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We consider a problem of optimal control of a multidimensional 

process specified by Ito stochastic differential equation, in the 

presence of functional equality and inequality constraints on the 

phase trajectory, with the control acting on the drift coefficient. 

Sufficiently general and at the same time constructively verifiable 

first- and second-order necessary optimality conditions are 

formulated in terms of variations of functionals. 
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1. Introduction 

 

This article is devoted to the application of the deterministic approach to the optimal control 

problem for Ito stochastic differential equations in the presence of functional equality and inequality 

constraints on the trajectory of the system. 

Such stochastic optimal control problems without additional functional constraints were studied 

in [1-3] and others. 

It should be noted that similar problems in the deterministic case were investigated in [4-7] and 

others. 

In this article, using a stochastic analogue of the method proposed in [6, 7], under the 

assumption that the control domain is open, we obtain first- and second-order necessary optimality 

conditions, including a stochastic analogue of the Euler-Lagrange equation, an analogue of the 

Legendre-Klebsch condition [8]. 

The article concludes with a study of special cases (in the classical sense). 

 

2. Problem statement 

 

Suppose that (Ω, ℱ, (ℱ)𝑡0≤𝑡≤𝑡1
, 𝑃) is a complete probability space endowed with natural 

filtration of the 𝑛-dimensional standard Wiener process 𝑤(𝑡), 𝑡 ∈ 𝑇 = [𝑡0, 𝑡1]. 𝐿ℱ
2 (𝑡0, 𝑡1; 𝑅𝑛) is a 
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space of processes that are measurable with respect to (𝑡, 𝜔) and ℱ𝑡-consistent, 𝑥(𝑡, 𝜔): 𝑇 × Ω → 𝑅𝑛, 

for which 

𝐸 ∫ ‖𝑥(𝑡)‖2𝑑𝑡 < +∞
𝑡1

𝑡0
, 

where 𝐸 is the symbol of mathematical expectation. 

Suppose that a controlled process described by Ito stochastic differential equations is specified 

on this probability space [9]: 

𝑑𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝑢(𝑡))𝑑𝑡 + 𝜎(𝑡, 𝑥(𝑡))𝑑𝑤(𝑡), 𝑡 ∈ 𝑇,                                  (1) 

with the initial condition 

𝑥(𝑡0) = 𝑥0.                                                                              (2) 

Here, 𝑥(𝑡) ∈ 𝑅𝑛 is the state vector; 𝑓(𝑡, 𝑥, 𝑢) is the specified 𝑛-dimensional vector function 

that is continuous in the set of variables together with partial derivatives in (𝑥, 𝑢) up to and including 

the second order; 𝜎(𝑡, 𝑥(𝑡)): 𝑇 × 𝑅𝑛 → 𝑅𝑛×𝑛 is a (𝑛 × 𝑛)-dimensional matrix  function that is 

continuous in the set of variables together with partial derivatives in 𝑥 up to and including the second 

order, control 𝑢(𝑡, 𝜔), 

𝑢(𝑡, 𝜔) ∈ 𝑈𝑑 ≡ {𝑢(. , . ) ∈ 𝐿ℱ
2 (𝑡0, 𝑡1; 𝑅𝑟) 𝑢(. , . )⁄ ∈ 𝑈 ⊂ 𝑅𝑟 , 𝑎. 𝑠. },                          (3) 

where 𝑈 is a specified non-empty, bounded and open set.  

The function 𝑢(𝑡) ∈ 𝑈𝑑, 𝑡 ∈ 𝑇 will be called an admissible control, if the corresponding 

solution 𝑥(𝑡) of problem (1)-(2) satisfies the constraints  

𝑆𝑖(𝑥) = 𝐸𝜑𝑖(𝑥(𝑡1)) ≤ 0, 𝑖 = 1, 𝑝̅̅ ̅̅̅,                                                     (4) 

   𝑆𝑖(𝑥) = 𝐸𝜑𝑖(𝑥(𝑡1)) = 0, 𝑖 = 𝑝 + 1, 𝑞̅̅ ̅̅ ̅̅ ̅̅ ̅̅  ,                                                (5) 

where 𝜑𝑖(𝑥), 𝑖 = 1, 𝑞̅̅ ̅̅̅ are twice specified continuously differentiable scalar functions. 

It is assumed that there is a unique almost sure continuous solution 𝑥(𝑡) of system (1)-(2) 

corresponding to each admissible control 𝑢(𝑡), 𝑡 ∈ 𝑇. 

Consider the problem of the minimum of the terminal functional  

𝑆0(𝑥) = 𝐸𝜑0(𝑥(𝑡1)),                                                                             (6)  

where 𝜑0(𝑥) is twice specified continuously differentiable scalar function. 

