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1. Introduction 
 

Suppose that 𝜉𝑛, 𝑛 ≥ 1 is a sequence of independent identically distributed random variables 

defined on some probability space (𝛺, ℱ, 𝑃). As is known, the first-order autoregressive process 

(𝐴𝑅(1)) is determined using a recurrence relation of the form  

𝑋𝑛 = 𝛽𝑋𝑛 −1 + 𝜉𝑛,   𝑛 ≥ 1,                                                          (1) 

where 𝛽 ∈ 𝑅 = (−∞,+∞) is some fixed number and it is assumed that the initial value of 𝑋0 does 

not depend on innovation {𝜉𝑛}.  
As noted in [1], the statistical estimate for the parameter 𝛽 based on observations 

𝑋0, 𝑋1, … , 𝑋𝑛 has the form: 

𝜃𝑛 =
𝑇𝑛
𝑆𝑛
,                                                                                          (2) 

where 𝑇𝑛 = ∑ 𝑋𝑘
𝑛
𝑘=1 𝑋𝑘−1 and 𝑆𝑛 = ∑ 𝑋𝑘−1

2𝑛
𝑘=1 , 𝑛 ≥ 1. 

Note that the statistical estimate 𝜃𝑛 of the form (2) was obtained using the least squares 

method [1]. The sequences 𝑇𝑛, 𝑆𝑛 and 𝜃𝑛, 𝑛 ≥ 1 are Markov random walks and play an important 

role in the theory of nonlinear renewal ([2], [3]). 

Limit theorems for these Markov random walks were studied in [1], [2], [4] under various 
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assumptions about the innovation {𝜉𝑛} and the parameter 𝛽 of the process 𝐴𝑅(1). 
These limit theorems allow us to study a number of boundary value problems related to the 

intersection of a linear and nonlinear boundary by random walks 𝑇𝑛, 𝑆𝑛 and 𝜃𝑛, 𝑛 ≥ 1. 

Some linear boundaries of the problem for Markov random walks are studied in [2], [3], [5], 

[6]. 

Nonlinear boundary value problems for Markov random walks have been studied very little. 

Some results in this area were obtained in [5], [7], [8]. 

Consider a family of first passage times 

𝜏𝑎 = 𝑖𝑛𝑓{𝑛 ≥ 1: 𝑇𝑛 ≥ 𝑓𝑎(𝑛)}                                                              (3) 

of the Markov random 𝑇𝑛 = ∑ 𝑋𝑘
𝑛
𝑘=1 𝑋𝑘−1, 𝑛 ≥ 1 for the nonlinear boundary 𝑓𝑎(𝑡), 𝑎 > 0, 𝑡 > 0  

Assume that 𝑖𝑛𝑓{Ø} = ∞. 
In [7], under certain assumptions about the nonlinear boundary 𝑓𝑎(𝑡), a strong law of large 

numbers and a theorem on the uniform integrability of the family 𝜏𝑎, 𝑎 > 0, of the form (3) were 

proved. 

In this paper, we prove the central limit theorem for the Markov random walk  𝑇𝑛, 𝑛 ≥ 1 and 

family (3). 

Similar problems have been studied for the case of a linear boundary 𝑓𝑎(𝑡) = 𝑎 in [3], [9] and 

[10]. 
 
2. Problem statement and proof of the main results 

 

First, we note the following known facts, which we will need further. 

Regarding the process 𝐴𝑅(1), we will assume that 𝐸𝜉1 = 0, 𝐷𝜉1 = 1, 𝐸𝑋0
2 < ∞ and |𝛽| <

1 (see. [1], [2]). 

