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1. Introduction

Stepwise optimal control problems described by ordinary differential equations or difference

equations have been studied in [1-4] and others.

In the proposed study, we consider one stepwise optimal control problem described by

general Volterra-type nonlinear difference equations.

Under the assumption of openness of control regions, the first and second variations of the
quality functional are calculated and explicit necessary first- and second-order optimality conditions

are proved.
2. Problem statement

Let the controlled two-stage process be described by systems of difference equations

x(t+1) = fi(t, %), u; (1) +

t
+ z Ki(t, T, Xi(T),ui(T)) ,tE Ti = {ti—ll ti—l + 1' ---1ti - 1}!'“ = 112;
T=tj—q

with initial conditions

x1(to) = X190,
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x,(t1) = G(x1(t1))-

Here, fi(t,x;w;) (Ki(t,7,x;,w)),i =1,2 are prescribed -dimensional vector functions
discrete in t (t,t), and continuous in (x; u;), together with partial derivatives with respect to
(x;,u;) up to and including the second order, u,(t) (uz(t)) —1r(q) is a n-dimensional discrete
function of control actions, with values from the prescribed non-empty, bounded and open set U,
(Uy), i.e.

u,(t) € Uy cR",t €T,
u,(t) € U, c R, t €Ty, 3)

X10 1S a prescribed -dimensional constant vector, G(x;) is a prescribed n-dimensional vector
function with a second continuous derivative.

The pair (uq(t), u,(t)) with the above properties will be called an admissible control.

Suppose that ¢;(x;),i = 1,2 is twice prescribed continuously differentiable scalar functions,
F;i(t,t,x;,u;),i = 1,2 is prescribed scalar functions, discrete in (t,7) and twice continuously
differentiable in (x;, u ;) forall (¢, 7).

Let us consider the problem of finding the minimum value of the Bolza functional

ti—1 t

me=§ywﬁM+i P PDIIGEICRNG) @
i=1

i=1 t=ti_1 T=ti_1

under constraints (1)-(3).
The admissible control delivering the minimum value to functional (4) under constraints (1)-

(3) will be called the optimal control, and the respective process (u1 (1), uy (1), x,(t), x5 (t)) will be
called the optimal process.

3. Formula for the increment of the quality functional and calculation of functional variations

Suppose that (u; (6), uz (), x1(£), x2(6)) and (1 () = u () + Auy (1), Uy (1) = uy(t) +
Au,(t), %, (t) = x,(t) + Axy(t), X,(t) = x,(t) + sz(t)) are two admissible processes.
Then, it s clear that (4x; (£), Ax,(t)) will be the solution to the problem

Axi(t+ 1) = fi(£, %), 5, () — fi(t, x;(8), w; (1)) +

t
+ z [Kl-(t, T, fi(r),ﬁi(r)) — Ki(t, T, xi(r),ui(r))], i=1,2, (5)

T=tj—
Axl(to) = O,t € Tl'
Ax,(t,) = G(f1(t)) - G(x1(t1))- (6)
Let us introduce analogs of the Hamilton-Pontryagin function in the form

H; (t, x;:(0), u; (), ¥, () = i (O fi(t, %;(0), u; (8)) +

ti—1

+ Z[lp;(r)m(r, t,x:(0), w () =F(r,t, x (O, w(@®)],  i=12 )
- MWt — 1,x1) = ' (6 — DG xy).

Here y; =y;(t),i = 1,2 are as yet arbitrary, n-dimensional vector functions (vector
functions of adjoint variables), and the dash denotes the transpose operation.
Taking into account formulas (5), (6), (7) after some transformations, the formula for the
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increment of quality functional (4) takes the following form:
2 2

AJ(uy,up) = Z[q’i(fi(ti)) - (pi(xi(ti))] + Z

i=1 i=1

ti—1

PR AGICEEN

t=ti_1

2

- Z[Hi(t' % (6), (D), ¥;(0)) — Hy (&, x;(6), u; (1), ;(D))].

i=1
Taking into account initial conditions (2) it is proved that

t1—1 t1-1
D W O+ D = Pi(t = DAxn ) + ) /(6= Dax (0,
t=tg - t=tg

Z 2 (DA% (¢ + 1) = P, (¢ — DAx,(t2) —

t=t,

t,—1

(8)

€)

