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We consider one linear optimal control problem described by a 

system of hyperbolic equations with the Goursat boundary condi-

tion and a multipoint linear objective functional. A necessary and 

sufficient optimality condition of the Pontryagin maximum princi-

ple type is proved. 
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1. Introduction 
 

There are many studies devoted to various optimal control problems for Goursat-Darboux sys-

tems (see, e.g., [1-8]), in which a number of necessary optimality conditions are established under 

various assumptions. 

Beginning with [9-13], optimal control problems described in different time intervals by various 

ordinary differential equations were studied. Such optimal control problems are called compound 

optimal control problems or variable-structure optimal control problems. 

In this article, one linear optimal control problem is considered, described in different domains 

by two systems of hyperbolic equations with a multipoint quality functional. A necessary and suffi-

cient optimality condition is proved. The case of a nonlinear convex differentiable objective func-

tional is also investigated. A sufficient optimality condition of the Pontryagin type is proved. 

 

2. Problem statement 
 

Suppose that we have the specified rectangles 𝐷1 = [𝑡0, 𝑡1] × [𝑥0, 𝑥1], 𝐷2 = [𝑡1, 𝑡2] ×
[𝑥0, 𝑥1], (𝑡0 < 𝑡1 < 𝑡2, 𝑥0 <  𝑥1), (𝑇𝑖, 𝑋𝑖), 𝑖 = 1, 𝑘̅̅ ̅̅̅ (𝑡0 < 𝑇1 < 𝑇2 < ⋯ < 𝑇𝑘 ≤ 𝑡1;𝑥0 < 𝑋1 < 𝑋2 <
⋯ < 𝑋𝑘 ≤ 𝑥1), 𝜃𝑖 , 𝑖 = 1, 𝑘̅̅ ̅̅̅ (𝑡1 < 𝜃1 < 𝜃2 < ⋯ < 𝜃𝑘 ≤ 𝑡2) are specified points; 𝑈1 ⊂ 𝑅𝑟 , 𝑈2 ⊂ 𝑅𝑞 

are specified non-empty and bounded sets; 𝑢𝑖(𝑡, 𝑥), 𝑖 = 1,2 are measurable and bounded respectively, 

𝑟- and 𝑞-dimensional vector functions satisfying the constraints 

𝑢1(𝑡, 𝑥) ∈ 𝑈1 ⊂ 𝑅𝑟 , (𝑡, 𝑥) ∈ 𝐷1,                                                           

𝑢2(𝑡, 𝑥) ∈ 𝑈2 ⊂ 𝑅𝑞 , (𝑡, 𝑥) ∈ 𝐷2.                                                    (1) 
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The pair (𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥)) with the above properties will be called admissible control. 

Assume that the controlled process is described by systems of linear hyperbolic equations with 

boundary conditions of the Goursat type, i.e., 

𝜕2𝑧1

𝜕𝑡𝜕𝑥
= 𝐴1(𝑡, 𝑥)𝑧1 + 𝐵1(𝑡, 𝑥)

𝜕𝑧1

𝜕𝑡
+ 𝐶1(𝑡, 𝑥)

𝜕𝑧1

𝜕𝑥
+ 𝑓1(𝑡, 𝑥, 𝑢1),                (2) 

𝑧1(𝑡0, 𝑥) = 𝑎(𝑥), 𝑥 ∈ [𝑥0, 𝑥1],                                                        

𝑧1(𝑡, 𝑥0) = 𝑏1(𝑡), 𝑡 ∈ [𝑡0, 𝑡1],                                                        

𝑎(𝑥0) = 𝑏1(𝑡0),                                                                   (3) 

𝜕2𝑧2

𝜕𝑡𝜕𝑥
= 𝐴2(𝑡, 𝑥)𝑧2 + 𝐵2(𝑡, 𝑥)

𝜕𝑧2

𝜕𝑡
+ 𝐶2(𝑡, 𝑥)

𝜕𝑧2

𝜕𝑥
+ 𝑓2(𝑡, 𝑥, 𝑢2),                (4) 

𝑧2(𝑡1, 𝑥) = 𝐵(𝑥)𝑧1(𝑡1, 𝑥), 𝑥 ∈ [𝑥0, 𝑥1],                                                        

𝑧2(𝑡, 𝑥0) = 𝑏2(𝑡), 𝑡 ∈ [𝑡1, 𝑡2],                                                        

𝐵(𝑥0)𝑧1(𝑡1, 𝑥0) = 𝑏2(𝑡1).                                                                   (5) 

