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1. Introduction

There are many studies devoted to various optimal control problems for Goursat-Darboux sys-
tems (see, e.g., [1-8]), in which a number of necessary optimality conditions are established under
various assumptions.

Beginning with [9-13], optimal control problems described in different time intervals by various
ordinary differential equations were studied. Such optimal control problems are called compound
optimal control problems or variable-structure optimal control problems.

In this article, one linear optimal control problem is considered, described in different domains
by two systems of hyperbolic equations with a multipoint quality functional. A necessary and suffi-
cient optimality condition is proved. The case of a nonlinear convex differentiable objective func-
tional is also investigated. A sufficient optimality condition of the Pontryagin type is proved.

2. Problem statement

Suppose that we have the specified rectangles D, = [tg, t1] X [xg, X1], Dy = [t1,t5] X
[0, X1], (to < t1 < tp, %0 < %), (To X)), i =Lk (tg <Ty <Tp < <Tp St;xe < X, <X, <
< X <x9),0;,i=1,k(t; <0, <0, <<, <t,) are specified points; U; € R",U, c RY
are specified non-empty and bounded sets; u;(t, x),i = 1,2 are measurable and bounded respectively,
r- and g-dimensional vector functions satisfying the constraints

u;,(t,x) € U; c R",(t,x) € Dy,
u,(t,x) € U, € R4,(t,x) € D,. (D

E-mail address: kmansimov@mail.com (Sh.Sh. Suleymanova).

www.icp.az/2021/2-04.pdf https://doi.org/10.54381/icp.2021.2.04
2664-2085/ © 2021 Institute of Control Systems of ANAS. All rights reserved.

21


http://www.icp.az/2021/2-04.pdf
https://www.doi.org/10.54381/icp.2021-2-01
https://portal.issn.org/resource/ISSN/2664-2085

Sh.Sh. Suleymanova / Informatics and Control Problems 41 Issue 2 (2021)

The pair (uy(t, x), u,(t, x)) with the above properties will be called admissible control.
Assume that the controlled process is described by systems of linear hyperbolic equations with
boundary conditions of the Goursat type, i.e.,

R L L ey YRR
z1(to, x) = a(x),x € [xo,xl],
21(t,%0) = by (), t € [to, 1],
a(xy) = b1(to) 3)
2
Zt? = 4;(t, )z, + B2 (8, x) =+ Gt x) 24 ftxu), (4)

zy(ty, x) = B(X)Z1(t1,x)'x € [xo,x1].
7z, (t, x0) = by(0),t € [y, t5],
B(x0)z1(ty, x0) = by(ty). ()
Here, A;(t, x), B;(t, x), C;(t, x) i = 1,2 are specified (n X n) measurable bounded matrix func-
tions; f;(t, x,u;),i = 1, 2 are specified n-dimensional vector functions continuous in the set of vari-
ables; a(x), b;(t),i = 1, 2 are specified absolutely continuous vector functions; B(x) is a specified
continuously differentiable (n x n) matrix functions.
It is assumed that for a specified admissible control (u, (¢, x), u,(t, x)), problem (2)-(5) has a
unique absolutely continuous solution (21 (t,x), z,(t, x)) (see, e.g., [3]).

Suppose that c;, d; are specified n-dimensional vectors.
Let us consider the problem of flndlng the minimum value of the multipoint functional

Sus, 1) = Z ' (T X) + Z i 2,6, X) (6)
i=1
under constraints (1)-(5).
The admissible control (ul(t, X), U, (t, x)) satisfying the minimum value to functional (6) un-
der constraints (1)-(5) will be called an optimal control, and the corresponding process
(uq (t, x), uy(t, x), 2, (t, x), z5(t, x)) — an optimal process.

3. Formula for the increment of the objective functional and the optimality condition

Assuming that (u, (t, x), u,(t, x), z,(t, x), z,(t, x)) a fixed admissible process, we denote by
(ﬂl(t, x) =u (t,x) + Auq (t, x), u,(t, x) = u,(t, x) + u,(t,x), z1(t,x) = z,(t, x) +
Az, (t,x),Z5(t,x) = z,(t,x) + Az, (¢, x)) the arbitrary admissible process and write down the in-

crement of functional (6).
k

A8 (s, 1) = S, ) = (s, 1) = ) ¢/ A (T XD + ) di' 82,00 K. (7)
i=1 i=1
Itis clear that the increment (Az, (¢, x), Az, (¢, x) ) of the state (z, (¢, x), z, (t, x)) is the solution
to the boundary value problem