As noted above, the main aim of this work is to obtain the first- and second-order necessary 

optimality conditions for considered problem (1)-(6).  

 

3. Necessary optimality conditions in terms of the first and second variations of the functional 
 

Assuming that (𝑢(𝑡), 𝑥(𝑡)) is a fixed admissible process, we introduce the following 

designations for contracted notation 

𝐻(𝑡, 𝑥, 𝑢, 𝜓𝑖) = 𝜓𝑖
′𝑓(𝑡, 𝑥, 𝑢), 𝐻𝑥

(𝑖)[𝑡] = 𝐻𝑥(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜓𝑖(𝑡)), 𝐻𝑢
(𝑖)[𝑡] = 𝐻𝑢(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜓𝑖(𝑡)), 

𝐻𝑥𝑥
(𝑖)[𝑡] = 𝐻𝑥𝑥(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜓𝑖(𝑡)), 𝐻𝑢𝑢

(𝑖)[𝑡] = 𝐻𝑢𝑢(𝑡, 𝑥(𝑡), 𝑢(𝑡), 𝜓𝑖(𝑡)), 

𝑓𝑥[𝑡] = 𝑓𝑥(𝑡, 𝑥(𝑡), 𝑢(𝑡)), 𝑓𝑢[𝑡] = 𝑓𝑢(𝑡, 𝑥(𝑡), 𝑢(𝑡)), 

𝜎𝑥[𝑡] = 𝜎𝑥(𝑡, 𝑥(𝑡)), 𝜎𝑥𝑥[𝑡] = 𝜎𝑥𝑥(𝑡, 𝑥(𝑡)). 

Here, the random processes 𝜓𝑖(𝑡) ∈ 𝐿ℱ
2 (𝑡0, 𝑡1; 𝑅𝑛) and 𝛽𝑖(𝑡) ∈ 𝐿ℱ

2 (𝑡0, 𝑡1; 𝑅𝑛×𝑛) are the 

solution to the following system of stochastic differential equations (conjugate system): 
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{
𝑑𝜓𝑖(𝑡) = −(𝐻𝑥

(𝑖)[𝑡] + 𝛽𝑖(𝑡)𝜎𝑥[𝑡])𝑑𝑡 + 𝛽𝑖(𝑡)𝑑𝑤(𝑡),

𝜓𝑖(𝑡1) = −
𝜕𝜑𝑖(𝑥(𝑡1))

𝜕𝑥
.

      

Then, using the traditional technique (see, e.g., [3, 8, 10]), we will show that the first and 

second variations (in the classical sense) of the functional 𝑆𝑖 at the point 𝑢 = 𝑢(𝑡) can be represented 

as follows: 

𝛿1𝑆𝑖(𝑢; 𝛿𝑢) = −𝐸 ∫ 𝐻𝑢
(𝑖)′

[𝑡]
𝑡1

𝑡0

𝛿𝑢(𝑡)𝑑𝑡,                                                    (7) 

𝛿2𝑆𝑖(𝑢; 𝛿𝑢) = 𝐸 (𝛿𝑥′(𝑡1)
𝜕2𝜑𝑖(𝑥(𝑡1))

𝜕𝑥2
𝛿𝑥(𝑡1) − ∫ 𝛿𝑥′ (𝑡) [𝐻𝑥𝑥

(𝑖)[𝑡] + 𝛽𝑖(𝑡)𝜎𝑥𝑥[𝑡]] 𝛿𝑥(𝑡)𝑑𝑡 −
𝑡1

𝑡0

     

−2 ∫ 𝛿𝑥′(𝑡)𝐻𝑥𝑢
(𝑖)

𝑡1

𝑡0

[𝑡]𝛿𝑢(𝑡)𝑑𝑡 − ∫ 𝛿𝑢′(𝑡)𝐻𝑢𝑢
(𝑖)[𝑡]

𝑡1

𝑡0

𝛿𝑢(𝑡)𝑑𝑡) , 𝑖 = 0, 𝑞̅̅ ̅̅̅.                                 (8) 

Here, 𝛿𝑢(𝑡) ∈ 𝐿ℱ
2 (𝑡0, 𝑡1; 𝑅𝑟) is a control variation, an 𝛿𝑥(𝑡) ∈ 𝐿ℱ

2 (𝑡0, 𝑡1; 𝑅𝑛) (trajectory 

variation) is the solution of the equation in variations:  

