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1. Introduction

By now, the theory of necessary optimality conditions for optimal control problems described
by partial differential equations of hyperbolic type with Goursat boundary conditions or integral
equations has been studied quite comprehensively by various authors. A review of the relevant studied
is available, for instance, in [1-3] and others.

In this article, we investigate one optimal control problem described in various phase spaces by
a linear Goursat-Darboux system and a two-dimensional linear integral equation of the Volterra type.
The necessary and sufficient optimality condition is proved by the increment method.

2. Problem statement

Suppose that R™ and R? are linear r- and g-dimensional spaces, respectively, D; = [t,, t;] X
[x0, x1],1 = 1,2, are specified rectangles, U € R",V € RY are non-empty and bounded sets.
Consider the problem of the minimum of the terminal type of the functional

S(u, U) = C,Z(tli xl) + d,y(tZ' xl)' (1)
subject to the constraints
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u(t,x) € U,(t,x) € Dy, (2)

v(t,x) €V,(t,x) € Dy, 3

Zee(t,x) = A(t,x)z + B(t,x)z; + C(t,x)z, + f(t, x,u), 4)
z(to,x) = a(x),x € [x, x4],

z(t,xo) = b(t), t € [to, t4], (5)

a(xo) = b(ty),

t x
y(t,x) = J. f[D(t, x,7,5)y(t,s) + g(t, x,T,s,v(T, s))]dsdr + E(x)z(ty, x). (6)

t1 Xo

Here, z(t,x) € R™, y(t,x) € R™ are system state vectors, c, d are specified constant vectors,
u(t, x) (v(t, x)) is the measurable and bounded r (q)-dimensional vector function of control actions,
A (t,x),B(t,x),C (t,x) are specified (n x n) measurable and bounded matrix functions, D(t, x, T, s)
is a specified (m x m) measurable and bounded matrix function, f(t, x,u)(g(t,x, T,S, v)) is a
specified, n(m)-dimensional vector function continuous in the set of variables, a(x),b (t) are
specified Lipschitz vector functions, E (x) is a specified continuous (m x n) - matrix function.

We shall call the pair of control functions (u(t, x), v(t, x)) with the above properties an
admissible control.

Suppose that for each given admissible control the boundary value problem (4)-(5) has a unique,
absolutely continuous solution [4, 5], and the integral equation (6) has a unique continuous solution
[6].

The admissible control (uo(t, x),v°(t, x)) that satisfies a minimum value to functional (1)
subject to constraints (2)-(6) shall be called the optimal control, and the corresponding process
(u°(t, %), v (t, x), 2°(t, x), y°(t, x)) shall be called the optimal process.

3. The formula for the increment of the quality functional and the conjugate system

Assuming that (u°(t,x),v°(t, x),z°(t,x),y°(t,x)) is a fixed process, and (%(t,x) =
ul(t, x) + Au(t, x), 5(t, x) = vO(t,x) + v(t,x),z(t, x) = z°(t, x) + Az(¢t,x), ¥(t, x) = y°(t, x) +
Ay(t, x)) are arbitrarily admissible processes, we write the increment of quality functional (1) in the
following form:

AS (W, v°%) = S(@,v) — SW® v°) =
= C’AZ(tL x1) + d’AY(tz, X1), (7)

It is clear from (4)-(6) that the increment (Az(t, x), Ay(t, x)) of the state (z°(t, x), y°(¢, x))
satisfies the relations

Az, (t,x) = A(t,x)Az (t,x) + B(t,x)Az.(t,x) + C(t,x)Az,(t, x) +

+£(t,x, 1 (6, ) — (6, x,u(t,x)), (8)
Az (ty,x) = 0,x € [xg, X41],
Az (t,xy) = 0,t € [ty, t4], 9
Ay(t,x) = j j [D(t, x,T,5)Ay(t,s) + (g(t, x,7T,s,v(T, s)) — g(t, x,1,s,v°(t, s)))] dsdt +
e +E(GO)AZ(t, x). (10)
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Suppose that %, are as yet arbitrary n- and m-dimensional vector functions. Taking into
account identities (8), (10), we have

t1 xq
f fl/J?’(t,X)Aztx(t,x)dxdtz

to Xo
t1 X1

= J. f YO (¢, ) [A(t, x)Az(t, x) + B(t, x)Az.(t, x) + C(t,x)Az, (£, x) +
to %o

+ (f(t, x, u(t,x)) — f(t,x,u’(t, x)))] dxdt, (11)