Here, 𝐴𝑖(𝑡, 𝑥), 𝐵𝑖(𝑡, 𝑥), 𝐶𝑖(𝑡, 𝑥) 𝑖 = 1, 2 are specified (𝑛 × 𝑛) measurable bounded matrix func-

tions; 𝑓𝑖(𝑡, 𝑥, 𝑢𝑖), 𝑖 = 1, 2 are specified 𝑛-dimensional vector functions continuous in the set of vari-

ables; 𝑎(𝑥), 𝑏𝑖(𝑡), 𝑖 = 1, 2 are specified absolutely continuous vector functions; 𝐵(𝑥) is a specified 

continuously differentiable (𝑛 × 𝑛) matrix functions. 

It is assumed that for a specified admissible control (𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥)), problem (2)-(5) has a 

unique absolutely continuous solution (𝑧1(𝑡, 𝑥), 𝑧2(𝑡, 𝑥)) (see, e.g., [3]). 

Suppose that 𝑐𝑖, 𝑑𝑖 are specified 𝑛-dimensional vectors.  

Let us consider the problem of finding the minimum value of the multipoint functional  

𝑆(𝑢1, 𝑢2) = ∑ 𝑐𝑖′

𝑘

𝑖=1

𝑧1(𝑇𝑖, 𝑋𝑖) + ∑ 𝑑𝑖′

𝑘

𝑖=1

𝑧2(𝜃𝑖, 𝑋𝑖)                                        (6) 

under constraints (1)-(5). 

The admissible control (𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥)) satisfying the minimum value to functional (6) un-

der constraints (1)-(5) will be called an optimal control, and the corresponding process 
(𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥), 𝑧1(𝑡, 𝑥), 𝑧2(𝑡, 𝑥)) − an optimal process. 

 

3. Formula for the increment of the objective functional and the optimality condition 

 

Assuming that (𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥), 𝑧1(𝑡, 𝑥), 𝑧2(𝑡, 𝑥)) a fixed admissible process, we denote by  

(𝑢̅1(𝑡, 𝑥) = 𝑢1(𝑡, 𝑥) + ∆𝑢1(𝑡, 𝑥), 𝑢̅2(𝑡, 𝑥) = 𝑢2(𝑡, 𝑥) + 𝑢2(𝑡, 𝑥), 𝑧1̅(𝑡, 𝑥) = 𝑧1(𝑡, 𝑥) +

∆𝑧1(𝑡, 𝑥), 𝑧2̅(𝑡, 𝑥) = 𝑧2(𝑡, 𝑥) + ∆𝑧2(𝑡, 𝑥))  the arbitrary admissible process and write down the in-

crement of functional (6).  

∆𝑆(𝑢1, 𝑢2) = 𝑆(𝑢̅1, 𝑢̅2) − 𝑆(𝑢1, 𝑢2) = ∑ 𝑐𝑖′

𝑘

𝑖=1

∆𝑧1(𝑇𝑖, 𝑋𝑖) + ∑ 𝑑𝑖′

𝑘

𝑖=1

∆𝑧2(𝜃𝑖, 𝑋𝑖).               (7) 

It is clear that the increment (∆𝑧1(𝑡, 𝑥), ∆𝑧2(𝑡, 𝑥)) of the state (𝑧1(𝑡, 𝑥), 𝑧2(𝑡, 𝑥)) is the solution 

to the boundary value problem  

𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
= 𝐴1(𝑡, 𝑥)∆𝑧1(𝑡, 𝑥) + 𝐵1(𝑡, 𝑥)

𝜕∆𝑧1(𝑡, 𝑥)

𝜕𝑡
+ 

+𝐶1(𝑡, 𝑥)
𝜕∆𝑧1(𝑡, 𝑥)

𝜕𝑥
+ 𝑓1(𝑡, 𝑥, 𝑢̅1(𝑡, 𝑥)) − 𝑓1(𝑡, 𝑥, 𝑢1(𝑡, 𝑥)),                      (8) 
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𝑧1(𝑡0, 𝑥) = 0, 𝑥 ∈ [𝑥0, 𝑥1],                                                              

  𝑧1(𝑡, 𝑥0) = 0, 𝑡 ∈ [𝑡0, 𝑡1],                                                         (9) 

𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
= 𝐴2(𝑡, 𝑥)∆𝑧2(𝑡, 𝑥) + 𝐵2(𝑡, 𝑥)

𝜕∆𝑧2(𝑡, 𝑥)

