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A mathematical model of a QIS with catastrophes is developed. In 

this system the (S-1, S) policy is used. Analytical formulas are 
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experiments are presented. 

 
Keywords: 

Queuing-inventory system  

Catastrophes 

Base stock policy 

Markov chain 

Calculation 

 

1. Introduction 

In classic queuing-inventory systems (QIS), it is assumed that the period to sell the inventory 

to consumers is equal to zero and that system inventories never perish [1, 2]. There are also systems 

with perishable inventories, which fall under two classes: systems whose stocks perish within a 

certain time interval, and systems whose stocks perish as a result of a catastrophe. QIS of the first 

type have been widely studied in [3-9]. Systems whose stocks can instantly perish as a result of a 

catastrophe one by one have been little explored [10-13]. Systems whose entire inventories instantly 

perish as a result of a catastrophe was first studied in [14]. In that paper, it is assumed that the “Up to 

S” replenishment policy is used to increase the inventory. In this replenishment policy, when the 

inventory level reaches a certain level 𝑠, 0 ≤ 𝑠 < 𝑆, an order is sent to increase inventory, and when 

new stocks arrive, the inventory level of the system reaches the full storage capacity. In [15], a model 

where the random replenishment policy is used to replenish the stock is investigated. In this 

replenishment rule, stock is reordered when the inventory level of the system drops to zero. In this 

study, a similar model using the (S-1, S) replenishment policy is investigated. This policy is called a 

base replenishment policy. 
 

2. Description of the model and problem statement 
 

The block diagram of the system under investigation is shown in Fig. 1. 

                                                           
Corresponding author 
E-mail addresses: lamanpoladova@gmail.com (L.E. Poladova), gyulavelicanova@gmail.com (G.M. Velijanova) 

www.icp.az/2024/4-08.pdf     https://doi.org/10.54381/icp.2024.1.08 

2664-2085/ © 2024 Institute of Control Systems. All rights reserved 
 

https://e.mail.ru/compose/?mailto=mailto%3agyulavelicanova@gmail.com
http://www.icp.az/2024/4-08.pdf
https://doi.org/10.54381/icp.2024.1.08
https://portal.issn.org/resource/ISSN/2664-2085


L.E. Poladova, G.M. Velijanova / Informatics and Control Problems 44 Issue 1 (2024) 

      
 

60 

 
Fig. 1. Block diagram of the system 

 

Customers in the investigated QIS form a Poisson flow with rate λ. It is a self-service system, 

that is, the customer servicing time is zero. Each customer receives a unit size inventory. If the 

inventory level is zero at the moment a customer arrives, it is lost with unity probability. Catastrophes 

may occur in the system storage. It is assumed that the flows of these catastrophes are also Poisson 

flows with rate k. As a result of catastrophes, all stocks instantly perish. If the inventory level of the 

system is zero, catastrophes do not affect the operation of the system. 

To increase the inventory level of the system, the (S-1, S) policy is used. This policy is defined 

as follows: when the inventory level of the system decreases by one unit, a new order is sent. The 

order lead time has exponential distribution with parameter 𝜈. The problem is to find the steady-state 

distribution of the system under consideration and its performance measures. 

 

3. Solution 

 

One of the scenarios of possible changes in the inventory level in the system is shown in Fig. 

2. Here t𝑡𝑘, k=1,2,... indicate the moments when orders enter the system, 𝜔𝑘 k=1,2,... indicate the 

moments when stock enters the system, 𝜏𝑘, k=1,2,... indicate the moments when catastrophes occur. 
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Fig. 2. Diagram of changes in the system states 

 

A state of the system can be described as the inventory level at any instant. Suppose that the 

inventory level of the system can take values 𝑚 = 0,1,… , 𝑆, where 𝑆 is the maximum size of the 

system storage. Given that the incoming stock flow and the catastrophe flows are Poisson flows, given 

and the exponential distribution of the time required for the stock to arrive, we can say that the 

mathematical model of the system is a one-dimensional Markov chain. The state space of this chain 

is described by the set 𝐸 = {0,1, … , 𝑆}. 
The diagram of the system states is shown in Fig. 3. 

