0 ,     at    x , 
  c/æ  

Here  t ,  t  are prescribed functions, A,0  are some constants,     ,,, 0TtxTtx  Т0 is the 

initial temperature,   is the coefficient of thermal conductivity, c is the specific heat capacity at 

constant deformation,  – is the density of the material.  

The relationship between stress-strain-time and temperature is taken in the form 

 tx, =   
t

dtR
0

      ,, xxe                              (16) 

where   tR  relaxation function, t – adjusted time, which is given by the formula 

  
t

T xT

d
t

0
,


                                                                       (17) 
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The temperature-time shift function  TT  for thermorheologically simple materials is 

expressed by the Williams-Lander-Ferry (WLF) formula [1], then 

 txf , =   TT
1

 
  












00

0

/,1

1,
exp

TtxT

tx

T

b
                         (18) 

where 0b is the material constant. It is easy to find from (14) and (15) that 

 tx, =
2

Ax

æ

c
 





t

s

ex

dsesst
0

æ42
3

2

 ,                                        (19) 

   tAtx
x




,lim
0

 

 

the quantity     11 /sup  can be taken as a small parameter. In this case,  

      txftftxf ,, 10    .....,2

2 txf  

  ,1exp,
10

0
00 





















b

b
Ttxf    

 
 210

100
01 ,






b

bT
tftxf  

                      
 

 310

2

100
02 ,






b

bT
tftxf ,           

The adjusted time is expressed by the formula: 

      .......,, 2

2

10  txtxtt   

where  txk , =  
t

k dxf
0

;,  ,......2,1,0k  

Expanding  tR   in a power series of  , we find:  

        .......,, 2

2

10  txRtxRtRtR  , 

    tRtR 00  , 

    tRtxR 01 ,   tx,1 ,         tRtxR 02 ,   tx,2 +   tR 0
2

1
  tx,2

1 , 

It can be seen from these formulas that in the initial approximation, the temperature of the rod 

is assumed to be,  tT 10   i.e., the material properties of the rod are already considered changed. 

We represent the solution of the problems in the form of a series in terms of powers of   

   





0

,,
n

n

n txtx  ,              𝒖(𝒙, 𝒕)=∑ ƛ𝒏𝒖𝒏
∞
𝒏=𝟎 (𝒙, 𝒕)                                (20) 

Taking into account (20) in formula (16), we obtain 

 txn , =  
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
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
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n x
x
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 
n

k

t

kn txR
1 0

, 
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)
,

(
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xu
d k 

           (21) 

Taking into account (19) and (20) in the equation of motion (3) and equating the coefficients at the 

same degrees of  , we obtain: 
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Equations (20), (21) are solved under the following initial and boundary conditions  

  00, 



 t

n
n

t

u
xu             .,.........3,2,1n  

 xn ,0 ;    tt  0

0 ,0  ;         ,.........3,2,1,0,0  ntn  

It follows from these relations that to determine the zero approximation  txu ,0  the original 

problem is solved with a variable and x -coordinate independent relaxation function  .0 tR  

Subsequent approximations are determined from the same equation with some “fictitious forces” 

determined through the solutions of the previous approximations. 

Applying the Laplace transform to the first equation in (21), taking into account the 

corresponding initial and boundary conditions, we find  pxu ,0 . The solution to this equation, limited 

at x ,  
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                        (23) 

 

In Laplace transforms, the equation for determining  pxu ,1
 is written as   
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pF 12
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The general solution to equation (24) will be 

 pxu ,1
=  pB 0/ Rp
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p
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
0 0/ Rp

e
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Here  pB  is determined from the boundary condition   0,01 p  and is expressed by the formula 
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
p
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with the notation:  pF ,03
 =  p,01 ,  pxF ,3 =   px,1

0Rp
e

/
dx . 

Taking into account the expression of the function  px,1 , the function  pxF ,3  can be 

represented in the following form:  

 pxF ,3 =  pF1  pxJ ,1 +  pF2     pxRpxJ ,, 12   

 pxJ ,1 =
 

  







 pxR

cp

dx

pxRd
,

,
1

1


dx

R

pcp
x




























0

exp



 

 
0

2 ,
R

p
pxJ


   pxR ,1

dx , etc. 
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Thus, the final solution of the problem posed is reduced to the calculation of the inverse Laplace 

transforms of functions describing the obtained solutions, the finding of which does not present 

serious difficulties [9].  

            tcxttLtRtcAtxu  4/exp/1, 2

100  

          txLtLtcAtt ,210

0     

where     1

00


 Rt   is the zero approximation, the asterisk means the ordinary convolution of 

functions,         

t

dgtftgtf
0

 , and  tL1
 and  txL ,2

 denote  

  ,
1

,
0

1
Rc

txL





   txL ,2
÷ 














x

d
c

tW 


0

,  

where the dot above denotes the time derivative  

 
 



 


































 1

0
2

0

1

000 !1!

!22

!2
......

2
,

n

k
n

n

knk

kn

nc

x
tM

c

x

c

x
t

c

x
tW


 

  .......
2

0

1

0




















c

x
tM

c

x k

N

k

 

 tM 0 =  t ;      tM1 =    ,0 tktE        tM2 =  tM1 *  tM 0  

……………………………..………………………. 

 tM n =  tM1 *  tMn 1  

Restoring the original of  tL1  does not present any difficulty. Representing  pR0  as:  pR0

=   00 10  R , where 0  is some small parameter,   10  p  and considering that with great 

p ,        100

1

000 




RcppcR   

On this assumption, we find: 

 
   

 

 
 

 































0

0

0

22

0

1

0
*

0
0

n

n

ncR

tA
cR

tHe
cRt

tL






  , 

where    ,0 ttA        /0exp 01 ctRttA  ,      tAtAtA nn 11 *     

 

Finding the original of the functions  txu ,1  and  pxu ,2  does not present any fundamental 

difficulty, and the reverse transformation methods are given in [9]. 

The selection of the small parameter ƛ and the rationale for the application of the new technique 

for obtaining formulas for determining stresses and displacements are described in detail in [9]. 

Avoiding repetition, we can note that to determine the zero approximation  txu ,0 , the original 

problem is solved with a variable and x -coordinate-independent relaxation function  .0 tR . 

Subsequent approximations are determined from the same equation with some “fictitious forces” 

determined through the solutions of the previous approximations. 

Thus, the final solution to the problem is reduced to calculating the inverse Laplace transforms 

of functions describing the obtained solutions, the finding of which does not present serious 

difficulties.  
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4. Conclusion 

 

A general mathematical model has been developed for solving problems of dynamic 

thermoviscoelasticity taking into account the dependence of material properties on temperature in the 

case of arbitrary hereditary functions describing the mechanical properties of the studied viscoelastic 

bodies. A new technique has been proposed for obtaining analytical solutions to the problems under 

consideration on the basis of small parameter methods, successive approximations and operational 

calculus. For the analytical solution of thermal dynamic problems of nonstationary 

thermoviscoelasticity, a mathematical model has been developed using the temperature-time analogy 

for thermorheologically simple and complex media. 
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