𝜕𝑡
+ 

+𝐶2(𝑡, 𝑥)
𝜕∆𝑧2(𝑡, 𝑥)

𝜕𝑥
+ 𝑓2(𝑡, 𝑥, 𝑢̅2(𝑡, 𝑥)) − 𝑓2(𝑡, 𝑥, 𝑢2(𝑡, 𝑥)),                      (10) 

𝑧2(𝑡1, 𝑥) = 𝐵(𝑥)∆𝑧1(𝑡1, 𝑥), 𝑥 ∈ [𝑥0, 𝑥1],                                                              

  𝑧2(𝑡, 𝑥0) = 0, 𝑡 ∈ [𝑡1, 𝑡2].                                                     (11) 

Assuming that 𝜓𝑖(𝑡, 𝑥), 𝑖 = 1,2 are as yet unknown 𝑛-dimensional vector functions, we intro-

duce the notation  

∆𝑢𝑖
𝑓𝑖[𝑡, 𝑥] ≡ 𝑓𝑖(𝑡, 𝑥, 𝑢̅𝑖(𝑡, 𝑥)) − 𝑓𝑖(𝑡, 𝑥, 𝑢𝑖(𝑡, 𝑥)), 

𝐻(𝑡, 𝑥, 𝑢𝑖 , 𝜓𝑖) = 𝜓𝑖
′𝑓𝑖(𝑡, 𝑥, 𝑢𝑖), 

∆𝑢𝑖
𝐻[𝑡, 𝑥, 𝜓𝑖] ≡ 𝐻(𝑡, 𝑥, 𝑢𝑖̅, 𝜓𝑖) − 𝐻(𝑡, 𝑥, 𝑢𝑖 , 𝜓𝑖). 

From relations (8), (10) we obtain that 

∫ ∫ 𝜓𝑖
′(𝑡, 𝑥)

𝜕2∆𝑧𝑖(𝑡, 𝑥)

𝜕𝑡𝜕𝑥

𝑥1

𝑥0

𝑡𝑖

𝑡𝑖−1

𝑑𝑡𝑑𝑥 = 

= ∫ ∫ [𝜓𝑖
′(𝑡, 𝑥) (𝐴𝑖(𝑡, 𝑥)∆𝑧𝑖(𝑡, 𝑥) + 𝐵𝑖(𝑡, 𝑥)

𝜕∆𝑧𝑖(𝑡, 𝑥)

𝜕𝑡
+

𝑥1

𝑥0

𝑡𝑖

𝑡𝑖−1

 

+𝐶𝑖(𝑡, 𝑥)
𝜕∆𝑧𝑖(𝑡, 𝑥)

𝜕𝑥
) + ∆𝑢𝑖

𝐻[𝑡, 𝑥, 𝜓𝑖]] 𝑑𝑡𝑑𝑥, 𝑖 = 1,2̅̅ ̅̅ .                      (12) 

Taking into account boundary conditions (9), (11), we obtain that 

∆𝑧1(𝑡, 𝑥) = ∫ ∫
𝜕2∆𝑧1(𝜏, 𝑠)

𝜕𝜏𝜕𝑠

𝑥

𝑥0

𝑡

𝑡0

𝑑𝜏𝑑𝑠,                                               (13) 

𝜕∆𝑧1(𝑡, 𝑥)

𝜕𝑡
= ∫

𝜕2∆𝑧1(𝑡, 𝑠)

𝜕𝑡𝜕𝑠

𝑥

𝑥0

𝑑𝑠,                                                   (14) 

𝜕∆𝑧1(𝑡, 𝑥)

𝜕𝑥
= ∫

𝜕2∆𝑧1(𝜏, 𝑥)

𝜕𝜏𝜕𝑥

𝑡

𝑡0

𝑑𝜏,                                                   (15) 

∆𝑧2(𝑡, 𝑥) = 𝐵(𝑥)∆𝑧1(𝑡1, 𝑥) + ∫ ∫
𝜕2∆𝑧2(𝜏, 𝑠)

𝜕𝜏𝜕𝑠

𝑥

𝑥0

𝑡

𝑡1

𝑑𝜏𝑑𝑠,                                (16) 

𝜕∆𝑧2(𝑡, 𝑥)

𝜕𝑡
= ∫

𝜕2∆𝑧2(𝑡, 𝑠)

𝜕𝑡𝜕𝑠

𝑥

𝑥0

𝑑𝑠,                                                    (17) 

𝜕∆𝑧2(𝑡, 𝑥)

𝜕𝑥
=

𝜕𝐵(𝑥)