𝑑𝛿𝑥(𝑡) = (𝑓𝑥
′[𝑡]𝛿𝑥(𝑡) + 𝑓𝑢

′[𝑡]𝛿𝑢(𝑡))𝑑𝑡 + 𝜎𝑥
′ [𝑡]𝛿𝑥(𝑡)𝑑𝑤(𝑡),                 (9) 

with the initial condition 

𝛿𝑥(𝑡0) = 0.                                                                           (10) 

Note that, in accordance with [11], the solution to problem (9)-(10) allows the representation 

𝛿𝑥(𝑡) = ∫ 𝑅(𝑡, 𝜏)𝛿𝑢(𝜏)
𝑡

𝑡0

𝑑𝜏,                                                      (11) 

where by definition 

𝑅(𝑡, 𝜏) = 𝑄(𝑡, 𝜏)𝑓𝑢[𝜏]. 

Here the fundamental matrix 𝑄(𝑡, 𝜏) − (𝑛 × 𝑛) is a solution to the homogeneous stochastic 

equation: 

𝑑𝑄(𝑡, 𝜏) = 𝑓𝑥
′[𝑡]𝑄(𝑡, 𝜏)𝑑𝑡 + 𝜎𝑥

′ [𝑡]𝑄(𝑡, 𝜏)𝑑𝑤(𝑡), 

𝑄(𝑡, 𝑡) = 𝐼 (𝐼 − identity matrix). 

Using the proof scheme from [5-7], we can prove 

Theorem 1. (first-order necessary optimality condition). It is necessary for the optimality of 

the admissible pair (𝑢(𝑡), 𝑥(𝑡)) that a nonzero set of Lagrange multipliers 𝜆 = (𝜆0, 𝜆1, … , 𝜆𝑞) ∈ 𝑅𝑞+1 

exist in stochastic problem (1)-(6), such that  

𝜆𝑖 ≥ 0, 𝑖 = 0, 𝑝̅̅ ̅̅̅, 

  𝜆𝑖𝐸𝜑𝑖(𝑥(𝑡1)) = 0, 𝑖 = 1, 𝑝̅̅ ̅̅̅,  

and that the following equality hold for all 𝛿𝑢(𝑡) ∈ 𝐿ℱ
2 (𝑡0, 𝑡1; 𝑅𝑟): 

𝐸 ∑ 𝜆𝑖𝛿
1𝑆𝑖(𝑢; 𝛿𝑢) = 0.                                                                      (12)

𝑞

𝑖=0

 

Substituting into (12) value (7) of the first variation of the functional 𝛿1𝑆𝑖(𝑢; 𝛿𝑢) and applying 
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the main lemma (see, e.g., [12]) of the calculus of variations, we have the validity of 

Theorem 2. Let there exist a non-zero set of Lagrange multipliers 𝜆 = (𝜆0, 𝜆1, … , 𝜆𝑞) ∈ 𝑅𝑞+1,  

such that the conditions of Theorem 1 are satisfied. Then it is necessary for the optimality of the 

admissible pair (𝑢(𝑡), 𝑥(𝑡)) that the following equality hold in stochastic problem (1)-(6): 

𝐸 ∑ 𝜆𝑖𝐻𝑢
(𝑖)

[𝜃] = 0,

𝑞

𝑖=0

 

for almost all arbitrary Lebesgue points of the control 𝑢(𝑡), 𝜃 ∈ [𝑡0, 𝑡1). 
As we can see, the last equality is a stochastic analogue of the Euler-Lagrange equation for 

considered problem (1)-(6). 

Let us denote by 𝐴(𝑢) the set of all Lagrange vectors 𝜆 ∈ 𝑅𝑞+1 of problem (1)-(6) that satisfy 

the conditions of Theorem 1.  

Following the works [4-7], we introduce the set of critical variations 𝛿𝑢(𝑡) ∈ 𝐿ℱ
2 (𝑡0, 𝑡1; 𝑅𝑟) of 

the control 𝑢(𝑡), 𝑡 ∈ 𝑇 and denote by 𝐾(𝑢; 𝛿𝑢): 

𝐾(𝑢; 𝛿𝑢) = {𝛿𝑢(𝑡) ∈ 𝐿ℱ
2 (𝑡0, 𝑡1; 𝑅𝑟), 𝛿1𝑆𝑖(𝑢; 𝛿𝑢) ≤ 0, 𝑖 = 0, 𝑝̅̅ ̅̅̅ , 𝛿1𝑆𝑖(𝑢; 𝛿𝑢) = 0, 𝑖 = 𝑝 + 1, 𝑞̅̅ ̅̅ ̅̅ ̅̅ ̅̅ }. 

