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1. Introduction

Various stepwise optimal control problems described by systems of differential equations
have been studied in [1-4] and others.

In [5], one step-wise optimal control problem described by systems of Volterra difference
equations and Volterra integro-differential equations is considered.

In this article, we consider a more general problem than in [5] and prove an analogue of L.S.
Pontryagin's maximum principle (see, e.g., [6-8]) (discrete-continuous maximum principle).

2. Problem statement

Suppose that a controlled process is described by a set of Volterra difference equations and
Volterra integro-differential equations

xt+1 = f(6x50,u@®)+

t
+ Z Ky (67,30, m(0) t €Ty = {to to + 1, .ty — 1}, )
T=t0

x1(to) = X10, (2)

X, () = f> (t, x,(t), Uy (t)) +

t

+ JKz(t, T, xz(r),uz(r))dr,t €T, = [ty, t;5], 3)

ty
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x,(ty) = G(x1(t1))- 4)
Here f;(t, x4, uy) (Kl(t, T, xl,ul)) is a prescribed n-dimensional vector function discrete in
t(t,t) and continuous in  (x;,u;) together  with  partial  derivatives  of
X1, f2(t, x5, u,), K5 (t, T, x5, uq) are prescribed n-dimensional vector functions continuous in the set
of variables together with partial derivatives of x,, x;, is a prescribed n-dimensional continuous
vector, G(x;) is a prescribed continuous-differential ndimensional vector-function, u, (t) (uz(t)) IS
a r(q)-dimensional discrete (piecewise continuous, with a finite number of points of discontinuity
of the first kind) vector function of control actions, with values from a non-empty and bounded set
U; (Uy), 1.e.

u,(t) € Uy cR",t €T,
u,(t) € U, c R9,t € T,. (5)

The pair (uq(t), u,(t)) with the above properties will be called an admissible control.
We will assume that the given admissible control (ul(t),uz(t)) has the unique discrete
solution x; (t) of problem (1)-(2) and the unique piecewise smooth solution x,(t) of problem (3)-

(4).
On the solutions of Cauchy problems (1)-(4) generated by all possible admissible controls we
define the functional

ti—1 ¢
J(ug,up) = ¢1(x1(t1)) + z z F1(t: T, x1(T)'u1(T)) + Qoz(xz(tz)) +

t=t0 T=t0
L[ t

+j sz(t,T,XZ(T),uZ(T))dT dt. (6)
t1 Lty
Here ¢,(x;),p,(x,) are prescribed continuously differentiable scalar functions,
F,(t,7,x1,u4) is a prescribed scalar function discrete in (t,7) and continuously differentiable in
x1, and F,(t, t,x,,u,) is a prescribed scalar function continuous over the set of variables together
with partial derivatives of x,.
Consider the problem of finding the minimum value of functional (6) under constraints (1)-
(5).

The admissible control (ul(t),uz (t)) that affords the minimum value to functional (6) under
constraints  (1)-(5) will Dbe called optimal control, and the corresponding process
(uy (6), u (1), %, (£), x,(£) ) an optimal process.

As can be seen, the optimal control problem under consideration is a Boltza problem.

The aim of the article is to derive a necessary optimality condition in the problem under
consideration.

3. Formula of the increment of the quality functional

Suppose that (uy (£), uz(£), %1 (£), %, (£)) and (i, () = uy (t) + Auy (8), u,(6) = uy(t) +
Au,(t), %, (t) = x,(t) + Axy(t), X,(t) = x,(t) + sz(t)) are some admissible processes.
We write down the increment of the quality functional:

A (uq, up) = J (g, tp) — J(ug, up) = <P1(f1(t1)) - (P1(x1(t1)) + @2 (fz (tz)) — sz(xz(tz)) +
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t

- Z Z [F(t, 7,2, (0), (D) = Fi (67,20, w ()] | +
+ f f[Fz(t, T, X%, (1), U, (T)) — Fz(t, T, %, (7), U, (’l’))] dr|dt.