𝜕𝑥
∆𝑧1(𝑡1, 𝑥) + 𝐵(𝑥)

𝜕∆𝑧1(𝑡1, 𝑥)

𝜕𝑥
+ ∫

𝜕2∆𝑧2(𝜏, 𝑥)

𝜕𝜏𝜕𝑥

𝑡

𝑡1

𝑑𝜏,        (18) 
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Further, suppose that 𝛼𝑖(𝑡, 𝑥), 𝑖 = 1, 𝑘̅̅ ̅̅̅ are characteristic functions of the rectangles [𝑡0, 𝑇𝑖] ×
[𝑥0, 𝑋𝑖], 𝛽𝑖(𝑡, 𝑥);  𝑖 = 1, 𝑘̅̅ ̅̅̅ are characteristic functions of the rectangles [𝑡1, 𝜃𝑖] × [𝑥0, 𝑋𝑖], and 

𝛾𝑖(𝑥), 𝑖 = 1, 𝑘̅̅ ̅̅̅ are characteristic functions of the segments [𝑥0, 𝑋𝑖], 𝑖 = 1, 𝑘.̅̅ ̅̅ ̅  

Taking into account identities (13) and (16), we obtain that  

∆𝑧1(𝑇𝑖, 𝑋𝑖) = ∫ ∫ 𝛼𝑖(𝑡, 𝑥)
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

,                                (19) 

∆𝑧2(𝜃𝑖 , 𝑋𝑖) = 𝐵(𝑋𝑖)∆𝑧1(𝑡1, 𝑋𝑖) + ∫ ∫
𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑋𝑖

𝑥0

𝜃𝑖

𝑡1

= 

= ∫ ∫ 𝐵(𝑋𝑖)𝛾𝑖(𝑥)
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

+ ∫ ∫ 𝛽𝑖(𝑡, 𝑥)
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

.   (20) 

Given identities (13)-(20), the formula for increment (7) of objective functional (6) can be rep-

resented as  

∆𝑆(𝑢1, 𝑢2) = ∫ ∫ ∑ 𝑐𝑖′

𝑘

𝑖=1

𝛼𝑖(𝑡, 𝑥)
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

+ 

+ ∫ ∫ ∑ 𝑑𝑖′𝐵(𝑋𝑖)𝛾𝑖(𝑥)
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑘

𝑖=1

𝑥1

𝑥0

𝑡1

𝑡0

+ ∫ ∫ ∑  𝛽𝑖(𝑡, 𝑥)𝑑𝑖′

𝑘

𝑖=1

𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

+ 

+ ∫ ∫ 𝜓1
′ (𝑡, 𝑥)

𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− ∫ ∫ [∫ ∫ 𝜓1
′ (𝜏, 𝑠)𝐴1(𝜏, 𝑠)𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡1

𝑡

]
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− 

− ∫ ∫ [∫ 𝜓1
′ (𝑡, 𝑠)𝐵1(𝑡, 𝑠)𝑑𝑠

𝑥1

𝑥

]
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− 

− ∫ ∫ [∫ 𝜓1
′ (𝜏, 𝑥)𝐶1(𝜏, 𝑥)𝑑𝜏

𝑡1

𝑡

]
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

+ ∫ ∫ 𝜓2
′ (𝑡, 𝑥)

𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡2

− 

− ∫ ∫ [∫ ∫ 𝜓2
′ (𝜏, 𝑠)𝐶2(𝜏, 𝑠)𝐵(𝑠)𝑑𝑠𝑑𝜏

𝑡2

𝑡1

𝑡2

𝑡

]
𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

− 

− ∫ ∫ [∫ 𝜓2
′ (𝑡, 𝑠)𝐵2(𝑡, 𝑠)𝑑𝑠

𝑥1

𝑥

]
𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

− 

− ∫ ∫ [∫ 𝜓2
′ (𝜏, 𝑥)𝐶2(𝜏, 𝑥)𝑑𝜏

𝑡2

𝑡

]
𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

− 

− ∫ ∫ ∆𝑢1(𝑡,𝑥)𝐻[𝑡, 𝑥, 𝜓1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− ∫ ∫ ∆𝑢2(𝑡,𝑥)𝐻[𝑡, 𝑥, 𝜓2]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

.               (21) 

 

If we assume that 𝜓𝑖(𝑡, 𝑥), 𝑖 = 1,2 satisfy the relations 
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𝜓1(𝑡, 𝑥) = − ∑ 𝑐𝑖𝑑𝑖(𝑡, 𝑥) −