From the results obtained in [4-7] in relation to problem (1)-(6), we obtain that it is necessary 

for the optimality of the admissible pair (𝑢(𝑡), 𝑥(𝑡)) that the following inequality hold for all 𝛿𝑢(𝑡) ∈
𝐾(𝑢; 𝛿𝑢): 

max
𝜆∈𝐴(𝑢)

𝐸 ∑ 𝜆𝑖𝛿
2𝑆𝑖(𝑢; 𝛿𝑢) ≥ 0.                                                                     (13)

𝑞

𝑖=0

 

Let us proceed to the derivation of other second-order necessary optimality conditions. For this 

purpose, we will use second-order implicit necessary optimality condition (13). 

Using representation (11), following, for instance, [3, 7, 10], we can obtain the following 

identities 

𝛿𝑥′(𝑡1)
𝜕2𝜑𝑖(𝑥(𝑡1))

𝜕𝑥2
𝛿𝑥(𝑡1) = 

= ∫ ∫ 𝛿𝑢′(𝜏)𝑅(𝑡1, 𝜏)
𝑡1

𝑡0

𝜕2𝜑𝑖(𝑥(𝑡1))

𝜕𝑥2

𝑡1

𝑡0

𝑅(𝑡1, 𝑠)𝛿𝑢(𝑠)𝑑𝜏𝑑𝑠,                           (14) 

∫ 𝛿𝑥′(𝑡) [𝐻𝑥𝑥
(𝑖)[𝑡] + 𝛽𝑖(𝑡)𝜎𝑥𝑥[𝑡]]

𝑡1

𝑡0

𝛿𝑥(𝑡)𝑑𝑡 =                                      (15) 

= ∫ ∫ 𝛿𝑢′(𝜏) [∫ 𝑅(𝑡, 𝜏) [𝐻𝑥𝑥
(𝑖)[𝑡] + 𝛽𝑖(𝑡)𝜎𝑥𝑥[𝑡]] 𝑅(𝑡, 𝑠)𝑑𝑡

𝑡1

max (𝜏,𝑠)

]
𝑡1

𝑡0

𝛿𝑢(𝑠)
𝑡1

𝑡0

𝑑𝑠𝑑𝜏,                         

∫ 𝛿𝑥′(𝑡)𝐻𝑥𝑢
(𝑖)

𝑡1

𝑡0

[𝑡]𝛿𝑢(𝑡)𝑑𝑡 = ∫ [∫ 𝛿𝑢′(𝜏)𝐻𝑥𝑢
(𝑖)[𝜏]𝑅(𝑡, 𝜏)𝑑𝜏

𝑡1

𝑡

]
𝑡1

𝑡0

𝛿𝑢(𝑡)𝑑𝑡.             (16) 

In addition, by analogy with [3, 7, 10], we suppose that 

𝐾(𝑖)(𝜏, 𝑠) = −𝑅(𝑡1, 𝜏)
𝜕2𝜑𝑖(𝑥(𝑡1))

𝜕𝑥2
𝑅(𝑡1, 𝑠) + ∫ 𝑅(𝑡, 𝜏) [𝐻𝑥𝑥

(𝑖)[𝑡] + 𝛽𝑖(𝑡)𝜎𝑥𝑥[𝑡]] 𝑅(𝑡, 𝑠)𝑑𝑡.
𝑡1

max (𝜏,𝑠)

   

Hence, using identities (14)-(16) and taking into account the last notation, we can transform second 

variation (8) of the functional 𝑆𝑖(𝑢) to the form 
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𝛿2𝑆𝑖(𝑢; 𝛿𝑢) = −𝐸 {∫ ∫ 𝛿𝑢′(𝜏)𝐾(𝑖)(𝜏, 𝑠)𝛿𝑢(𝑠)
𝑡1

𝑡0

𝑡1

𝑡0

𝑑𝜏𝑑𝑠 + ∫ 𝛿𝑢′(𝑡)𝐻𝑢𝑢
(𝑖)

𝑡1

𝑡0

[𝑡]𝛿𝑢(𝑡)𝑑𝑡 + 

+2 ∫ [∫ 𝛿𝑢′(𝜏)𝐻𝑥𝑢
(𝑖)[𝜏]𝑅(𝜏, 𝑡)

𝑡1

𝑡

𝑑𝜏] 𝛿𝑢(𝑡)𝑑𝑡}.                                              (17) 
𝑡1

𝑡0

 

Comparing expressions (13) and (17), it is easy to see the validity of 

Theorem 3. It is necessary for the optimality of the admissible pair (𝑢(𝑡), 𝑥(𝑡)) in stochastic 

problem (1)-(6) that the following inequality hold for all 𝛿𝑢(𝑡) ∈ 𝐾(𝑢; 𝛿𝑢): 

min
𝜆∈𝐴(𝑢)