Under these conditions, it was shown in [2] (see also [1]) that for 𝑛 → ∞: 

𝑇𝑛
𝑛

𝑛.н.
→ 𝜆 =

𝛽

1 − 𝛽2
,                                                               (4) 

 
𝑆𝑛
𝑛

𝑛.н.
→ 

1

1 − 𝛽2
                                                                       (5) 

and it was proved in [1] that the central limit theorem holds for 𝜃𝑛:  

lim
𝑛→∞

𝑃(√𝑛 (𝜃𝑛 − 𝛽) ≤ 𝑥) = Φ(
𝑥

𝛿
),                               (6) 

where 𝑥 ∈ 𝑅, and δ = √1 − 𝛽2 , Φ(𝑥) =
1

√2𝜋
∫ 𝑒−

𝑦2

2
𝑥

−∞
 𝑑𝑦. 

In what follows, we will assume that 𝛽 ∈ (0,1). 
Regarding the nonlinear boundary 𝑓𝑎(𝑡), we will assume that the following regularity 

conditions are satisfied: 

1) For each 𝑎, the function 𝑓𝑎(𝑡) increases, continuously differentiable for 𝑡 > 0, and 𝑓𝑎(1) ↑
∞ for  𝑎 → ∞. 

2) For each 𝑎, the function 
𝑓𝑎(𝑡)

𝑡
  decreases to zero for 𝑡 → ∞. 

3) For any function 𝑛 = 𝑛(𝑎) → ∞, 𝑎 → ∞, such that 
𝑓𝑎(𝑛)

𝑛
→ 𝜆 for 𝑎 → ∞ holds 𝑓𝑎

′(𝑛) →

𝜇 ∈ (0, 𝜆). 
By virtue of the assumptions made, the equation 𝑓𝑎(𝑛) = 𝑛𝜆 has a unique solution 𝑁𝑎 =

𝑁𝑎(𝜆), and 𝑁𝑎 → ∞ for 𝑎 → ∞. 

Note that for the family of functions 𝑓𝑎(𝑡) = 𝑎𝑡
𝜀 , 0 < 𝜀 < 1, conditions 1-3 are satisfied. 
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In [7], it was proved that under the above conditions with respect to the process 𝐴𝑅(1) and 

the family of nonlinear boundaries 𝑓𝑎(𝑡),  

   𝜏𝑎
𝑛.н.
→ ∞ and  

 𝜏𝑎

𝑁𝑎

𝑛.н.
→ 1 for  𝑎 → ∞                                                (7) 

We have 

Theorem 1. Suppose that 𝐸𝜉1 = 0,𝐷𝜉1 = 1, 𝐸𝑋0
2 < ∞ and 0 < |𝛽| < 1. Then for any 𝑥 ∈ 𝑅 

lim
𝑛→∞

𝑃 (√𝑛 (
𝑇𝑛
𝑛
− 𝜆) ≤ 𝑥) = Φ(𝑥𝛿). 

Proof. It is clear that by virtue of (3) and (4) 𝜃𝑛
𝑛.н.
→ 𝛽 for 𝑛 → ∞. Then, given that 

𝑇𝑛

𝑛𝜃𝑛
𝑛.н.
→ 

1

1−𝛽2
 for 𝑛 → ∞, from (6) we have: 

lim
𝑛→∞

𝑃 (√𝑛 (
𝑇𝑛
𝑛
− 𝜆) ≤ 𝑥) = lim

𝑛→∞
𝑃 (
𝑇𝑛
𝑛
≤
𝑥

√𝑛
+ 𝜆) = 

= lim
𝑛→∞

𝑃 (𝜃𝑛
𝑇𝑛
𝑛𝜃𝑛

≤
𝑥

√𝑛
+ 𝜆) = lim

𝑛→∞
𝑃 (𝜃𝑛 ≤

𝑥(1 − 𝛽2)

√𝑛
+ 𝜆(1 − 𝛽2)) = 

= lim
𝑛→∞

𝑃 (𝜃𝑛 ≤
𝑥(1 − 𝛽2)

√𝑛
+ 𝛽) = lim

𝑛→∞
𝑃 (√𝑛 (𝜃𝑛 − 𝛽) ≤ 𝑥(1 − 𝛽

2)) = 

               =  Φ(
𝑥(1−𝛽2)

𝛿
) = Φ(𝑥𝛿), 

since 𝛿2 = (1 − 𝛽2). 