𝑘

𝑖=1

 ∑ 𝛾𝑖(𝑥)𝐵′(𝑋𝑖)𝑑𝑖 + ∫ ∫ 𝜓1
′ (𝜏, 𝑠)𝐴1(𝜏, 𝑠)𝑑𝑠𝑑𝜏 +

𝑥1

𝑥

𝑡1

𝑡

  

𝑘

𝑖=1

+  ∫ 𝜓1
′ (𝑡, 𝑠)𝐵1(𝑡, 𝑠)𝑑𝑠

𝑥1

𝑥

+  ∫ 𝜓1
′ (𝜏, 𝑥)𝐶1(𝜏, 𝑥)𝑑𝜏 +

𝑡1

𝑡

∫ ∫ 𝐵′(𝑠)𝐴2(𝜏, 𝑠)𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡2

𝑡1

+  

+ ∫ 𝐵′(𝑥)𝐶2(𝜏, 𝑥)𝜓2(𝜏, 𝑥)𝑑𝜏 +

𝑡2

𝑡1

∫ ∫
𝐵′(𝑠)

𝜕𝑠
𝐶2(𝜏, 𝑠)𝜓2(𝜏, 𝑠)𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡2

𝑡1

,                       (22) 

𝜓2(𝑡, 𝑥) = − ∑  𝛽𝑖(𝑡, 𝑥)𝑑𝑖 + ∫ ∫ 𝐴2(𝜏, 𝑠)𝜓1(𝜏, 𝑠)𝑑𝑠𝑑𝜏 +  ∫ 𝜓2
′ (𝑡, 𝑠)𝐵2(𝑡, 𝑠)𝑑𝑠

𝑥1

𝑥

𝑥1

𝑥

𝑡2

𝑡

𝑘

𝑖=1

 

+ ∫ 𝜓2
′ (𝜏, 𝑥)𝐶2(𝜏, 𝑥)𝑑𝜏.                                                                          (23)

𝑡2

𝑡

 

then the formula for increment (21) takes the form 

∆𝑆(𝑢1, 𝑢2) = − ∫ ∫ ∆𝑢1(𝑡,𝑥)𝐻[𝑡, 𝑥, 𝜓1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− ∫ ∫ ∆𝑢2(𝑡,𝑥)𝐻[𝑡, 𝑥, 𝜓2]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

.               (24) 

As we can see, relations (22), (23) represent a system of linear Volterra integral equations with 

respect to 𝜓1(𝑡, 𝑥), 𝜓2(𝑡, 𝑥), respectively. Using formula (24), we prove 

Theorem 1. Under the assumptions made, for the optimality of the admissible control 

(𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥)) it is necessary and sufficient that the inequalities  

∫ ∫ ∆𝑢1(𝑡,𝑥)𝐻[𝑡, 𝑥, 𝜓1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

≤ 0,                                               (25) 

∫ ∫ ∆𝑢2(𝑡,𝑥)𝐻[𝑡, 𝑥, 𝜓2]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

≤ 0                                                 (26) 

hold for all 𝑣𝑖(𝑡, 𝑥) ∈ 𝑈𝑖 , (𝑡, 𝑥) ∈ 𝐷𝑖 , 𝑖 = 1,2. 

Proof. Necessity. Suppose that (𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥)) is an optimal control. Then we have that 

𝑆(𝑣1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥)) − 𝑆(𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥)) = 

= − ∫ ∫ ∆𝑣1(𝑡,𝑥)𝐻[𝑡, 𝑥, 𝜓1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

≥ 0, 

𝑆(𝑢1(𝑡, 𝑥), 𝑣2(𝑡, 𝑥)) − 𝑆(𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥)) = 

= − ∫ ∫ ∆𝑣2(𝑡,𝑥)𝐻[𝑡, 𝑥, 𝜓1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

≥ 0. 

The last inequalities imply the correctness of relations (25), (26). 

Sufficiency. Suppose that relations (25), (26) hold. Then it follows from increment formula 

(24) that  

𝑆(𝑣1, 𝑣2) − 𝑆(𝑢1, 𝑢2) = 
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= − ∫ ∫ ∆𝑣1(𝑡,𝑥)𝐻[𝑡, 𝑥, 𝜓1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− ∫ ∫ ∆𝑣2(𝑡,𝑥)𝐻[𝑡, 𝑥, 𝜓1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

≥ 0.              (27) 

This proves the sufficiency, since by virtue of (25), (26)  

𝑆(𝑢1, 𝑢2) ≤ 𝑆(𝑣1, 𝑣2) 

for arbitrary (𝑣1(𝑡, 𝑥), 𝑣2(𝑡, 𝑥)).  