It is clear that (Ax,(t), Ax,(t)) is the solution to the problem
Axi(t+1) = f1(t» fl(t),al(t)) - f1(t' x1 (1), u1(t)) +

+ ) [K(6nm@mm) - Kt umum)),

T=t0

Ax,(ty) =0,
Ax,(t) = f, (t: X, (t), Uy (t)) - f2 (t' x2(t), up (t)) +
t

+ f[Kz(t, T, JZZ(T),ﬂZ(T)) - K, (t, T, %, (1), U, (T))] dr,

t1

Ax,(ty) = G(f1(t)) - G(x1(t1))-
Lety; = y;(t),i = 1,2 be as yet arbitrary -dimensional vector functions.

(7)

(8)
)

(10)

(11)

From identities (8) and (10), using a discrete analogue of the Fubini theorem (see, e.g., [9])
and the Fubini formula (see, e.g., [7]) after some transformations we obtain the validity of the

relations
t1-1
Yt = DAB () + ) (= DAx(0) =
t1-1 =t
= > 0O (AEHO.LO) - ALa©OuO)) +

t=t0
t1—1

)

t=t0

t1—1
D 4@ (K a5 O.m0) - Ki(n L@, u1<t)))].

=t

Y, (82)Ax, (t;) — 9, (t1) (6(971@1)) - G(x1(t1))) - f ¢2,(t)Ax2(t)dt =

= [ 4.0 (A6 50, 80) - £(670,0,0)) de +

t2

o

t1

j o' (D[Ko (7,8, %, (1), 5, () — Kz (7, £, %2, (), up (1) ] dr] dt.

Let us introduce analogues of the Hamilton-Pontryagin function in the form

34

(12)

(13)



A.V. Kerimova / Informatics and Control Problems 44 Issue 1 (2024)

H1(t’ x1 (1), uq (1), 1/11(t)) = (Ofy (t: x1 (1), u1(t)) +

t1-1
+ Z [lpyl (T)Kl (T' t, X1 (t)’ ul(t)) _Fl (T, t, xl(t)l Uy (t))], (14)

H, (t» X2 (1), uz (1), (t)) = ,(O)f, (t' x,(t), up (t)) +
+ f [IPZI(T)KZ (7,6, x2(0), uz (8)) = Fy (7, t, %, (8), uy (t))] dr, (15)

t

M@, (t1), x1(t1)) = ¢2'(t1)G(x1(t1)). (16)
Taking into account identities (12), (13) and notations (14)-(16), increment (7) of the quality
functional is represented as

AJ(uq,up) = @4 (971 (t1)) - (P1(x1(t1)) + @2 (fz (tz)) - <P2(x2(t2)) —

t1-1
- Z [Hy(t, %, (), 1y (8), 1 () — Hy (6, x1.(0), us (£, 1, ()] + 93 (81 — DAx, () +
o t1-1
£ (6= DAG ) — (M6, %1 (6)) = M0, 1, (1)) +

+1h, (t2)Ax, () — f ll)zl(t)sz(t)dt—

— f [Hy (8, %,(), wa (0, Y2 () — Hy (8, x2(0), uz (6), ¥, (1)) ] dt. (17)

Let us introduce the notations

Ag, Hi[t, x;, 9] = Hy (8, 2,(), 5 (8), ;) — Hy (6, x:(0), w; (0, 9, (1)), i = 1,2,

Ag Hilt, x;, ;] = Hi(8,%:(0), uy (0, ¥;(8)) — Hy(, %;(0), w; (), (1)), i = 1,2,
oH[t, xp;] _ 0H;(t,x;(8),u; (), ; (1))

0x; - 0x; o

Ag fit] = £ (60, @ (®) = £, (t.x:(0),w (D), i = 1.2,

of;[t] _ ofi (t,x(®),w; (D)
= , L= 1,2
axi axi
Taking into account the introduced notations and the Taylor formula, increment (17) of
functional (6) is represented in the form