𝐸 {∫ ∫ 𝛿𝑢′(𝜏)𝐾(𝜆)(𝜏, 𝑠)𝛿𝑢(𝑠)
𝑡1

𝑡0

𝑡1

𝑡0

𝑑𝜏𝑑𝑠 + ∫ 𝛿𝑢′(𝑡)𝐻𝑢𝑢
(𝜆)

𝑡1

𝑡0

[𝑡]𝛿𝑢(𝑡)𝑑𝑡 + 

+2 ∫ [∫ 𝛿𝑢′(𝜏)𝐻𝑥𝑢
(𝜆)

[𝜏]𝑅(𝜏, 𝑡)
𝑡1

𝑡

𝑑𝜏] 𝛿𝑢(𝑡)𝑑𝑡} ≤ 0 
𝑡1

𝑡0

.                                (18) 

Here, by definition 

𝐾(𝜆)(𝜏, 𝑠) = ∑ 𝜆𝑖𝐾
(𝑖)(𝜏, 𝑠), 𝐻𝑢𝑥

(𝜆)
[𝑡]

𝑞

𝑖=0

= ∑ 𝜆𝑖𝐻𝑢𝑥
(𝑖)

[𝑡],

𝑞

𝑖=0

 𝐻𝑢𝑢
(𝜆)

[𝑡] = ∑ 𝜆𝑖𝐻𝑢𝑢
(𝑖)[𝑡].

𝑞

𝑖=0

 

Note that inequality (18) is itself a source of obtaining optimality conditions. Here are some of 

them. 

Assuming in (18) 

𝛿𝑢𝜀(𝑡) = {
𝑢, 𝑡 ∈ [𝜃, 𝜃 + 𝜀),

0, 𝑡 ∉ [𝜃, 𝜃 + 𝜀),           
 

where 𝜀 > 0 is a sufficiently small arbitrary number such that   𝜃 + 𝜀 < 𝑡1, 𝜃 ∈ [𝑡0, 𝑡1) is a arbitrary 

Lebesgue point of the control 𝑢(𝑡), 𝑢 ∈ 𝑅𝑟 is an arbitrary vector, we arrive at 

Corollary (stochastic analogue of the Legendre-Klebsch condition). Along the optimal process 

(𝑢(𝑡), 𝑥(𝑡)) for all 𝑢 ∈ 𝑅𝑟 and 𝜃 ∈ [𝑡0, 𝑡1) 

min
𝜆∈𝐴(𝑢)

𝐸 𝑢′ 𝐻𝑢𝑢
(𝜆)

𝑢 ≤ 0. 

Now we consider the case of degeneration of the Legendre-Klebsch condition. 

Definition [6, 8]. The admissible control 𝑢(𝑡) will be called singular in the classical sense in 

stochastic problem (1)-(6), if for all 𝑢 ∈ 𝑅𝑟 , 𝜃 ∈ [𝑡0, 𝑡1) 

min
𝜆∈𝐴(𝑢)

𝐸 𝑢′ 𝐻𝑢𝑢
(𝜆)

𝑢 = 0. 

Now, assuming in (18) 

𝛿𝑢(𝑡) = {
0, 𝑡 ∈ [𝑡0, 𝜃),

𝑢, 𝑡 ∈ [𝜃, 𝑡1),
 

then according to the scheme of [6] we obtain 

Theorem 4. It is necessary for the optimality of the singular, in the classical sense, pair 

(𝑢(𝑡), 𝑥(𝑡)) in stochastic problem (1)-(6) that for all 𝑢 ∈ 𝑅𝑟 and  𝜃 ∈ [𝑡0, 𝑡1)  that satisfy the 

conditions  

𝐻𝑢
(𝑖)′

[𝜃]𝑢 ≥ 0, 𝑖 = 0, 𝑝,̅̅ ̅̅ ̅ 𝐻𝑢
(𝑖)′

[𝜃]𝑢 = 0, 𝑖 = 𝑝 + 1, 𝑞,̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
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the following relations hold: 

min
𝜆∈𝐴(𝑢)

𝐸𝑢′(𝐾(𝜆)(𝜃, 𝜃) + 𝐻𝑥𝑢
(𝜆)[𝜃]𝑓𝑢[𝜃]) 𝑢 ≤ 0. 

 

4. Conclusion 

 

We have found first- and second-order necessary optimality conditions in terms of variations 

of functionals in a stochastic control problem in the presence of functional equality and inequality 

constraints at the end of the system trajectory. 
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