 

4. The case of a nonlinear convex functional  
 

Suppose that it is required to find the minimum value of the functional 

𝑆(𝑢1, 𝑢2) = 𝜑1(𝑧1(𝑇1, 𝑋1), … , 𝑧1(𝑇𝑘, 𝑋𝑘)) + 𝜑2(𝑧2(𝜃1, 𝑋1), … , 𝑧2(𝜃𝑘, 𝑋𝑘))          (28) 

under constraints (1)-(5). 

Here, 𝜑1(𝑎1, … , 𝑎𝑘), 𝜑2(𝑏1, … , 𝑏𝑘) are specified continuously differentiable, convex functions. 

Using the Taylor formula, we write the increment of the quality functional corresponding to 

two admissible controls. 

∆𝑆(𝑢1, 𝑢2) = ∑
𝜕𝜑𝑖′(𝑧1(𝑇1, 𝑋1), … , 𝑧1(𝑇𝑘, 𝑋𝑘))

𝜕𝑧1
∆𝑧1(𝑇𝑖, 𝑋𝑖)

𝑘

𝑖=1

+ 

+ ∑
𝜕𝜑2′(𝑧2(𝜃1, 𝑋1), … , 𝑧2(𝜃𝑘, 𝑋𝑘))

𝜕𝑧2
∆𝑧2(𝜃𝑖 , 𝑋𝑖)

𝑘

𝑖=1

+ 

+𝑜1 (∑‖∆𝑧1(𝑇𝑖, 𝑋𝑖)‖

𝑘

𝑖=1

) + 𝑜2 (∑‖∆𝑧2(𝜃𝑖, 𝑋𝑖)‖

𝑘

𝑖=1

).                               (29) 

Using identities (19), (20), we prove that  

∑
𝜕𝜑1′(𝑧1(𝑇1, 𝑋1), … , 𝑧1(𝑇𝑘, 𝑋𝑘))

𝜕𝑧1
∆𝑧1(𝑇𝑖, 𝑋𝑖)

𝑘

𝑖=1

= 

= ∫ ∫ ∑ 𝛼𝑖(𝑡, 𝑥)
𝜕𝜑1′(𝑧1(𝑇1, 𝑋1), … , 𝑧1(𝑇𝑘, 𝑋𝑘))

𝜕𝑧1

𝑘

𝑖=1

𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡 +

𝑥1

𝑥0

𝑡1

𝑡0

 

+𝑜1 (∑‖∆𝑧1(𝑇𝑖 , 𝑋𝑖)‖

𝑘

𝑖=1

),                                                              (30) 

∑
𝜕𝜑2′(𝑧2(𝜃1, 𝑋1), … , 𝑧2(𝜃𝑘, 𝑋𝑘))

𝜕𝑧1
∆𝑧2(𝜃𝑖, 𝑋𝑖)

𝑘

𝑖=1

= 

= ∫ ∫ ∑ 𝛽𝑖(𝑡, 𝑥)
𝜕𝜑2′(𝑧2(𝜃1, 𝑋1), … , 𝑧2(𝜃𝑘, 𝑋𝑘))

𝜕𝑧1

𝑘

𝑖=1

∙
𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡 +

𝑥1

𝑥0

𝑡2

𝑡1

 

+ ∫ ∫ ∑ 𝛾𝑖(𝑥)

𝑘

𝑖=1

𝜕𝜑2′(𝑧2(𝜃1, 𝑋1), … , 𝑧2(𝜃𝑘, 𝑋𝑘))

𝜕𝑧2
𝐵(𝑋𝑖)

𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

 +              
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+𝑜1 (∑‖∆𝑧2(𝜃𝑖, 𝑋𝑖)‖

𝑘

𝑖=1

).                                                                  (31) 

Suppose 𝑝𝑖(𝑡, 𝑥), 𝑖 = 1,2̅̅ ̅̅  are as yet unknown 𝑛-dimensional vector functions. Introducing the 

notation 

∆𝑢𝑖
𝑀[𝑡, 𝑥, 𝜓𝑖] ≡ 𝑀(𝑡, 𝑥, 𝑢̅𝑖 , 𝑝𝑖) − 𝑀(𝑡, 𝑥, 𝑢𝑖, 𝑝𝑖), 𝑖 = 1,2 

and taking into account identities (13)-(18), (30), (31), the formula for increment (29) of functional 

