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1. Introduction

Suppose that &,,n > 1 is a sequence of independent identically distributed random variables
defined on some probability space (£2,F,P). As is known, the first-order autoregressive process
(AR(1)) is determined using a recurrence relation of the form

Xn=BXn_1+é, n=1, €Y

where f € R = (—o0, +0) is some fixed number and it is assumed that the initial value of X, does
not depend on innovation {&,,}.

As noted in [1], the statistical estimate for the parameter B based on observations
Xo, X4, ..., Xy, has the form:

(2)

where T, = ¥*_, X, X, and S, = ¥r_, XZ_,,n > 1.

Note that the statistical estimate 6,, of the form (2) was obtained using the least squares
method [1]. The sequences T,, S, and 6,, n = 1 are Markov random walks and play an important
role in the theory of nonlinear renewal ([2], [3]).

Limit theorems for these Markov random walks were studied in [1], [2], [4] under various
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assumptions about the innovation {£,,} and the parameter S of the process AR(1).

These limit theorems allow us to study a number of boundary value problems related to the
intersection of a linear and nonlinear boundary by random walks T;,, S,, and 6,,, n > 1.

Some linear boundaries of the problem for Markov random walks are studied in [2], [3], [5],
[6].

Nonlinear boundary value problems for Markov random walks have been studied very little.
Some results in this area were obtained in [5], [7], [8].

Consider a family of first passage times

7o = inf{n 2 1: T, = fo(n)} (3)

of the Markov random T,, = Y.}-; Xx Xx_1,n = 1 for the nonlinear boundary f,(t),a > 0,t >0
Assume that inf{@} = oo.

In [7], under certain assumptions about the nonlinear boundary f,(t), a strong law of large
numbers and a theorem on the uniform integrability of the family z,, a > 0, of the form (3) were
proved.

In this paper, we prove the central limit theorem for the Markov random walk T,,,n > 1 and
family (3).

Similar problems have been studied for the case of a linear boundary f,(t) = a in [3], [9] and
[10].

2. Problem statement and proof of the main results

First, we note the following known facts, which we will need further.

Regarding the process AR(1), we will assume that E&; =0, Dé; =1, EXZ < o and |B]| <
1 (see. [1], [2]).

Under these conditions, it was shown in [2] (see also [1]) that for n — co:

T, nu. B
n AT T )
Spynu 1
n 1-p )
and it was proved in [1] that the central limit theorem holds for 6,,:
. X
lim P(VaL (6, — ) < x) = (3), (6)

y2
where x € R,and § = /1 — B?,d(x) = \/%_nf_xme‘z dy.
In what follows, we will assume that 8 € (0,1).
Regarding the nonlinear boundary f,(t), we will assume that the following regularity
conditions are satisfied:
1) For each a, the function f,(t) increases, continuously differentiable for t > 0, and f,(1) T
o for a — oo,

2) For each a, the function f“T(t) decreases to zero for t — co.

3) For any function n = n(a) - o, a — oo, such that % — A for a = o holds f;(n) -
u € (0,2).

By virtue of the assumptions made, the equation f,(n) = nd has a unique solution N, =
N,(1),and N, — oo for a — oo.

Note that for the family of functions f,(t) = at®, 0 < & < 1, conditions 1-3 are satisfied.

41



F.G. Rahimov et al. / Informatics and Control Problems 41 Issue 2 (2021)

In [7], it was proved that under the above conditions with respect to the process AR(1) and
the family of nonlinear boundaries f, (t),
TgooandN——>1f0ra—>oo (7)

a

We have
Theorem 1. Suppose that E&; = 0,D¢; = 1, EXZ < 0 and 0 < |B| < 1. Then for any x € R

lim P (\/ﬁ (% — A) < x) = ®(x6).

n—->oo

Proof. It is clear that by virtue of (3) and (4) 6, Eﬁﬁ for n —» oo. Then, given that nTT"

N.H.

, from (6) we have:

i (07 (3) ) = (s o)
=AEEOP(9":T“S%”)=}E§OP<HTL< (\/ﬁﬁ)uu ,8))
=limP<9 <Lﬁz)+ﬁ>=1imp(\/ﬁ(9 —3)<x(1—32))=
n—co n-= Jn n->co n =

= o () = o),
since 62 = (1 — B2).

Note 1. Note that the statement of Theorem 1 was given without proof in [2], where the value
of the parameter of the limiting distribution was specified erroneously.

Using Theorem 1, we prove the following central limit theorem for the family t,,a > 0, of
the form (3).

Theorem 2. Suppose that E&; = 0,D&; = 1,EX3 < ocand 0 < 8 < 1 and conditions 1, 2,
and 3 are satisfied. Then for x € R

lim P (\/N_a (;l—“ - 1) < x) = & (xy),

a—oo a

where y = 6(4 — ).
To prove this theorem, we need the following lemmas.