~ (M2t = D, 71(6)) = Mot = D, (0))) + ) 95t = DAx®). (10)

t=t1

Taking into account identities (9) and (10), and using the Taylor formula, increment (8) of the

quality functional is written in the following form

A/(ulua—ZM Axi(t) +5 ZA (t)M Axi(t) +

t1-1

+Z oI (I + 94 (64 = DAy (1) + ) "6 = DAx, (0)
tzto [(’)Hl(t 40 ;11@) A20) PPN C ;;(0’52)';1(”'1”1“)) By (8)] -
1 z l . zHl(t,xl(zg;?l(t).zpl(t)) Axy ()
R 021, (¢, Xla(Z)l,;;l(t):lpl(t)) Axy (D) +
o aZHl(t,xﬂg;?l(t)'%(t)) puy( )] Z 05 ([18x; (O] + 1w (B 117) +
+ ti Vo' (t — DAx,(t) + 9, (¢, — DAx,(t,) —
) Z laHé(t, X (t;; OF0) o, 2 xﬂt;’;‘;(t)' V20 y 0] -
E __2 l . Hz(t,xz(ig;cgz(t),lpz(t)) s
200000 9 Hy(t, 1,0 (0, 9 0) A8 +

Ju,0x,
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02 Hy (£, %(8),u2(8), Y2(®)) |
ou?

oM (Yot — D), x1(80)

dx,

+ Auj(t) Z(t)l Z 04 ([I1Ax2 (O + N1 Au (D11

t=t,
0*M t; — 1), x,(t
Axy(t;) — _Axi(tl) (1/12( : > ). 1)) Ax,(t1) —
2 0x;
—os ([ Ax, (D). (11)
Here, and in the following, ||«|| is the norm of the vector @ = (a4, a3, ..., ay)’, determined by
the formula ||la|| = Y™ ,]la;|, and o(a?) is a value with a higher order of smallness than a?, i.e.

O(a )

—>0ata - 0.

Suppose that the vector functions y; = y;(t),i = 1,2 are solutions of Cauchy problems in the
form

OH;(t,x; (), u; (), Y (t))

P (t—1) = — =12,
6 i OM (Y, (t — 1), x1(t4
bty —1) = 22 (axx(t D) (a2 (ts - - ), x1 (¢ ))
a 2\A2\*2
Yot — 1) = %jt))
Then formula of the increment (11) will take the form
ti—1 , 5
AJ(uy,up) = — Z aHl(t, x1(t;;;i11(t)»¢1(t)) Auy (8) + %Axi(tﬂwmﬁ(tl) +
(tz)M s =) LD
2I_Il 1 1 1
——Z [ (2L (’;)x“ QATIO) Y

4200 ] Hl(t, xla(z)l, ;;ft),wl( ) Ay (0) +

+ g (o LM xl(g);ul ®.1,®) Aul(t)l -

1
Z I ok “Ha(6,%2(0, 1 (0,2 (D) | 8y (6)
= 6x2
+ ZAué(t) HZ (t, X2 (t),uz(t), IIJZ( )) sz (t) +
du,0x, ,
+Aué(t) d Hz(t, xZ(;);’:Z(t)ﬁ lpZ(t))Auz(t)l + Z Oi(”Axi(ti)llz) _
2 i=1
= > osUAx Ol + 18w, O = ) 0, ([IAx, O] + 18 (D) = 05(1Ax; (E)ID). (12)
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4. Estimation of the rate of trajectory increment

To derive the necessary optimality conditions, using constructed increment formula (14) of
functional (4), we need an estimate of the rate of trajectory increments.

To this end, let us consider two possible cases.

First suppose that Au,(t) = 0. Then from problems (5)-(6) we have that

Ax;(t+1)=f; (t» X, (8), u1(t)) - f2 (t’ x1(t),u1(t)) +

+ z (K (6,7, %1 (D), 5 () — Ko (7,20 (D), 0. (2))], (13)
o Ax, (t) = 0, (14)
Ax,(t + 1) = f5(t,%,(8), u(8)) — f2 (&, x2(0), uz (8)) +
+ zt: [K2(t, 7, % (1), u, (1)) — K (£, 7, %5(7), uz(7))], (15)
o Ax,(t1) = G(%,(£1)) — G (1 (1) (16)

Let € be a number that is sufficiently small in absolute value, and 6u,(t) € R",t € T, is an
arbitrary r-dimensional discrete and bounded vector function (a variation of the control function
uy (1))

We denote by (Ax;(t; €), Ax,(t; €)) the special increment of the trajectory (x;(t), x,(t)),
corresponding to the special increment

Au,(t; &) = edu,(t) 17)
of the admissible control (u, (t), u,(t)).