(28) is written in the form 

∆𝑆(𝑢1, 𝑢2) = ∫ ∫ ∑ 𝛼𝑖(𝑡, 𝑥)
𝜕𝜑1′(𝑧1(𝑇1, 𝑋1), … , 𝑧1(𝑇𝑘, 𝑋𝑘))

𝜕𝑧1

𝑘

𝑖=1

∙
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡 +

𝑥1

𝑥0

𝑡1

𝑡0

 

+ ∫ ∫ ∑ 𝛾𝑖(𝑥)

𝑘

𝑖=1

𝜕𝜑2′(𝑧2(𝜃1, 𝑋1), … , 𝑧2(𝜃𝑘, 𝑋𝑘))

𝜕𝑧2
∙ 𝐵(𝑋𝑖)

𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡 +

𝑥1

𝑥0

𝑡1

𝑡0

 

+ ∫ ∫ ∑ 𝛽𝑖(𝑡, 𝑥)
𝜕𝜑2′(𝑧2(𝜃1, 𝑋1), … , 𝑧2(𝜃𝑘, 𝑋𝑘))

𝜕𝑧1

𝑘

𝑖=1

∙
𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡 +

𝑥1

𝑥0

𝑡2

𝑡1

 

+𝑜1 (∑‖∆𝑧1(𝑇𝑖, 𝑋𝑖)‖

𝑘

𝑖=1

) + 𝑜2 (∑‖∆𝑧2(𝜃𝑖, 𝑋𝑖)‖

𝑘

𝑖=1

) + ∫ ∫ 𝑝1′(𝑡, 𝑥) ∙
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡 −

𝑥1

𝑥0

𝑡1

𝑡0

 

− ∫ ∫ [∫ ∫ 𝑝1
′ (𝜏, 𝑠)𝐴1(𝜏, 𝑠)𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡1

𝑡

]
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− 

− ∫ ∫ [∫ 𝑝1
′ (𝑡, 𝑠)𝐵1(𝑡, 𝑠)𝑑𝑠

𝑥1

𝑥

]
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− 

− ∫ ∫ [∫ 𝑝1
′ (𝜏, 𝑥)𝐶1(𝜏, 𝑥)𝑑𝜏

𝑡1

𝑡

]
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− 

− ∫ ∫ ∆𝑢1(𝑡,𝑥)𝑀[𝑡, 𝑥, 𝑝1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

+ ∫ ∫ 𝑝2
′ (𝑡, 𝑥)

𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡2

− 

− ∫ ∫ [∫ ∫ 𝑝2
′ (𝜏, 𝑠)𝐴2(𝜏, 𝑠)𝐵(𝑠)𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡2

𝑡

]
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

− 

− ∫ ∫ [ ∫ ∫ 𝑝2
′ (𝜏, 𝑠)𝐴2(𝜏, 𝑠)𝐵(𝑠)𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡2

𝑡1

]
𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

−

𝑡1

𝑡0

 

− ∫ ∫ [∫ 𝑝2
′ (𝑡, 𝑠)𝐵2(𝑡, 𝑠)𝑑𝑠

𝑥1

𝑥

]
𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

− 

− ∫ ∫ [ ∫ ∫ 𝑝2
′ (𝜏, 𝑠)𝐶2(𝜏, 𝑠)

𝜕𝐵(𝑠)

𝜕𝑠
𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡2

𝑡1

]
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

−

𝑡1

𝑡0
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− ∫ ∫ [ ∫ 𝑝2
′ (𝜏, 𝑥)𝐶2(𝜏, 𝑥)𝐵(𝑥)𝑑𝜏

𝑡2

𝑡1

]
𝜕2∆𝑧1(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− 

− ∫ ∫ [∫ 𝑝2
′ (𝜏, 𝑥)𝐶2(𝜏, 𝑥)𝑑𝜏

𝑡2

𝑡

]
𝜕2∆𝑧2(𝑡, 𝑥)

𝜕𝑡𝜕𝑥
𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

− ∫ ∫ ∆𝑢2
𝑀[𝑡, 𝑥, 𝑝2]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

.   (32) 

Assume that 𝑝𝑖(𝑡, 𝑥), 𝑖 = 1, 𝑘̅̅ ̅̅̅ are the solution to the linear Volterra integral equations 

𝑝1(𝑡, 𝑥) = − ∑ 𝛼𝑖(𝑡, 𝑥)
𝜕𝜑1′(𝑧1(𝑇1, 𝑋1), … , 𝑧1(𝑇𝑘, 𝑋𝑘))