Note 1. Note that the statement of Theorem 1 was given without proof in [2], where the value 

of the parameter of the limiting distribution was specified erroneously. 

Using Theorem 1, we prove the following central limit theorem for the family 𝜏𝑎, 𝑎 > 0, of 

the form (3).  

Theorem 2. Suppose that 𝐸𝜉1 = 0,𝐷𝜉1 = 1, 𝐸𝑋0
2 < ∞ and 0 < 𝛽 < 1 and conditions 1, 2, 

and 3 are satisfied. Then for 𝑥 ∈ 𝑅 

lim
𝑎→∞

𝑃 (√𝑁𝑎  (
𝜏𝑎
𝑁𝑎
− 1) ≤ 𝑥) = Φ(𝑥𝛾), 

where 𝛾 = 𝛿(𝜆 − 𝜇).  
To prove this theorem, we need the following lemmas. 

Lemma 1. Suppose that the sequence 𝑌𝑛, 𝑛 ≥ 1 of random variables converges in distribution 

to the random variable 𝑌, i.e., 𝑌𝑛
𝑑
→ 𝑌 for 𝑛 → ∞, and it is uniformly continuous in probability, i.e., 

it satisfies the condition 

lim
𝛿→0

𝑠𝑢𝑝
𝑛
𝑃 ( max

1≤𝑘≤𝑛𝛿
|𝑌𝑛+𝑘 − 𝑌𝑛| > 𝜀) = 0                                             (8) 

For any 𝜀 > 0. 

Furthermore, suppose that 𝜂𝑎 , 𝑎 > 0 is a family of non-negative integer random variables 

such that 

𝜂𝑎
𝑚𝑎

𝑃
→ 𝑐 > 0,    

where  𝑚𝑎 → ∞ for 𝑎 → ∞ and 𝑐 is a constant. 
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Then 𝑌𝜂𝑎
𝑑
→ 𝑌 for 𝑎 → ∞.  

The statement of this lemma follows from Anscombe's theorem proved in [11] (see also [12]). 

Lemma 2.  

1) If the sequence 𝑌𝑛, 𝑛 ≥ 1 converges almost surely to a finite limit, then it is uniformly 

continuous in probability.  

2) If the sequences  𝑌𝑛 and 𝑍𝑛, 𝑛 ≥ 1 are uniformly continuous, then their sum  𝑌𝑛 + 𝑍𝑛, 𝑛 ≥
1 is also uniformly continuous in probability. Moreover, if the sequences  𝑌𝑛 and 𝑍𝑛, 𝑛 ≥ 1 are 

stochastically bounded, then their product  𝑌𝑛𝑍𝑛, 𝑛 ≥ 1 is uniformly continuous in probability. 

Statement 2 of this lemma was proved in [12], and statement 1 immediately follows from the 

definition of convergence almost sure ([11]). 

Lemma 3. The sequence 𝑇𝑛
∗ = √𝑛 (

𝑇𝑛

𝑛
− 𝜆) ,   𝑛 ≥ 1 is uniform in probability. 

The statement of Lemma 3 is proved in [2]. 

Proof of Theorem 2. Denote 𝑅𝑎 = 𝑇𝜏𝑎 − 𝑓𝑎(𝜏𝑎)  and 𝜏𝑎
∗ =

𝜏𝑎−𝑁𝑎

√𝜏𝑎
. 