t X1

j j Yo' (t, x)Ay(t, x)dx dt =
t1 Xp
ty X1 t

= j fll’(z),(t,X) jjx[D(t,X,T,S)Ay(T,S)_l_
t1 %o t1 Xo

+ (g(t, x,7,5,7(1,5)) — g(t, %, 7,5,v°(z, s)))] dsdt +

tz x1

+ f f P2’ (t, x)E (x)Az(ty, x)dx dt. (12)

t1 Xo

Taking into account boundary conditions (9), it is clear that

t x
Az(t,x) = f fAZTS(T,S)deT,

t1 Xo
x

Az (t,x) = fAztS(t, s)ds, (13)

X0
t

Az, (t,x) = j Az, (T, x)dT.

to
Further, applying the Fubini theorem (the Dirichlet formula (see, e.g., [7,8])) we obtain

2 x1

[ [wex

t1 Xo

+ (g(t, x,7,s,v(1, s)) — g(t, x, 1,5, v°(t, s)))] dsdt = (14)

t, x1

-]

t1 Xo

+ (g(r, s, t,x, U(t, x)) - g(r,s, t,x, v0(t, x))) dsdr] dxdt.

f f[D(t, x,7,5)Ay(t,s) +

t1 Xo

t2 x1

f f ' (1, 9)[D(x, s, t, x)Ay(t, x) +

t
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t1 X1

f f W' (t, X)A(t, x)Az(t, x)dxdt = (15)

to Xo
X1 [tz X1

ff fflp?’(r’s)A(T'S)deT Az, (t, x)dxdt,

f f Yo' (t, %) B(t, x) Az, (t, x)dxdt = (16)

to Xo
t1 X1

j j j P (£, $)B(t, 5)ds | Az (¢, x)dxdL,

to Xo
t1 X1

f f 0 (¢, ) C(t, x) Az, (¢, x)dxdt =

to Xo
t1 X1

f f fl/)l (t,x)C(t,x)dt | Az, (t, x)dxdt. (17)

From (13) we obtain
t1 x
Az(t,,x) = j fAz,s(r,s)dsdr. (18)
to X0

Therefore,

f f P9 (t X)E(x)Az(t,, x)dxdt =

t1 x1 tz X1

f f fflpg'(r,S)E(S)Aztx(t,x)dsdr dx dt. (19)
X0 tl X
Identities (14)-(19) aIIow increment (17) of the quality criterion to be written in the form
tl X1
AS (u®,v°) = f f c'Azp, (t, x)dtdx + d'Ay(t,, x1) +
to Xo
t1 X1 t1 x1 /1t X1
f f VYO (¢, %) Az (¢, x)dox dt — f f f f Y9 (1, )A(x, s)dsdt | Az, (¢, x)dxdt —
to X0 t x

t1 x1

f f f WO (¢, $)B(t,s)ds | Az, (¢, x)dxdt —

—f f fl/J(l)’(T,x)C(T,x)dT Az, (t, x)dxdt — (20)

11
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_f f 1/J1?I(t,X) (f(t,x,ﬁ(t,x)) _f(t,X,uO(t,x))) dxdt +
J. J. P2 (¢, x)Ay(t, x)dx dt — f f f f Y9'(1,5)D(z, s, t,%) | Ay (t, x)dxdt —

t1 Xo
ty X[tz x1

f J. f f ¥?' (1, 5) (g(‘r s,t,x,7(t,x)) — g(t,5,t,x,v°(t, x))) dsdz | dxdt —

t1 xo Lt
X1 [ tz2 X1

f f ffl/)z (t,s)E(s)dsdt| Az, (t,x)dx dt.
xo lt1 x
Further, it follows from (10) that
Ay(ty, xq1) =
tr X1
= f j [D(ts, x1,t, )Ay(t, x) + g(tz, %1, 6, %, 5(t, %)) — g(t2, %1, £, x,v° (¢, x)) | dxdt +

t1 Xp

t1 xq
+] fE(x)Aztx(t,x)dxdt.
to X0
Then increment formula (20) takes the form
tl X1
AS(uo,vo)zf fc’Aztx(t,x)dtdx+
to X0
t1 X1 t1 X1 ty, xq
] jl,l)l (t, X) Az, (t, x)dx dt—J j sz/)(f'(r,s)A(T,s)dsdT Az, (t, x)dxdt —
to Xo t x
tl X1 x1