𝜕𝑧1

𝑘

𝑖=1

− 

− ∑ 𝛾𝑖(𝑥)

𝑘

𝑖=1

𝐵(𝑋𝑖)
𝜕𝜑2′(𝑧2(𝜃1, 𝑋1), … , 𝑧2(𝜃𝑘 , 𝑋𝑘))

𝜕𝑧2
+ ∫ ∫ 𝑝1

′ (𝜏, 𝑠)𝐴1(𝜏, 𝑠)𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡1

𝑡

+ 

+ ∫ 𝑝1
′ (𝑡, 𝑠)𝐵1(𝑡, 𝑠)𝑑𝑠

𝑥1

𝑥

+ ∫ 𝑝1
′ (𝜏, 𝑥)𝐶1(𝜏, 𝑥)𝑑𝜏

𝑡1

𝑡

+ ∫ ∫ 𝑝2
′ (𝜏, 𝑠)𝐴2(𝜏, 𝑠)𝐵(𝑠)𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡2

𝑡1

+ 

+ ∫ 𝑝2
′ (𝜏, 𝑥)𝐶2(𝜏, 𝑥)𝐵(𝑥)𝑑𝜏

𝑡2

𝑡1

+ ∫ ∫ 𝑝2
′ (𝜏, 𝑠)𝐶2(𝜏, 𝑠)

𝜕𝐵(𝑠)

𝜕𝑠
𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡2

𝑡1

.                   (33) 

𝑝2(𝑡, 𝑥) = − ∑ 𝛽𝑖(𝑡, 𝑥)
𝜕𝜑2′(𝑧2(𝜃1, 𝑋1), … , 𝑧2(𝜃𝑘 , 𝑋𝑘))

𝜕𝑧1
+

𝑘

𝑖=1

∫ ∫ 𝑝2
′ (𝜏, 𝑠)𝐴2(𝜏, 𝑠)𝐵(𝑠)𝑑𝑠𝑑𝜏

𝑥1

𝑥

𝑡2

𝑡

 

+ ∫ 𝑝2
′ (𝑡, 𝑠)𝐵2(𝑡, 𝑠)𝑑𝑠 +

𝑥1

𝑥

∫ 𝑝2
′ (𝜏, 𝑥)𝐶2(𝜏, 𝑥)𝑑𝜏

𝑡2

𝑡

.                                                        (34) 

Then the formula for increment (32) takes the form  

∆𝑆(𝑢1, 𝑢2) = − ∫ ∫ ∆𝑢1
𝑀[𝑡, 𝑥, 𝑝1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− ∫ ∫ ∆𝑢2
𝑀[𝑡, 𝑥, 𝑝2]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

+ 

+𝑜1 (∑‖∆𝑧1(𝑇𝑖, 𝑋𝑖)‖

𝑘

𝑖=1

) + 𝑜2 (∑‖∆𝑧2(𝜃𝑖, 𝑋𝑖)‖

𝑘

𝑖=1

).                               (33) 

By virtue of the convexity of the functions 𝜑𝑖(. ), 𝑖 = 1,2, it follows from (33) that 

∆𝑆(𝑢1, 𝑢2) ≥ − ∫ ∫ ∆𝑢1
𝑀[𝑡, 𝑥, 𝑝1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

− ∫ ∫ ∆𝑢2
𝑀[𝑡, 𝑥, 𝑝2]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

.                    (34) 

Using inequality (34), we prove 

Theorem 2. For the optimality of the admissible control (𝑢1(𝑡, 𝑥), 𝑢2(𝑡, 𝑥)) in problem (1)-

(5), (28) it is necessary and sufficient that the inequalities  

∫ ∫ ∆𝑢1(𝑡,𝑥)𝑀[𝑡, 𝑥, 𝑝1]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡1

𝑡0

≤ 0,     
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∫ ∫ ∆𝑢2(𝑡,𝑥)𝑀[𝑡, 𝑥, 𝑝2]𝑑𝑥𝑑𝑡

𝑥1

𝑥0

𝑡2

𝑡1

≤ 0,    

hold for all 𝑣𝑖(𝑡, 𝑥) ∈ 𝑈𝑖 , (𝑡, 𝑥) ∈ 𝐷𝑖 , 𝑖 = 1,2, respectively. 

 

5. Conclusion 

 

Using a version of the method of increments, a formula for the increment of the multi-point 

quality functional has been constructed. The constructed increment formula has made it possible to 

prove a necessary and sufficient optimality condition of the Pontryagin maximum principle type in 

the problem under consideration.   
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