0%Az,(t,x) Az, (t, x)
W = Al(t, X)AZl(t, X) + Bl(t, X) T +
#0060 A 4 f 1,1, 60) — £ (6,20 (0), ®
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Zl(tOrx) = le € [xOle]'

Zl(ti xO) = O' te [tOItl]' (9)
0%Az,(t, dAz,(t,
# = A,(t,x)Az,(t,x) + B,(t, x)% +
dA
+C (¢, )Zg—(tx) fo(t.x, 1, (8, %)) = fo(t, %, u, (8, X)), (10)
7z (ty,x) = B(x)Azy(t1, %), x € [x0, %],
Z,(t,xg) = 0,t € [ty, t;]. (11D

Assuming that ¥, (t, x),i = 1,2 are as yet unknown n-dimensional vector functions, we intro-
duce the notation

Ay, filt, x] ﬁ(t x, u; (t, x)) ﬁ(t x, u; (¢, x))
H(t, X, Ui, l)l}l) = l)ljifi(tr X, ui);
AﬁiH[t' X, l/)l] = H(t, X, ITU lpl) - H(t: X, U, lpl)

From relations (8), (10) we obtain that

i x1

0%Az;(t,
ffll}( Z‘( x)dtdxz
ti—1 Xo
i %1
dA zl(t X)
f f Yi(t,x) | A;(t, x)Az(t, x) + B;(t,x) ———
ti—1 Xo
0Az;(t,
+C;(t,x) %) + AﬁiH[t, x,tpi]] dtdx,i = 1,2. (12)
Taking into account boundary conditions (9) (11), we obtain that
2
A
Azy(6,x) = j j Zl(T ) geas, (13)
to XO
0Az,(t, x) 027z, (¢, )
ac j atas 14
Xo
t
0Azi(t,x) 0%z (7, x)
ox f rox " (15)
to
0%Az,(1,5)
Az,(t,x) = B(x)Az,(t,x) + f f—drds, (16)
tl X0
aAZZ(t, X) _ aZAZZ(t, S)
ac f aas a7)
Xo
t
Az, (t, x) aB(x) Az, (ty,x) 027z, (1, x)
% % Az, (ty,x) + B(x) 7% +f T0x dr, (18)
t1
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Further, suppose that ;(t,x),i = 1, k are characteristic functions of the rectangles [t,, T;] X
[x0,X;1, Bi(t,x); i =1,k are characteristic functions of the rectangles [t;,8;] X [x,,X;], and
vi(x),i = 1, k are characteristic functions of the segments [x,, X;],i = 1, k.

Taking into account identities (13) and (16), we obtain that

t1 x
_ 924z, (t, x)

Azl(Tl,X)—f fa(t )—dxdt, (19)

to xo

Az,(6;,X;) = B(X;)Az,(t, X;) + f f dedt =

t x1 2 Lo t x1 )
0%Az 0°Az, (¢,
j fB(X)yl( ) 1( x)d dt+f fﬁi(t,x)ﬂdxdt. (20)
Jdtox
t1 Xo t1 Xo

Given identities (13)-(20), the formula for increment (7) of objective functional (6) can be rep-
resented as

t1 X1 g

AS(uq,up) = f fZCl a;(t,x 0 Azl(t x)d dt +
t1 X1 g Ztoxo = t, X1 g
fde,B(X)YL() Al( x)d dt+ff2ﬁl(t )d/aAz( x)d ..
to xo i=1 -
E[llpl a AZ1(t x)d dt_t_[é[ jf¢1(r s)A;(t,s)dsdt %dxdt—
t1 X1 [ X1
j j J Y1(t,s)By(t,s)ds (t X)d dt —
ty % b %
] j ]1/)1(7 x)Cy (1, x)dt %dxdt+} fwg(t,x)%dxdt—
to o Lo

tz X1tz t2

j] JJ¢2(T s)C,(t,8)B(s)dsdt %dxdt—

t1 Xp t
t2 x1
, 0%Az,(t, x)
jJ fll’z(t»S)Bz(t;S)dS dedt—
t1 X0 |
2 X1 L2 1 22 (t x)
! a Zy\L,
_j J f@bz(T,x)Cz(T;x)dT dedt—
1 X0 L ]
t1 X1 ty x1
—f fAﬁl(t'x)H[t,x,ll)l]dxdt—f fAﬁz(tlx)H[t,x,lljz]dxdt. (21)
x

If we assume that y; (t, x),i = 1,2 satisfy the relations
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k t1 x1