1,2,
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1 (x,(ty) Ay (x,(t2)
B (g, 1) = %Awo + 0y (I14xy (t)1) + %szw + 02 (Il x5 () 11) +
1 2
t—1 t—1 t;-1 ,
' ' OH, [t,x1, 4]
HPL (= DA ) + ) Pie = DAn® = ) AgHylt ] - ) 4 () -
t=to t=to t=t, 1
& 90y Hy'[6 %0, Y] =
(7 » X1)
- ) R A © - ) os(l4n @) -
X1
t=t0 t=t0
OM' (P, (t1), %, (t1)
LA Fa— ) 42,6 = oo el +
X1
) 2
+; (t) A, (t) — f ll}zl(t)sz(t) dt — f Az, Hy[t, x5,,]dt —
tl tl
tz tz a [ ] tz
OH,'[t, x,, Ay, H)'[t, x5,
—j 2 1t x2, ) sz(t)dt—f w1z 16 X2, Y2 Ax,(t)dt — j os(Il4x, (O Ddt.  (18)
axZ axz
ty t1 t1
Here, and in the following, ||«|| is the norm of the vector a = (a4, a3, ..., @;,)’, in linear -
dimensional space R™ defined by the formula ||a|| = Xi2;le;|, and o(a ) is a quantity having a
higher order of smallness than «, i.e. 29 L, gata - 0.

a

Now suppose that the vector functions y; = ;(t),i = 1,2 are solutions of the problems
(conjugate system)

Ya(t — 1) =%;11'¢1],t €T, (19)
09y (x1 (t1)) aM(‘Pz(tl)'x1(t1))
Yoty = 1) = - (20)
P, () = —%}f'%],t €T, 21)
d t
P, (tr) = _%2(2))- (22)
Then the formula of increment (17) will take the form
t1-1 t1—-1
Ay Hi[t, x4,
8 (s w) == ) A, it xi, ] = ) },[xlxl Uil 40 + 01l (el -
t=to t=to
t1—1 [ ta oA ,[ ]
HZH t, )
= > o5 Uan @I — [ A, Holtx pplae — [ LRIV gy ey -
t=to tq tq
t2
- f 05 ([[4x2 (D) DAt + 02 (| 4x2 (£)11) — 04 ([[4x1 (E)1D). (23)
iy
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In the following we will need to estimate the norm of the increment of the trajectory

(x1(8), %2()).
4. Estimating the norm of the increment Ax;(t),i = 1, 2, of the trajectory x;(t),i = 1,2

Taking into account problem (8)-(9), and then applying the discrete analogue of the Fubini
theorem (see, e.g., [9]), we obtain that
t

Ax;(t+1) = z [f1(T» f1(T),771(T)) - f1(T’ Xq (T);u1(T))] +

+ Kl(s, 7,%(0), 4,(1)) — K1 (5,7, 5. (0D), u (D)]| = ) 4% (x) =
- Z A5 @,8@) - fi(56@,00) + Ag, A7) +
t ot et
+ Z Z K1(S 7, %1 (1), ul(T)) Kl(s T, x4, (1), ul(T))] + Ay Kils, T ] Z Ax, (7).

Hence using the Lipschitz condition we obtain

A%, (¢ + DI < Ly [Z 1 (@I + Z

=ty T=to

e Al +Z||Aulf<1 - ||”

(L, = const > 0 is some constant)

Applying to the last inequality a discrete analogue of the Gronwall lemma (see, e.g., [6]) we
obtain that

t

IO <1, Y

=ty

t
1ag, f 71| + ZnAﬁlpl[s,T]n],t ET, Ut (24)

S=T

(L, = const > 0)

Further proceeding from the system of equations (10) to the equivalent integral equation, we
will have

o

t1

Ax,(t) = G(f1(t1)) - G(x1(t1)) +

t

f [Kz (5,7, % (1), T (D) = Ky (5,7, % (1), W5 (1)) + g, Ko s, T]] ds

T

dr +

t

+ [ Bl + £ 20, 00) - (600, 80)dr
ty
From the last identity, proceeding to the norm and using the Lipschitz condition, we obtain
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t

t
1Ax, (O < Ls [ [14x, (eI + f [”sz(f)” + ”Aﬁsz [s, T]”] ds|dt +

t1 LT

+ [l 1]+ ax,@ e |

(L = const > 0)
Applying the Gronwall-Bellman lemma to the last inequality, we arrive at the estimate

18Ol < Ly | 14x1 (e + f aa, £, 21| + f o K,ls,<ll|ds|de.  (25)
t1 T

(L4 = const > 0)

5. Necessary optimality conditions

Let us introduce the sets

fi(t, x,.(6),Uy) = {“: a= f1(t, x1(t),v1(t))' vy(t) € Ut € Tl}' (26)
Fl(t! T, xl(r)' Ul) = {B B = Fl(tt T, xl(T)' vl(T))' vl(T) € Ull TE Tl}' (27)
K, (t, 7,x,(1),Uy) = {y: Yy = Fl(t, T, xl(r),vl(r)),vl(r) € U,TE Tl}. (28)

Suppose that sets (26)-(28) are convex.