 
Fig. 3. Diagram of transitions between states 

 

The rate of transition from a state 𝑚 to a state 𝑚′ is denoted by 𝑞(𝑚,𝑚′), 𝑚,𝑚′ ∈ 𝐸. Then the 

Markov chain generator is described by the following formula: 

𝑞(𝑚,𝑚′) =

{
 

 
𝜆 𝑖𝑓 𝑚 > 1,𝑚′ = 𝑚 − 1

𝜆 + 𝑘 𝑖𝑓𝑚 = 1 , 𝑚′ = 0

𝑘 𝑖𝑓 𝑚 > 1,𝑚′ = 0
(𝑆 − 𝑚)𝜈 𝑖𝑓 𝑚 < 𝑆,𝑚′ = 𝑚 + 1

                                  (1) 

The finite Markov chain under investigation is irreducible. In other words, it has a steady state. 

We denote the probability of the system being in a state 𝑚 ∈ 𝐸 by 𝑝(𝑚). Then the equilibrium 

equations for steady-state probabilities of states according to formula (1) are written as follows: 

Sν𝑝(0) = λ𝑝(1) + k∑ 𝑝(𝑚)S
m=1 , 𝑚 = 0                                                (2) 
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(λ + k + (S − 𝑚)ν)𝑝(𝑚) = λ𝑝(𝑚 + 1) + (S − 𝑚 + 1)ν𝑝(𝑚 − 1),  

0 < 𝑚 < 𝑆 − 1                                                                  (3) 

(λ + k)𝑝(S) = ν𝑝(S − 1),   𝑚 = S                                                 (4) 

The following normalizing condition is added to equations (2)-(4):  

∑ 𝑝(𝑚)S
𝑚=0 = 1.                                                                 (5) 

Solving equations (1)-(5) by reverse recursion, we obtain the following analytical solutions:  

𝑝(𝑚) = 𝑏𝑚𝑝(𝑆),                                                                (6) 

𝑏𝑚 =

{
 
 

 
 

1

(𝑆−𝑚)𝜈
(𝑎𝑆−𝑚−1𝑏𝑚+1 − 𝜆𝑏𝑚+2) 𝑖𝑓   0 ≤ 𝑚 < 𝑆 − 2,

1

2𝜈
(𝑎𝑆−𝑚−1𝑏𝑚+1 − 𝜆) 𝑖𝑓 𝑚 = 𝑆 − 2,

𝑎0

𝜈
 𝑖𝑓 𝑚 = 𝑆 − 1,

1                                           𝑖𝑓 𝑚 = 𝑆;

                               (7) 

𝑎𝑛 = λ + k + nν, n = 0,1,2, … , S − 1;  

𝑝(𝑆) = (∑ 𝑏𝑚)
𝑆
𝑚=0

−1
.                                                       (8) 

After determining the steady-state probabilities of states, the performance measures of the 

system are calculated as follows. 

 Average rate of orders sent to replenish the inventory (Reorder Rate, 𝑅𝑅):  

𝑅𝑅 = (𝜆 + 𝑘)(1 − 𝑝(0))                                                  (9) 

 Average inventory size, 𝑆𝑎𝑣: 

𝑆𝑎𝑣 = ∑ 𝑚𝑝(𝑚)𝑆
𝑚=1                                                     (10) 

 If the inventory level is zero at the moment of arrival of customers, customers leave the system 

without receiving inventory. For this reason, the Probability of Loss, 𝑃𝑙, of customers is determined 

as follows: 

𝑃𝑙 = 𝑝(0)                                                              (11) 

Thus, the performance measures of the system under consideration are calculated using 

formulas (6)-(11). 

 

4. Numerical results 

 

Using obtained formulas (6)-(11), experiments were conducted to calculate the performance 

measures of the system. In the following, we consider the results of these numerical experiments. The 

purpose of these experiments was to study the relationship between the performance measures of the 

system and its input parameters. The maximum system storage size in all the experiments is assumed 

to be constant, 𝑆 = 25. 