Y,(t,x) =— ZC d;(t,x) — Zyl(x)B (X;)d; +f f Y1 (1,5)A (1, s)dsdt +

i=1
t2 X1

J. Y1(t,s)B(t,s)ds + f Y1 (T, x)Cy (T, x)dt + f f B'(s)A,(t,s)dsdt +

tl X
tz t2 x1

f B'(x)Cy (T, x)Y, (T, x)dt + f f

t1

s Cz (1, s)Y, (1, s)dsdr, (22)

t2 x1

Wy (t, %) = Z B.(t, x)d; +f f A, (7, )y (7, )dsd + f W} (t,5)B,(t, s)ds

+f Y5 (T, x)Cy (T, x)dT. (23)
t
then the formula for increment (21) takes the form
t]_ X1
AS(uq,u,) = f f Az, oH[t, x, P ]dxdt — f f a0 HIt, x, P, ]dxdt. (24)

ty Xo t1 Xo
As we can see, relations (22), (23) represent a system of linear Volterra integral equations with
respect to y, (t, x), ¥, (t, x), respectively. Using formula (24), we prove

Theorem 1. Under the assumptions made, for the optimality of the admissible control
(ul(t, x), U, (t, x)) it is necessary and sufficient that the inequalities

t1 X

f f Aﬁl(t,x)H[t’ x, llll]dxdt S 0, (25)

to Xo
tz x1

j J Aﬁz(t,x)H[t' X, lpz]dth S O (26)

t1 Xo

hold for all v;(t,x) € U;,(t,x) € D;,i = 1,2.

Proof. Necessity. Suppose that (ul(t, x), U, (t, x)) is an optimal control. Then we have that
S(vl (t,x),u,(t, x)) — S(u1 (t,x), u,(t, x)) =

t1 X1

- f J Avl(t,x)H[t' x,z,l)l]dxdt = O,

S(ul(t, xo)”;oz (¢, x)) — S(ul(t, x), U, (t, x)) =

t, x1

- f f AUz(t,X)H[t' x, l/)l]dxdt 2 O.
t1 Xo
The last inequalities imply the correctness of relations (25), (26).

Sufficiency. Suppose that relations (25), (26) hold. Then it follows from increment formula
(24) that

5(”1; 172) - S(u1,u2) =
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t1 Xq 2 X1
— .f J. Avl(t,x)H[t,x,ll)l]dxdt — f f sz(t,x)H[t' x, P, ]dxdt = 0. (27)
to Xo t1 Xo

This proves the sufficiency, since by virtue of (25), (26)
S(uy,up) < S(vy,v,)

for arbitrary (vy(t, x), v, (t, x)).
4. The case of a nonlinear convex functional

Suppose that it is required to find the minimum value of the functional

S(ug,up) = (P1(Z1(T1»X1)» ---»Z1(Tk;Xk)) + @2 (Zz (61, X1), ..., 22 (Qk:Xk)) (28)

under constraints (1)-(5).
Here, @, (a, ..., ax), (b4, ..., by) are specified continuously differentiable, convex functions.
Using the Taylor formula, we write the increment of the quality functional corresponding to
two admissible controls.

k
00, (z1(Ty,X4), ..., z1 (T, X
AS(ul,u2)=z ‘Pl( 1(Ty 16)2 1(Ty k))
1

Az (T, X;) +
i=1

k
00,'(2,(04,X1), ..., 2-(0;,, X
+z (Pz( 2(61,X1) 2Ok k))AZZ(Bi,Xi)+

0z
i=1 2

k k
+0,q <Z||AZ1(Ti:Xi)||> + 0, (Z”Azz(ei'XiNl)- (29)

Using identities (19), (20), we prove that

k !
Z 0, (Z1(T1'X1). A (Tk.Xk))

) aZl AZI(TirXi) =

t X

fl fliaa )a<p1’(zl(T1,X1),---.zl(Tk,Xk))azAzl(t'x) dxdt +
oz, dtox

to Xo =1

k
+o, (annxon) (30)

k !
2 09, (22(01,X1), ., 2,(O1, Xi))

- 621 AZZ(HL'!XL') =
ta X1 g P /( (9 X) (0 X )) 92%A (t )
D2 \Z2\01,A81), v, Z\ O, A ZH\[, X
t,x : dxdt
tffzﬁ‘( 2 97, dtox  xat+
1 Xo T

2 x1 g

j jz (3902’(22(91,)(1) ZZ(gk'Xk))B(X-) ZAzl(t,x)d dt +
0z, ! tox x

t1 Xxo i=1
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k
+o, (ZMAZZ (ei,xlan). (3D