Suppose that in the problem under consideration Au,(t) = 0.

The assumption of convexity of sets (26)-(28) allows a special increment of the control
function u, (t) be determined from the formula

Auy(t;€) = uy(t; €) —uq (t), t €Ty (29)

Here € € [0,1] is an arbitrary number, and u, (t; £) is such an arbitrary admissible control that
for the corresponding arbitrary admissible control v, (t)

f1(t’ x1(8), uy (85 5)) - f1(t: x, (1), u1(t)) = 5[f1(t: x, (1), V1(t)) -fi (t: x1(t), Uy (t))]» (30)
Kl(t, T, %1 (1), u (175 e)) — Kl(t, T, %1 (1), uy (T)) =

= e[Kl(t, T, xl(r),vl(r)) — Kl(t, T, xl(r),ul(r))], (31)
Fl(tl T,X1 (T), Uq (T, 8)) - Fl (t' T,X1 (T), Uq (T)) =
= e[Fl(t, T, xl(r),vl(r)) — Fl(t, T, xl(T),ul(T))]. (32)

We denote by (4x,(t; €), 4x,(t; €)) the special increment of the trajectory (x(t),x,(t))
corresponding to special increment (29) of the control u, (t).
From estimates (24) and (25) it immediately follows that

|4x,(t; )| < Lse,t ETit €T U ty,
[|4Ax,(t; €)|| = Lee, t € T,. (33)

Now suppose that Au, (t) = 0. Then it is clear that Ax, (t) = 0.
Then the special increment of the control function u, (t) can be determined from the formula
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v, —uy(t),t € 16,0 + p),
0, t € TL\[6,6 + ).

Here 6 € [t;,t,) is an arbitrary point of discontinuity of the control function u,(t), and u > 0
is an arbitrary sufficiently small number such that 6 + u < t,.

We denote by Ax, (t; u) the special increment of the trajectory x, (t).

Then from estimate (25) we obtain that

l4x, (& Wl = Lyp, t € T (35)
Taking into account formula (29) and estimates (33), we obtain from increment formula (23)

Auy (t;p) = { (34)

that
J (g () + duy (85 €), u, () — J(us (8, u (1)) =
t1—-1
=—¢ z [Hl(t' xl(t)l vl(t)l l)ljl(t)) - Hl(tl xl(t)rul(t)r lpl(t))] + O(S). (36)
t=to

Further, taking into account formula (34) and estimate (35) we have

J (), u, () + Ay (8 0)) — J(ur (), u2 (1)) =

t2

=—u f [Ha(t, 22(£), v2(8), 12 () = Ha (&, %2(8), w2 (1), 9, (1)) dt + o (). (37)
%1
From expansions (36) and (37) by virtue of arbitrariness of € € [0,1] and u > 0 follows
Theorem 1. Under the assumptions made, the optimality of the admissible control
(uy(£), u(t)) requires that the inequalities

Ay Hy [6,x,(0)¥,(0)] <0,

Ay, H, [0, x,(8) ()] <0

hold for all v; € U;,0 € T; and v, € U,, 6 € [ty,t,), respectively.

The theorem is a necessary first-order optimality condition.

Since the optimal control problem under consideration is discrete-continuous, we will call the
obtained optimality condition a discrete-continuous analogue of the Pontryagin maximum principle.

6. Conclusion

We consider a stepwise optimal control problem described by a set of Volterra difference and
integro-differential equations.

Applying a modified version of the method of increments, taking into account the specifics of
the problem under consideration, the global necessary first-order optimality condition is proved.

As was noted, the obtained result is a L.S. Pontryagin maximum principle-type necessary
optimality condition. But maximum principle-type optimality conditions often degenerate (see, €.g.,
[10, 11]). Therefore, the author proposes to devote a separate article to a study of the case of
degeneration of a discrete-continuous analogue of the Pontryagin maximum principle.
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