We have 

𝑇𝜏𝑎 − 𝜆𝜏𝑎

√𝜏𝑎
=
𝑓𝑎(𝜏𝑎) − 𝜆𝜏𝑎

√𝜏𝑎
+
𝑅𝑎

√𝜏𝑎
=
𝑓𝑎(𝑁𝑎) − 𝜆𝜏𝑎

√𝜏𝑎
+
𝑅𝑎

√𝜏𝑎
= 

=
𝑓𝑎(𝑁𝑎) − 𝜆𝜏𝑎

√𝜏𝑎
+
𝑓𝑎(𝜏𝑎) − 𝑓𝑎(𝑁𝑎)

√𝜏𝑎
+
𝑅𝑎

√𝜏𝑎
.                                                (9) 

By the mean value theorem, 

𝑓𝑎(𝜏𝑎) − 𝑓𝑎(𝑁𝑎) = 𝑓𝑎
′(𝜈𝑎)(𝜏𝑎 − 𝑁𝑎) 

where 𝜈𝑎 is an intermediate point between 𝑁𝑎 and 𝜏𝑎. 

Then, given that 𝑓𝑎(𝑁𝑎) =  𝜆𝑁𝑎, from (9) we get 

𝑇𝜏𝑎 − 𝜆𝜏𝑎

√𝜏𝑎
= 𝜆

𝑁𝑎 − 𝜏𝑎

√𝜏𝑎
+ 𝑓𝑎

′(𝜈𝑎)
𝜏𝑎 − 𝑁𝑎

√𝜏𝑎
+
𝑅𝑎

√𝜏𝑎
 

or 

𝑇𝜏𝑎 − 𝜆𝜏𝑎

√𝜏𝑎
= 𝜏𝑎

∗(𝑓𝑎
′(𝜈𝑎) − 𝜆) +

𝑅𝑎

√𝜏𝑎
.                                                     (10) 

It follows from Theorem 1 and Lemmas 1 and 3 that  

lim
𝑎→∞

𝑃 (
𝑇𝜏𝑎 − 𝜆𝜏𝑎

√𝜏𝑎
≤ 𝑥) = Φ(𝑥𝛿).                                                    (11) 

Let us prove that the second term in (10) converges to zero in probability for 𝑎 → ∞, i.e., 

𝑅𝑎

√𝜏𝑎

𝑃
→ 0                                                                                            (12) 

Indeed, given that 𝑇𝜏𝑎−1 < 𝑓𝑎(𝜏𝑎) by definition of 𝜏𝑎 с 

0 ≤ 𝑅𝑎 = 𝑇𝜏𝑎 − 𝑓𝑎(𝜏𝑎)  <   𝑇𝜏𝑎 − 𝑇𝜏𝑎−1 = Х𝜏𝑎Х𝜏𝑎−1. 

Hence it is clear that to prove (12) it is sufficient to show that 

Х𝜏𝑎Х𝜏𝑎−1

√𝜏𝑎

𝑃
→ 0 for 𝑎 → ∞.                                                       (13) 
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To this end, we first prove that 

Х𝑛Х𝑛−1

√𝑛

𝑃
→ 0 for  𝑛 → ∞.                                                       (14) 

Using the Chebyshev inequality and the Cauchy-Schwartz inequality, we have: 

𝑃(|𝑋𝑛 𝑋𝑛−1| ≥ 𝜀√𝑛) ≤
𝐸|𝑋𝑛 𝑋𝑛−1|

𝜀√𝑛
≤
1

𝜀
√
𝐸𝑋𝑛2 ∙ 𝐸𝑋𝑛−1

2

𝑛
.                         (15) 

It was shown in [1] that under the condition of Theorem 1, 

𝐸𝑋𝑛
2 →

1

1 − 𝛽2
  for  𝑛 → ∞.                                                              

Therefore, (15) implies (14). 

Further, given that 𝑋𝑛 𝑋𝑛−1 = 𝑇𝑛 − 𝑇𝑛−1m we have: 

Х𝑛Х𝑛−1

√𝑛
=
𝑇𝑛 − 𝑇𝑛−1

√𝑛
=
𝑇𝑛 − 𝑛𝜆

√𝑛
−
𝑇𝑛−1 − 𝑛𝜆

√𝑛
= 𝑇𝑛

∗ − 𝑇𝑛
∗√
𝑛 − 1

𝑛
+
𝜆

√𝑛
 ,  

where 𝑇𝑛
∗ =

𝑇𝑛−𝑛𝜆

√𝑛
 . 

