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1. Introduction

Rocks constituting oil and gas fields in the process of field development under conditions of
high geostatic pressure are usually subjected to non-linear deformation of a relaxational and creeping
nature. In practical cases in which these circumstances are expressed, there is a need to investigate
the appropriately formulated problems related to the prediction of development indicators that allow
the necessary engineering estimates in order to achieve effective development of the reserve potential
of the fields. This also makes it possible to develop theoretical foundations for the development and
operation of oil and gas fields located in conditions of such high geostatic pressure [1-4].

The problems of predicting indicators characterizing the process of development of oil and gas
fields, the rocks of which are subject to inelastic deformation, involve, first of all, the formulation of
problems of underground hydro-gas dynamics, expressed in the filtration of fluids and gases in
reservoirs, and their solution using possible research methods [2, 4]. In this area, many calculation
methods have been created so far, and at present, creation of corresponding new methods continues
on the basis of these methods and on the problems of a different formulation than that of the problems
they cover, as well as with the application of various solution methods [5-9].

For instance, in [5] the problem of developing gas-bearing formations whose rocks undergo
relaxation deformation is considered in a simple formulation (unsteady flow into a single well),
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approximate solutions are given to determine the reservoir development indicators corresponding to
this case; in [6], [7] and [8] nonlinear elastic and inelastic deformations of rocks are considered,
including the proposed solutions to problems of selecting the optimal mode of production wells and
determining formation parameters when developing and operating gas and gas wells; and in [9]
solutions of problems of determining the required number of wells, providing a given dynamics of
production in the development of deep oil fields are given.

In view of the above, in the current study we propose an approximate solution of the problem
in a hydrodynamic formulation, involving the determination of the indicators of development of oil
fields, whose rocks are subject to relaxation deformation in a single-phase fluid flow, similarly to the
approach used in [5].

2. Problem statement

Consider an axisymmetric plane-parallel radial flow of liquid (single-phase oil) in a well with
a radius of rg in a circular bounded oil reservoir with consideration of the second phase of the flow.
The essence of this problem from the hydrodynamic point of view involves determining the
distribution of reservoir pressure across the reservoir. Pressure distribution in the reservoir, taking
into account real changes of fluid and porous medium, in this case is expressed by the following
relation

19 [r k@) 0_10] _ 9(m(1+Bm(P-po)))

o) or o , Tq<r<rg t>0 1)

r or
here p is reservoir pressure; m is porosity; k is permeability; u is fluid viscosity; B,, is fluid
compression coefficient; ry is reservoir radius.

As we see, to determine pressure distribution in the reservoir using equation (1), we must know
the relationship between permeability and porosity variation vs. pressure.

As we know, the change in porosity of the reservoir with rocks subjected to relaxation
deformation, in addition to pressure, is characterized by the following relaxation relationship of the
rate of change in porosity over time [1]:

m -+ Ty 5 = moexp(Bs(P — Po)) @)

here p, and m, are initial reservoir pressure and porosity, respectively; t,, is relaxation time of
porosity; s is the elastic compression coefficient of the rock.

The porosity relaxation time (t,,) is a time period determining the non-equilibrium change in
porosity with respect to the elastic deformation state of the rock (equilibrium state) with decreasing
pressure, and characterizing the quantitative difference between the values porosity gets under
relaxation deformation of the rock and the values it can get under elastic deformation.

As the relaxation deformation of rocks is mainly characterized by its change according to
general law of relaxation in form (2) due to reservoir porosity variation in a smaller interval than
reservoir permeability in conditions of decreasing pressure affecting rock porosity, its effect on the
reservoir permeability variation from the practical point of view is not taken into account. Since the
reservoir permeability variation can be expressed primarily in the process of relaxation variation of
the fluid flow rate in the reservoir, depending on the pressure gradient, in the study of non-equilibrium
fluid flow problems, as a rule, its variation in this case is described through the concept of flow rate
relaxation. On the other hand, since the relaxation variation of the flow rate is expressed as a very
small quantity, this quantity may not be taken into account in practical calculations, especially for the
flow of a Newtonian fluid in a porous medium. In view of the above, the reservoir permeability
variation can be described by the following exponential law [10]:
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k(p) = koexp(ow(p — po)) 3)

here Kk, is initial absolute permeability of the reservoir; ay is a coefficient that characterizes the
change of permeability depending on pressure.