Using problems (13)-(14) and (15)-(16) and smoothness conditions imposed on the right-hand
sides of these equations, we prove

Lemma 1. Under the assumptions made, the following expansions take place:

Ax,(t;€) = €6x,(t) + o(g; t),
Ax,(t; €) = €8x,(t) + o(g; t). (18)

Here 6x;(t) and &x,(t) (variations of trajectories (see, e.g., [5-7])) are solutions,
respectively, of the following problems (equations in variations [6, 7]):

f1(t, 2. (1), us (1)) df1(t, 2, (1), us (1))

ox,(t+1) = o ox,(t) + o, duq (t) +
N Z laKl(t 7,%, (1), ul(r)) 53, (0) + 0K, (¢, 7, %, (), u1 (7)) s ter, (19)
= Juy
6x,(ty) =0, (20)
sx,(t+1) = 2L (& xg(xtz)’”Z(t)) 8x,(6) + Z oK (b, ’;Zx (ZT)’uZ(T)) 85x,(1),t €T, (21)
6x,(ty) = %}itl))&ﬁ(tﬂ- (22)

Now, let Au,(t) = 0, Au,(t) # 0, u be a number that is sufficiently small in absolute value,
and 6u,(t) € R9,t € T, is an arbitrary -dimensional discrete and bounded vector function.
Determine the special increment of the control function u, (t) by the formula

Au, (t; u) = udu,(t), t €T,. (23)

13
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It is clear that here, Ax, (t; u) = 0.
Then from problem (5)-(6) at i = 2 we obtain that at this 4x,(t; u) is the solution of the
problem

Aatcz(t + 1) = (6, 3,(8) + Ay (6 ), uz () + Auy (6 10)) — fo(t, x2(0), uz (0) +

+ Z [Kz (t; 7, %2 (7) + Ax, (75 1), up (7) + Auy (1 .U)) - Kz(t, 7,%2(7), Uy (T))] ,EET,, (24)
T=t1
Ax,(ty; 1) = 0. (25)
Taking into account problem (24)-(25), we prove
Lemma 2. Under the assumptions made, the following expansion takes place:
Ax, (6 ) = py(6) + o(p; 0), (26)
where §y(t) is the solution to the problem

afz(t X, (1), uz(t)) afz(t: xz(t)'uz(t))

1) = 0x, du,(t) +
t
aKZ y Ly X2 , Uy aKZ ) 5
+; l (t,t zx(zr) u (T))y( (t T, 9(; (Zr) u (r)) s, ter, 27
y(t;) = 0. (28)

5. Necessary optimality conditions

Using expansions (18), (26), (27), (28) and formulas (17), (23) from increment formula (12)
we obtain the validity of the expansions

1 + e (0,1:00) = (10, 1(0) =
_ Z aH1(t x1 (1), uq (1), z/)l(t))

duy

Suq(t) —

t=t,

_e_lz l NG SACTONAC ),

ox,(t) +
t=to

02H, (t, 1 (), u1 (1), Y1 (D)) L 02H (6, x,(0), us (1), 1(D)
du,0x, 6x, () +Suy(t) P du

e, az‘pl(xl(tl)) et az‘l’z(xz(tz))
+?5X1(t1)T5x1(t1) + 75xz(tz)a—x§

2 2 —

O A EU L) PR
1
,tz=1

__Z 5x)(t )0 Hz(t xz(ta) U (8), 1, (t ))
t=t, X3
J(u1(8), uz(t) + pdu, (_tl)) — /()1 (1) =
fﬂz( 2( 2)) y(t,) Z 9 Hy(t, 22 (8), u, (1), 1, (1))

Jdu,

+28u. ()

8x,(tz) —

6x,(t) + 0(e?). (29)

= '(tz) du,(t) +

t=t,

14
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t

2
125 Hy(t, x; a(l?z ;;z(t), $2(0)

62H2 )y X2 )y U2 » Y2
(t,x (r;)ug (©), $2() 5"‘2(”l T o(u2). (30)

From expansions (29) and (30) it follows that the first and second variations of quality
functional (4) have, respectively, the following form

t—1
0H; t, t), ), t
51](”1:”2;5u1) = — Z 1( x1( 2)1:1( ), P4 ( ))

t=ty
0 Hé (t' X2 (t)' U, (t)' 1/’2 (t))
du,

_%Ztil lyr(t) 0% Hy (£, % (1), ua (), 2 (1))

y(t) +

+ 6uy(t)

du, (t), (31)

tp—1

51](1{,1, Uy; 6u2) = — Z
62901(x1(1t1))
0x?