By virtue of Lemma 2 and Lemma 3, it follows from the last equality that the sequence 
Х𝑛Х𝑛−1

√𝑛
, 𝑛 ≥ 1 is uniformly continuous in probability. 

Then from (14) and Lemma 1 it follows (13). Thus, we have proved convergence (12). 

Now we will show that in equality (10) 

𝑓′(𝛾𝑎)
𝑛.н.
→ 𝜇 for  𝑎 → ∞.                                                        (16) 

By virtue of condition 3) with respect to the functions 𝑓𝑎(𝑡), we should show that  

 𝑓𝑎(𝛾𝑎)

𝛾𝑎

𝑛.н.
→ 𝜆 for  𝑎 → ∞                                                                      (17) 

For definiteness, assume 𝜏𝑎 ≤ 𝛾𝑎 ≤ 𝑁𝑎. 

Then, by virtue of condition 2, we have 

𝜇 =
𝑓𝑎(𝑁𝑎)

𝑁𝑎
≤
 𝑓𝑎(𝛾𝑎)

𝛾𝑎
≤
𝑓𝑎(𝜏𝑎)

𝜏𝑎
                                                     (18) 

Let us prove that 
 𝑓𝑎(𝜏𝑎)

𝜏𝑎

𝑛.н.
→ 𝜆 for  𝑎 → ∞   (19) 

By the definition of 𝜏𝑎, we can write 

𝑇𝜏𝑎−1

𝜏𝑎
<
𝑓𝑎(𝜏𝑎)

𝜏𝑎
≤
𝑇𝜏𝑎
𝜏𝑎
                                                                       (20) 

As can be seen, in order to prove (19), it is necessary to show that 
 𝑇𝜏𝑎
𝜏𝑎

𝑛.н.
→ 𝜆 for 𝑛 → ∞                                                                         (21) 

We denote 

𝐴 = {𝜔:
𝑇𝑛
𝑛
→ 𝜆, 𝑛 → ∞},                                                                           

𝐵 = {𝜔: 𝜏𝑎 → ∞, 𝑎 → ∞}                                                                           
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and 

𝐶 = {𝜔:
𝑇𝜏𝑎
𝜏𝑎
→ 𝜆, 𝑎 → ∞}.                                                                         

By virtue of (4), 𝑃(𝐴) = 1, and by virtue of (7), 𝑃(𝐵) = 1. It is clear that 𝐴 ∩ 𝐵 ⊂ 𝐶. Hence, given 

that 𝑃(𝐴𝐵) = 1, By virtue of 𝑃(𝐶) = 1. 

Consequently, convergence (21) takes place. 

Then (20) implies (19). 

Therefore, from (10), (11), and (12) we have: 

lim
𝑎→∞

𝑃(𝜏𝑎
∗  (𝜇 − 𝜆) ≤ 𝑥) = Φ(𝑥𝛿) 

or 

1 − lim
𝑎→∞

𝑃(𝜏𝑎
∗  (𝜆 − 𝜇) ≤ −𝑥) = Φ(𝑥𝛿). 

Hence, applying the equality Φ(𝑥) + Φ(−𝑥) = 1, we have that 

lim
𝑎→∞

𝑃(𝜏𝑎
∗  (𝜆 − 𝜇) ≤ 𝑥) = Φ(𝑥𝛿). 

By virtue of (7) from the last equality, we complete the proof of Theorem 2. 

Note 2. Note that Theorem 2 for an ordinary random walk formed by sums of independent 

random variables was proved in [13]. Note also that similar theorems were proved in [14] for the 

case when the random walk is described by the trajectories of the Markov chain. 

 

3. Conclusion 

 

In this article, we consider a family of first passage times of a Markov random walk 

described by a first-order autoregressive process for nonlinear boundaries. The central limit theorem 

has been proved for the Markov random walk. Using this theorem, we have proved the central limit 

theorem for the family of first passage times of this walk for nonlinear boundaries.  
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