Suppose p;(t,x),i = 1,2 are as yet unknown n-dimensional vector functions. Introducing the
notation

and taking into account identities (13)-(18), (30), (31), the formula for increment (29) of functional
(28) is written in the form

t1 X1
091 (21(Ty, X1), ., 21 (Ti, Xi)) 9202, (t, x)
A , = z t,x .
S(uqg,uy) = f f a;(t,x) oz TP dxdt +
to Xpo i=1
t1 X1 g a /( (9 X) (0 X)) ZA (t )
f fz (pZ Zy 1, 81) vy Z\Ug, k B( l) Zl X d dt+
0z,
to X0 =1
[ Fs 09, (2,(6 X) (61, X)) 02Az,(t,x)
) ) t’
ffZﬁl(t x) 0 (200 %1): . 220 X)) aztzaxxdxdt+
_ (7 02z,(t,%)
Az, (t, x
+04 <2”AZ1(T1,X)”>+02 <Z”AZ2(9UX)”> j jm (t,x) - atleth—
to X0

t1 X1 [ t1 %1

j f j j p1(t,8)A (1, s)dsdt ZAZI(t x) ———dxdt —

to xo
¢ X1 - 0°%Az,(t,x)
Z1
— B - _
j J jp1(t;5) 1(t, s)ds ETE dxdt
Xo X ]

ti1 x1 T t1

0%Az,(t, x)

_] J ]P1(T:X)C1(T;x)dT dedt—

| ¢

2Azz(t x)
f f Az, oMt x,p1] dxdt+f fpz(t xX) ————dxdt —

to XO

RZES

—f f fpr(T s)A,(t,s)B(s)dsdt %dxdt—

t1 Xo
t1 X1 tz x1

_ff ff (t,5)A2(7,5)B dd-—azAZZ(t’x)d dt —
p5(1,5)A5(t,s)B(s)dsdt FTEp b

tz x1 X1

—ff fpé(t,s)Bz(t,s)d aAaZ;a(tx)d dt —

t1 Xo

t1 X1 t2 X1

T T o BP0

to Xo t1 x
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t]_ X1 tz 5 (
' a AZl t,X)
_.f f fpz(T,X)CZ(T,x)B(x)dT dedt—

to Xo Lt
t2 X3¢t 2 X1

020z, (t,
—J. J. fpé(r,x)Cz(r,x)dr %dxdt—f fAﬁzM[t,x,pz]dxdt. (32)

t1 Xxo t t1 Xgo

Assume that p;(t, x),i = 1, k are the solution to the linear Volterra integral equations

k
do,’ T, X1), ..., 21(T},, X
p1(t,x) = —zai(t,X) Y1 (Zl( : 1?) A k)) -
= t1 X1
0., X 0, X
Zn(x)B(X) %2 (226 ;)Z SAGTO)N f f P (x, )4y (1, 5)dsdr +
2
x1 [ 2 x1
+f p{(t,s)Bl(t,s)ds+fp{(r,x)Cl(T,x)dT+ f f p2(t,5)A,(t,s)B(s)dsdt +
X t tl X
t, tz x1
( )
+ [ phenC 0B+ f f PL(T,$)Co(1,5) (33)
f1
t, xq
d 0., X 0, X
pa(t ) = zmt 0 2020 X), 0 20 XD) | j j P (7, $)4a 5, )B(s)dsdr
1
x1 [
+f pé(t,s)Bz(t,s)ds+f P4 (T, x)Cy (T, x)dT. (34)
X t
Then the formula for increment (32) takes the form
t1 X1 tz x1
AS(uq,uy) = — J jA M[t, x,pq] dxdt—J J M|[t, x, p,ldxdt +
tl X0

+o, (znAzl (Ti,xi)n) +0, (ZquZ(ei,Xi)u). (33)
i=1 i=1

By virtue of the convexity of the functions ¢;(.),i = 1,2, it follows from (33) that

t1 X1 tz X1
AS(uq,uy) = — f f Az Mt x,p;]dxdt — J f M(t, x, p,|dxdt. (34)
t1 Xxo

Using inequality (34), we prove

Theorem 2. For the optimality of the admissible control (u (¢, x), u,(t, x)) in problem (1)-
(5), (28) it is necessary and sufficient that the inequalities

t1 x1

f J Az, eyM[t, x,p1]dxdt < 0,

to Xo
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2 X1

f f Aﬁz(t,x)M[t, X, pz]dth < 0,
tl X0

hold for all v;(t,x) € U;, (t,x) € D;,i = 1,2, respectively.
5. Conclusion

Using a version of the method of increments, a formula for the increment of the multi-point
quality functional has been constructed. The constructed increment formula has made it possible to
prove a necessary and sufficient optimality condition of the Pontryagin maximum principle type in
the problem under consideration.
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