2M (Y, (t; — 1), x,(t;

R AL P
t1—1 5

= [Wﬂ 0%Hy (¢, xl(ta);;l(t),%(t))
r2u 0 RO O 1 (0)
02H, (t, x1(8), u1 (£), ¥4 (1))

2
ouy

du,(t), (32)

az(Pz(xz (tz))

ax% 6X2 (tZ) -

82J (uyg, up; Suq) = 6x1(t1) Ox1(t1) + 8x;(t,)

ox.(t) +

t=t0

ox,(t) +

+ 6u;p(t)

Su (D) | —
L 02Hy(t, x,(0), up (), P, (1))
SIAC :
0x5
0%¢,(x,(t,)
8%] (uy, up; Suy) = y'(ty) %
X2
t,—1 5
B 2 ,(t)a H,(t, x,(), up (1), 1, (1))
Y dx2
02H,(t, x5 (t), uy (£), ¥, (¢
+26ué(t) 2( x5 (8), uy (8), 3, ( ))
du,0x,
02H,(t, x2(0), uz (1), 9, (1))
ou’
Taking into account the main result of the calculus of variations (see, e.g., [5, 6]), we obtain
from formulas (31), (32), (33), (34) that optimality of the admissible control (ul(t),u2 (t)) in the
considered problem requires that the relations

61](u1,u2; 6u1) == 0, (35)
5% (uq, uy; uy) =0, (36)

dx,(t), (33)

t=t1

y(t2) —

y(t) +

t=t1

y(t) +

+ ouy(t)

6u2(t)l. (34)

15
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81 (uy, uy; Suy) = 0, (37)
52](1{1, uZ; 6“’2) 2 0! (38)

hold for all du; and du,, respectively.

Identities (35) and (37) are implicit necessary first-order optimality conditions, and
inequalities (36) and (38) are implicit necessary second-order optimality conditions.

Using the arbitrariness of du; and du,, from identities (35) and (37) we obtain the validity of
the first-order optimality condition of the Euler equation analog type [6].

Theorem 1. The optimality of the admissible control (u1 (t),u, (t)) requires that the relations
0H, (0, x,(6),u,(6),9,(6)) _

ou,y - (39
OH, (6, x2(0),u2(6),1,(6)) _
o, =0 (40)

hold for all 8 € T; and 8 € T,, respectively.

The analogs of Euler equations (39)-(40) are explicit necessary first-order optimality
conditions.

Each admissible control (u,(£),u,(t)) satisfying relations (29), (40), will be called,
following, for example, [6], a classical extremal.

It is known that (see, e.g., [6]) the number of classical extremals can be quite large.

A multitude set of classical extremals suspicious for optimality can narrow down the
necessary second-order optimality conditions, which are explicit in nature.

Taking this into account, from inequalities (36) and (38) we obtain the explicit necessary
optimality conditions.

Let F;(t, 7) be (nxn) matrix functions that are solutions of the problems

t—1
Fi(t7—1) = Fy(t,7) a1 (t,x: (1), u1 (1)) . Z Fies) 0Ky (s, 7,1 (1), uy (T))’

axl axl
Fl(tlt_l):E,
0fo(t, %2 (0),1,(0) | O 0K, (5,7, % (1), u (1))
Bt —1) = F(t,1) — ?)x — +ZF2(t'S) = ’ajc =
2 2
S=T
FZ(tit_]-):E,

where E is a unit matrix.

Then the solutions of problems (19)-(20), (21)-(22) can be represented respectively as
t

5x,(t) = Z af1(T; x1(T),u1(T)) Su,(7)

P du,
+Z ZFl(t,s) aKl(S'T';L(:)'ul(T))] Su(r), (41)

6x,(t) = Fp (8t — 1)6x2(8). (42)
Introducing the notation

0hi(tu@u@) Z N AR G)]

Q:1(t, 1) = F(t,7)

Jduy ouy
(41) is represented in the form

16
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t—1
55, (8) = ) 016, D)8u, (0. 43)
Since e
G
Ox,(ty) = %5%@1),

then, taking into account representation (43) from formula(42) we obtain that

G(x1(t
Sx,(t) = Fp(t, ty — 1)(36—(15)) Z Q1 (t1, 76U, (7).

=t
Hence, introducing the notation ’
0G(x,(ty)
Q2(t,7) = Fy(t,ty = 1)%01@1@,
1
we have that
512(6) = ) Qult, D (D). (44
T=t0

Now, suppose

t-1
0.(6.7) = Fy(6,0) af>(, xfgs;rz),uz (1) N Z E(t5) 0K, (s, 7, ;Z(Z)’uz (T))'

S=T
By analogy with the proof of formula (43) it is proved that
t-1

y(E) = ) Qs(t,)8u,(2). (45)
=t
Using proved representations (43), (44), 1(45), let us transform the individual summands in
inequalities (36), (38).
Using representations (43) and (44), it is proved that