Lemma 1. Suppose that the sequence Y,,n = 1 of random variables converges in distribution

d
to the random variable Y, i.e., ¥,, = Y for n — oo, and it is uniformly continuous in probability, i.e.,
it satisfies the condition
11_1’)1(1) s%pP( E,lg';‘ﬁgwﬂk - Y, > 8) =0 (8)
Forany € > 0.

Furthermore, suppose that n,,a > 0 is a family of non-negative integer random variables

such that
77_a -c>0,

mg

where m, — oo for a — oo and c is a constant.
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d
ThenY, —Y fora - oo,
The statement of this lemma follows from Anscombe's theorem proved in [11] (see also [12]).

Lemma 2.

1) If the sequence Y,,,n = 1 converges almost surely to a finite limit, then it is uniformly
continuous in probability.

2) If the sequences Y,, and Z,,n = 1 are uniformly continuous, then their sum Y, + Z,,n >
1 is also uniformly continuous in probability. Moreover, if the sequences Y, and Z,,n > 1 are
stochastically bounded, then their product Y,Z,,n = 1 is uniformly continuous in probability.

Statement 2 of this lemma was proved in [12], and statement 1 immediately follows from the

definition of convergence almost sure ([11]).
Lemma 3. The sequence T, = \/H(Tn—" — /1), n = 1 is uniform in probability.
The statement of Lemma 3 is proved in [2].

Proof of Theorem 2. Denote R, = T;, — f,(7,) and 7, =
We have

Ta—Ng

i

Ty, — 114 _ Ja(ta) =Atq Ry fa(Ng) — A1, n Ry

Vra NN N RN

_fall) At fuTe) = fuNa) R

: 9
N Ve Va
By the mean value theorem,
fa(Ta) - fa(Na) = fa’(va)(‘[a — Ng)
where v, is an intermediate point between N, and 7.
Then, given that f,(N,) = AN,, from (9) we get
T, — At N,—7 T, — N, R
Tq a:/la a+fa,(Va)a a+ a
NN NN
or
T, — At R
== (i) — D+ —=. (10)
Ve =
It follows from Theorem 1 and Lemmas 1 and 3 that
T, —At,
lim P | ———< x| = ®(x9). (11)
a—oo JTa
Let us prove that the second term in (10) converges to zero in probability for a — oo, i.e.,
R, P
-0 (12)
N
Indeed, given that T, _; < f,(t,) by definition of 7, ¢
0<R;= Tra —fa(re) < T‘L'a - T‘L'a—l = X‘raX‘ra—l-
Hence it is clear that to prove (12) it is sufficient to show that
P
i;“_l—mfora—mo. (13)
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To this end, we first prove that

XnXn-1 P
i — 0 for n - oo, (14)

Using the Chebyshev inequality and the Cauchy-Schwartz inequality, we have:

E|X,X,—1| 1 |EX2-EX?_
P(1Xp Xp_1] = evn) < ;ﬁf SE/ 71n n-1 (15)

It was shown in [1] that under the condition of Theorem 1,

1
EX,21—>1_,82 for n - o
Therefore, (15) implies (14).
Further, given that X,, X,,_; = T,, — T,,_ym we have:
XpXp1  Tp—Tpoq Ty —nld Tn_l—nll_T* - n—1+ y)
Vi Vn n vo o " N n
x _ Tn—ml
where T, = NG

By virtue of Lemma 2 and Lemma 3, it follows from the last equality that the sequence
Efnot n>1is uniformly continuous in probability.

Vn
Then from (14) and Lemma 1 it follows (13). Thus, we have proved convergence (12).
Now we will show that in equality (10)

f'(ya) = pfor a - o. (16)
By virtue of condition 3) with respect to the functions £, (t), we should show that
fa(¥a) n " Afor a — 17)
Ya

For definiteness, assume 7, <y, < N,.
Then, by virtue of condition 2, we have

_ fa(Ng) < faVa) < fa(ta)
Na YQ Ta
Let us prove that =—== f“( ) ™% ) for a — oo (19)
By the deflnltlon of t,, we can write

‘L'a—l fa (Ta)

Ta Ta Ta

(18)

(20)

As can be seen, in order to prove (19), it is necessary to show that

Ty, n

(21)

Ta
We denote

T,
A= {a):——>l,n—> 00},
n

B ={w:1, » ®,a — oo}
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and

T
C = {a):—“ - Aa- 00}.
Ta

By virtue of (4), P(A) = 1, and by virtue of (7), P(B) = 1. Itis clear that An B < C. Hence, given
that P(AB) = 1, By virtue of P(C) = 1.

Consequently, convergence (21) takes place.

Then (20) implies (19).

Therefore, from (10), (11), and (12) we have:

lim P(z; (u—A) < x) = &(x6)
a— oo
or
1—lim P(t; (A —pu) < —x) = ®(x6).
a—oo

Hence, applying the equality ®(x) + ®(—x) = 1, we have that
lim P(t; (A —p) < x) = &(x6).
a—oo

By virtue of (7) from the last equality, we complete the proof of Theorem 2.