_ff flp?,(t‘s)B(t's)ds Az, (t, x)dxdt —

t1 X1

j J J W9 (1, %)C(z, x)dr | Az, (t, x)dxdt —

_ f f w8 (60 (F(6. %, 86, 00) - £(60,u0(6 1)) dade +

to Xo
t1 X1 [t2 %9

f fl/Jz (t, x)Ay(t, x)dx dt — f f f f ' (1,9)D(x, s, t, %) | Ay (¢, x)dxdt —

tl X0 to Xo +
t, X1tz x1

—j j jjl,l)g’(r,s) (g(r,s,t,x,ﬁ(t,x))—g(r,s,t,x,vo(t,x))) dsdrt|dxdt —

t1 xo Lt x

12
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t1 X1 t2 x1

_ff ffl/)g’(T»S)E(S)dsdT Az, (t, x)dx dt +

to Xxo t1 x

ty x1 1 X1
+J. J.d’D(tz,xl,t,x)Ay(t,x)dxdt+f f d'E(x)Az., (t, x)dx dt +
t1 Xo to Xo

tz X1
J. J. d'[g (tz,xl, t,x, (¢, x)) — g(tz,xl, t,x,v0(t, x))]dxdt.
t; Jxg

Let 9 (¢, x), I (t, x) satisfy the relations (a conjugate system)

ty x1 X1

P(t,x) = —c +f f V0 (1, 9)A(t, s)dsdr+j B'(t,s)yY?(t,s)ds +

t X

t1 t x1

+j C' (7, )Y (zr,x)dt — E'(x)d + j fE’(s)wS(r,s)dsdr,
t t1 %o
tr X1

YI(t,x) = =D’ (ty, x4, t,x)d +f f D'(1,s,t, x)YI(z,s) dsdr.
t X

Then increment formula (21) takes the form
t1 x1
AS (u°,v°%) = — j j z,b(l)'(t, X) (f(t, x, u(t, x)) — f(t, x,ul(t, x))) dxdt —

to Xo
t X1tz X1

—f f ffl/)‘z)'(T,s) (g(r,s,t,x,ﬁ(t,x))—g(r,s,t,x,vo(t,x))) dsdt | dxdt.

t
Introducing the notation

Hy(t,x,u,99) = 99 (¢, x,w),

t2 X1

H,(t,x,v,99) =ffl/)8'(1,s)g(1,s, t,x,v(t,x))dsdr — d'g(ty, x4, t, x, (¢, x)).
t x

we write formula (24) in the following form:

t1 X1

AS (u°,v%) = — f f (Hl(t, x, u(t, x), Pt x)) — Hy (¢, x,u(t, x), PI (¢, x))) dxdt —

to %o
t, x1

—f f (Hz(r,s, t,x,ﬁ(t,x),t/;‘z)(t,x))—HZ(T,S,t,x,vo(t,x),lpg(t,x)))dxdt.
t1 %o

(21

(22)

(23)

(24)

From here, using an analogue of McShane's needle-shaped variation (see, e.g., [1,9]), we can

prove

Theorem. The necessary and sufficient condition of the optimality of the admissible control

(u®(t, x),v°(t, x)) in the problem under investigation is that the relation

13
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max Hy (6,¢,u,¥7(6,6)) = H1(6,£,u°(6,9),43(6,9),
should be true for all (6, &) € [ty, t1) X [x, x1), and the relation
max Hy(a, ,v,¥2(a, ) = H, (2, B,v°(6,9), 3 (. B)),

forall (a, B) € [ty,ty) X [x0,%1) -

Here, (0,¢&) € [ty t1) X [x0,%1) and (a, B) € [ty,t,) X [xg,x,) are regular points (Lebesgue
points [7,9]) of the controls u°(t, x) and v°(t, x), respectively.

Note that in the case of a nonlinear but convex quality criterion similarly, one can prove a
sufficient optimality condition of the type of L.S. Pontryagin's maximum principle.

4. Conclusion

In the problem under consideration, a conjugate system was introduced for the considered
unconventional control problem, using its specific features. This made it possible, using the
constructed formula for the increment of the quality functional, to prove a necessary and sufficient
optimality condition of the Pontryagin maximum principle type.
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