6x1(q>%j§(“))axl<tl) = > ) e, )%le,s) 51 (), (46)
6x{(t1)g t;,ls(l/tjoz (tla = 1), xl(tl)) i (t) =
Z Z w00 DD 0 s, @
=t St%z_:l(g " )a 2H,(t, xl(ta)x?l(t) ¢1(t)) 5:(8) =
- Z Z 514 @) Z 016, ZEROUONO) o ()| 5us), o)
T=to 5=To max(z,s)+1 1
tlz_l‘s (TR D OO 50 -

17
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0 H1(t xl(t)lul(t)l lpl(t)) Q (t T)] Su (T) (49)

Z6u1(t) Z ’ ou,0x,4

a HZ 2 2 2
Z 5,(6) (t.x (g)xu O.%20) oy =

t=t,

[Z Ak Hl(t’xZ(t)‘”Z(t)"”Z(t))Qz(t,s)lauz(s). (50)

z Z S (7) dx2

T=tg S=to t=t,

Further, using representation (45) it is proved that
—-1t,—-1

62 2\A2\2 2\A2\*2
y'(tgw () = Z 2, @0 )%Qg(tz $)ur(s), (51)

25 s TR0, 020) ) -

t=t,
t2—-1 t—1
aZHl » A2 y U2 » Y2
= ), [Z & a(i)z;xz(t) LELC) P auz(r)], (52)
S R AGACKRONAC)
Zy,(t) AULY 2 1:2 Y, _
—-1ty,— 1
Z Z 0 (1) Z ACRK Hl(t'xZ(t;;ZZ(t)"pZ(t)) Qz(t,S)‘ sur(s).  (53)
T=tq S=t; max(t,s)+1 2
Introduce the notations
2<.02( 2( 2))

0* t 0 t
Di(e5) = =06, 221D g,y — g6, T2 ) 4
1 2
2 —
+0i(e,m T2 DA ()
1

t—1 ,
+ Z 0!(t, T)a H1(t' xl(’;);c?(t)'ll’ﬂt)) 0.(t,s), (54)

max(t,s)+1

Ql (tl' S) +

0? t
Da(es) = =030ty 22X g )
2

= a21_11 ) A2 ) 42 P V2
b Y ol u0n®), (55)

2

max(t,s)+1

Taking into account identities (46)-(53) and notations (54), (55), inequalities (36), (38) are
represented in the following form:

18
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t1—-1t;—1
PIEHOLACHENE
relos=ho ti—-1[t-1 5
r2 Y | ouo "152';‘;1@"/’1(”) 06,0 81, ()| +
t=to |t=to
t1—1
+ Z sul () o (& xl(gif(t)’lpl(t)) Suy (t) <0, (56)
e = 1
Z Z 511 (T)D, (7, 5) Bty ()
T=t; s=t; botren 2
w2y | o’ HZ(t”CZ;Z’;‘;f”'%“)) 02(6,7) Su,(0) | +
t=t, |t=t1
ty—1
+ Z Su(t) 0%Hy (¢ XZ(;)I’EZ ©.9,(®) Su, (1) < 0. (57)

t=t,

Let us formulate the obtained result.

Theorem 2. The optimality of the classical extremal (ul(t),u2 (t)) requires that inequalities
(56) and (57) hold for all 6u,(t) € R",t € T, and Su,(t) € RY,t € T,, respectively.

Inequalities (56) and (57) are fairly general and constructively verifiable necessary second-
order optimality conditions.

From these we can obtain relatively easily verifiable necessary second-order optimality
conditions. But they will be less informative than the result of Theorem 2.

Here is one of them.

Theorem 3. The optimality of the classical extremal (u,(t),u,(t)) requires that the
inequalities
9%Hy(8,%1(8),u1(6),%:1(9)) b <0

v,'D:(8,0)v, + v,’ Ew , (58)
1
02H,(6,x,(0),u,(0), (6
v,'D,(6,0)v, + v, o 2(0212 :(0).9(0)) v, <0 (59)
2

hold for all v; € R" and 8 € T; and v, € R9,60 € T,, respectively.

Note that inequalities (58) and (59) are analogs of the Gabasov-Kirillova optimality condition
obtained by them in [6, 8] for the case of the problem of optimal control of ordinary differential
equations in a different way.

6. Conclusion

In this study, we investigate a discrete two-stage control problem described by two nonlinear
Volterra-type difference equations. Using one variant of the method of increments, implicit general
necessary first- and second-order optimality conditions are first obtained. An analog of the Euler
equation is proved.

Using a representation of the solutions of the linearized equations, we were able to obtain the
general necessary second-order optimality condition in explicit form.

The authors would like to thank the reviewer for very helpful comments.
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