Thus, to determine the distribution of pressure in the reservoir using equation (1), it is necessary
to solve it together with equation (2), taking into account that its permeability is expressed through
relationship (3) of its variation depending on pressure.

To determine the reservoir pressure distribution using differential equations (1) and (2), the
initial conditions

m(r' 0) = My, p(r' 0) = Po (4)

describing the initial state of the reservoir and, respectively, the boundary conditions (5) and (6),
corresponding to the case when the well flow rate q(t) is given and the reservoir boundary is
impermeable.

2ntrhk(p) 6_p _
u(p) or r=rq a®) , ©)
ap
— =0, 6
oar r=ri ( )

here h is the thickness of the reservoir.
3. Solution

We will solve the given problem using the method of averaging the right-hand side of the
differential equation.

First, introducing the notation P = fop@

1(p)

dp and g = %, we express equation (1) and

conditions (5) and (6) as follows:

10 [ aP] _ 3(m(1+Bm(P-po)))
-
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(7) averaging the right-hand side of the equation over the flow area, we write it as follows:

19 0P
;E I"E = F(t) , (10)
here
2 e 0(m(1+Bm®-p0)))
F(t)_rﬁ—ra Jokr o dr. (11)

(8) the general solution of the equation looks as follows:
P = F() "+ C,(Dlnr + C,() (12)

This expression includes the unknown time-dependent functions F(t), C,(t) and C,(t).

Note that for the determination of the unknown quantities F(t), C;(t) and C,(t) included in
relation (12), in addition to conditions (8) and (9), we will use the condition that the function P in the
boundary of the reservoir is equal to the unknown function P, (t) at each instant of time, i.e.,
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P(ry, ©) = Re(t) (13)

Considering conditions (8), (9) and (13), the unknown quantities F(t), C;(t) and C,(t) are
determined as follows:

2 2rég 2rég
F(t)—— 2, C,(t) = rkq 5 G0 = Pk(t)+2(r§532)—r;_k;1nrk. (14)
k™q k™ 'q

Considering these expressions in (12), we obtaln the following final expression for determining
the function P:

P=P +3 [zzkk d —] (15)
The average value of the function P on the r coordlnate is as follows:
2
Py = e frqu rPdr. (16)
From a joint study of (15) and (16), we get:
b =~ rp+rd rirg rq
P,y =P —q [4(r§—ré) + (22 el (17)
Writing (15) for r = ry, we obtain:
~ |1 r? r
Pq = Pk + q [E + rﬁ—kra In i] (18)
Thus, from (17) and (18), we write:
_ o~ g Ik .%rﬁ—r?l
Fav R“'qLﬁw@”“m ne) (19)

On the other hand, applying the rule of approximate calculation of definite integral, we can
write the following expressions:

Pav—Pq k(pq) k(pav)
P,—P, = , 20
av d 2 [“(pq) + H(Pav) ( )

Pk—Pq | k(Pq) |, k(pk)
P.— P, = + ) 21
k= "a 2 [u(pq> 1P (21)

Here, pqy, Pk are pq are averaged, pattern and wellbore pressures, respectively.
If we consider these expressions together with expressions (18) and (10), we get:

rig Ink 3rp-1g
2~(r12<—ra)2 q 4(r12<‘r%1)

Pq = Pav — 49 k(pq), K(pav) ) (22)
u(pq) wPav)
!
_ ~Tk~Tq 'q 2

Pq = Px — qu- (23)

m(pq) H(pK)

It should be noted that when examining relevant hydro-gas dynamics problems in the oil and
gas production practice, the determination of the pattern and well bottom pressure variation over time
is carried out by taking the values of the pattern pressure as approximately equal to the variation of
the averaged reservoir pressure (px = Pav) [11].
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In order to accept the approximate equality py = p,,, in relations (22) and (23), the copies of
fractions on the right-hand side should be close to each other. Let us check how valid this assumption
is. Given that the relative error of the boundary located on the right-hand side of the second relation
with respect to the corresponding boundary of the first relationship is rqy < ry, it is determined as
follows:

4 2_.2 2
I 1Tk 3rk—rq T 1 r_k+l
(st "0 Ahrd) e
100 - 4

1
4In-k_>
r'q

~ 100 -

r12< g 1

n
ri—ra rq 2

Calculations show that whenry = 0.1 m, r, = 100 m, 200 m, 500 m and 1000 m, the values
of this error are 3.9%, 3.52%, 3.11%, 2.87%, respectively. That is, as the radius of the well's zone of
effect (the distance from the bottom of the well to the boundary) increases, the approximate equation
Pk = Pavy Can be taken with a smaller error. An analysis shows that in such cases, the wellbore
pressure can be calculated with high practical accuracy using relation (22) or (23).

In general, if the variation of the averaged reservoir pressure is known, the variation of the
wellbore pressure can be determined with the help of equation (22), and the variation of the pattern
pressure over time with the help of equation (23) after the variation of the wellbore pressure is
determined.

The variation of the averaged reservoir pressure over time can be carried out according to the
rule given in [5], based on the following considerations.

Based on (11) and (14), we can write the following equality:

3(m(1+Bm(P-po)))

2 I'k 29
2_.2 fr r P dr = — 2
ri—1é “rq t S

Performing some simple manipulations in this equality and if we integrate over time over the
interval (0,t) , we get:

ric_ 0(m(1+Bm(p-po)))

jg=-— frq r ™ dr.
If we integrate both sides of equality (18) in the fragment [0;t] and consider the form
m(0) = my, p(0) = po (24)

corresponding to the dependence of initial conditions (4) of porosity and formation pressure on one
variable, we get:

Q= fot("jdt = — frqu r(m(1 + Bn(p — po)) —my) dr. (25)

For reservoir-averaged estimates of the quantity m(1 + B, (p — po)), the following equation
is true:

2
mav(l + Bm(pav - po)) = ﬁf:k r (m(l + Bm(p - pO))) dr. (26)
I'k I‘q q
Here m,, is averaged values of reservoir porosity across the reservoir.
Considering (26) in (25) and returning to the substitution g = %, we get:
Q = T[(rl% - ré)h (mO - Inav(1 + Bm(pav - po)))- (27)

Here, Q = fotth.
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Relation (27) expresses the material balance equation of the single-phase fluid flow in the
reservoir, written in integral form.

Using the form of equation (27) written according to (2) for the averaged values of reservoir
porosity by r (in this case, the symbol 0 is replaced by the symbol D), we obtain the following
analytical and differential relations for determining the averaged reservoir pressure (the quantity p,,)
by the values of the quantity m,, determined from the joint study of the resulting equation:

Q 1 1
Pav = Po + ((mo ~ T s_m)’ (28)

dmgy _ mg _ Q Bs  Bs|_ mgy
dt Tty exp <(m0 n(rﬁ—ra)h) BmMay Bm> Tm (29)

Equation (29) is solved taking into account the initial condition m(0) = m,.

Thus, after determining the quantity p,, with the help of (27) and (28), the variation of the
wellbore and pattern pressures over time, with the flow rate of the well given, is determined with the
help of equations (22) and (23).

The reservoir pressure distribution is determined using solution (15) and methods of
mathematical solution of the relation

I e e (30)

k 1L(p) 2mh \2(r§-r3)  rf-rd ok

obtained by returning to the originally adopted notations of the function P and the quantity g,
respectively. In the special case, when the permeability of the reservoir and the fluid viscosity are
assumed to be constant (k, and p,, respectively), we obtain obviously calculable relation (31) for
determining the pressure distribution across the reservoir from the last expression:
2_ .2 2
o Tier T 1ni). 31)

P = Pk 2mkoh (2(r12(—ra) rﬁ—ra Ik

4. Conclusion

The problem of determining the indicators of development of oil reservoirs whose rocks are
subjected to relaxation deformation in single-phase fluid flow is formulated, and its approximate
solution is obtained using the averaging method and the approach based on the use of material balance
equations. The novelty of the result of the obtained solution consists in the fact that for a given well
flow rate, determination of unknown reservoir development indicators can be carried out using
mathematical relations, which can be relatively simply implemented computationally and have
practical accuracy acceptable for use in relevant practical calculations.
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