Fig. 4 shows the graphs of the relationship between the performance measures of the system 

and the demand rate (𝜆). As can be seen from the graphs, as the value of the parameter  increases, 

the inventory level of the system (𝑆𝑎𝑣) decreases. Two different estimates of the catastrophe rate are 

examined in the graphs. The average inventory level of the system decreases relative to the change in 

the value of the catastrophe rate, see Fig. 4(a). When the value of the demand rate increases, the 

average rate (𝑅𝑅) of orders sent to replenish the system inventory increases; this is due to the fact 
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that the inventory level decreases as the demand rate increases. The change in the catastrophe rate 

has no significant effect on the average rate of replenishment orders sent, see Fig. 4(b). As the demand 

rate increases, the probability of orders being lost (𝑃𝑙) also increases, as the probability of the system 

inventory dropping to zero increases; as can be seen from the graph, with an excessive catastrophe 

rate, the probability of order loss also increases, see Fig. 4(c). 
 

 
4(a) 

 
4(b) 

 
4(c) 

Fig. 4. Performance measures vs 𝜆, 𝜈 = 20. 

 

Fig. 5 shows the relationship between the performance measures of the system and the 

catastrophe rate. As can be seen from the graphs, when the value of the parameter k increases, the 

average inventory level of the system (𝑆𝑎𝑣) decreases because the inventory of the system rapidly 

drops to zero. Different estimates of the inventory replenishment rate are examined in the graphs. The 



L.E. Poladova, G.M. Velijanova / Informatics and Control Problems 44 Issue 1 (2024) 

      
 

64 

average inventory level of the system increases relative to the inventory replenishment rate, see Fig. 

5(a). When the value of the catastrophe rate increases, the inventory level of the system rapidly drops 

to zero and in this case, the average rate (𝑅𝑅) of orders sent to replenish the system inventory and 

the probability of customer loss (𝑃𝑙) increase. The change in the inventory replenishment rate has 

significant effect on the performance measures; since at large values of the parameter ν  the 

probability of the system inventory dropping to zero decreases, 𝑅𝑅 increases relative to the parameter 

ν, and 𝑃𝑙 decreases; the change in the inventory replenishment rate at large values of the parameter k 

has a significant effect on the performance measures. See Fig. 5(a), see Fig. 5(b), see Fig. 5(c). 

 
5(a) 

 
5(b) 

 
5(c) 

Fig. 5. Performance measures vs 𝜅;𝜆 = 20. 

 

Fig. 6 shows the relationship between the performance measures of the system and the 

inventory replenishment rate. When the inventory replenishment rate increases, the average inventory 

level of the system (𝑆𝑎𝑣) increases as well. At the same time, when the catastrophe rate increases, the 
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probability of the system inventory dropping to zero increases, and because of this, the average 

inventory level of the system decreases, see Fig. 6(a). When the value of the inventory replenishment 

rate increases, the probability of the system inventory dropping to zero increases, and because of this, 

the average reorder rate (𝑅𝑅) also increases, see formula (9). The average rate of orders sent to 

replenish the inventory increases relative to the variation of the catastrophe rate, and at small values 

of the parameter 𝜈 changes in the catastrophe rate have no significant effect on 𝑅𝑅; however, at large 

The decrease of the probability of customer loss is due to the fact that the probability of the system 

inventory dropping to zero decreases when the parameter 𝜈 increases; 𝑃𝑙 increases relative to the 

variation of the catastrophe rate, which can be seen particularly clearly at small values of the 

parameter 𝜈, see Fig. 6(c). 

 
6(a) 

 
6(b) 

 
6(c) 

Fig.6. Performance measures vs 𝜈;𝜆 = 20. 
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5. Conclusion 

 

We propose a Markov model of a self-service system whose inventory level perishes as a result 

of random catastrophes. The (S-1, S) replenishment policy is used to increase the inventory level. 

Explicit formulas for calculating the steady-state distribution of the system as well as its performance 

measures are found. Results of numerical experiments are presented and analyzed. 
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