Note 2. Note that Theorem 2 for an ordinary random walk formed by sums of independent
random variables was proved in [13]. Note also that similar theorems were proved in [14] for the
case when the random walk is described by the trajectories of the Markov chain.

3. Conclusion

In this article, we consider a family of first passage times of a Markov random walk
described by a first-order autoregressive process for nonlinear boundaries. The central limit theorem
has been proved for the Markov random walk. Using this theorem, we have proved the central limit
theorem for the family of first passage times of this walk for nonlinear boundaries.

Acknowledgement. This work supported by the Science Development Foundation under the
President of the Republic of Azerbaijan - Grant No EIF-ETL-2020-2(36)-16/05/1-M-05.

References

[1] D. Pollard, Convergence of Stochastic Processes. Springer, New-York, 1984.

[2] V.F. Melfi, Nonlinear Markov renewal theory with statistical applications, The Annals of Probability. 20 No.2
(1992) pp.753-771.

[3] F.H.Rahimov, F.D. Azizov, V.S. Khalilov, Integral limit theorem for the first passage time for the level of random
walk, described with AR (1) sequences, Transaction of NAS of Azerbaijan. 32 No.4 (2012) pp.95-100.

[4] Y. Zhang, X. Yang, Limit Theory for Random Coefficient First-Order Autoregressive Process, Communications in
Statistics. 39 (2010) pp.1922-1931.

[51 A.A. Novikov, Some remarks on distribution of the first passage time and optimal stop of AR (1)-sequences,
Theoriya veroyatn. i ee primen. 53 No.3 (2008) pp.458-471.

[6] S.A. Aliyev, F.H. Rahimov, A.D. Farhadova, V.S. Khalilov, Limit theorems for family of first passage time of the
level by random walk described by a nonlinear function of the sequence autoregressive process of order one (AR
(1)), Uzbek Mathematical Journal. No.1 (2019) pp. 4-14.

[7] ®.I'. Parumos, T.E. I'amimoBa, JI.B. Kynuesa, O paBHOMEpHO# HHTErPUPYEMOCTH CeMeiicTBa MOMEHTOB IIEPBOTO
nepeceveHus HeIMHEHHON TpaHuIIbl CITyqalHBIH 0Ty /IaHHEM, OITHCHIBAEMOM ITPOIIECCOM aBTOperpecud, Journal
of Baku Engineering University, Mathematics and Computer Science. 3 No.2 (2019) pp. 84-90. [In Russian: F.G.
Rahimov, T.Ye. Hashimova, L.V. Guliyeva, On the uniform integrability of a family of first passage times of a
random walk described by an autoregressive process for nonlinear boundaries].

[8] F.H.Rahimov, I.A. Ibadova, V.S. Khalilov, Limit theorems for a family of the first passage times of a parabola by

45



F.G. Rahimov et al. / Informatics and Control Problems 41 Issue 2 (2021)

the sums of the squares autoregression process of order one (AR (1)), Uzbek Mathematical Journal. No.2 (2019)
pp.81-88.

[9] F.H.Rahimov, V.A. Abdurakhmanov, T.E. Hashimova, On the asymptotics of the mean value of the moment of
the moment of the first Level-crossing by the first order autoregression process of order one (AR(1)), Transaction
of NAS of Azerbaijan. 34 No.4 (2014) pp.93-96.

[10] Kh.A. Jafarova, I.A. Ibadova, V.A. Abdurakhmanov, On asymptotic behavior of the mean value of the first
passage time of the level by a random walk described by autoregression process of order one (AR(1)), Transaction
of NAS of Azerbaijan. 35 No.1 (2015) pp.47-50.

[11] A. Gut, Stopped random walks. Limit theorems and applications, Springer, New York, 1988.

[12] M. Woodroofe, Nonlinear renewal theory in sequential analysis, SIAM, Philadelphia, 1982.

[13] @.I'. Parumog, MHTerpasbHbIe peaeIbHbIC TEOPEMbI TSl BpEMEHH TIePeCeUeHHs HETHHEHHBIX TPaHUI] CYMMaMu
HE3aBHCUMBIX BennurH, Teopus BeposT. u ee npumen. 50 No.1 (2005) pp.158-161. [In Russian: F.G. Rahimov,
Integral limit theorems for the passage time of sums of independent quantities for nonlinear boundaries, Teoriya
veroyat. i yeye primen.].

[14] ®.I". Parumos, ®@.J]. A3uzoB, MHTerpansHbie MpeAeibHbIE TEOPEMBI TSI MOMEHTA BPEMEHH TIePECEeUCHHS
HeJMHEeHHUX rpaHull eneit Mapkosa, Teopust BeposT. u ee mpumen. 57 No.1 (2012) pp.178-185. [In Russian:
F.G. Rahimov, F.D. Azizov, Integral limit theorems for the passage time of Markov chains for nonlinear
boundaries, Teoriya veroyat. i yeye primen.].

46



