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1. Introduction

Various optimal control problems described by ordinary difference equations with a local initial
condition have been studied in [1-5] and others.

In [6-8], optimal control problems described by ordinary difference equations with nonlocal
boundary conditions are studied and a number of necessary optimality conditions are proved under
various assumptions.

In this study, we also address a nonlocal optimal control problem described by ordinary
difference equations, but the quality functional is more general (untyped) than the quality criteria
found in [6-8].

The quality functional considered in this study is a discrete analog of the quality functional
introduced in [9] by N.N. Moiseyev.

A number of necessary first-order optimality conditions are obtained in this work.

As noted, for example, in [10], two approaches to the study of optimal control problems of
discrete dynamic systems are purely technically possible. In the first approach, the problem of optimal
control of a discrete system is reduced to a mathematical programming problem with equality-type
constraints of a special kind (see, e.g., [11-13]), which is investigated using the techniques and
methods of mathematical programming, and then the obtained results are interpreted in terms of the
original control system. In the second approach (see, e.g., [1-5, 10, 14, 15]), the problem of optimal
control of a discrete system is initially considered as a variational problem, i.e., as an optimization
problem on the set of trajectories of a dynamic system. And its study is completely based on the ideas
and methods of variational calculus and optimal control theory.
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Based on the above, this study follows the second approach outlined above.
2. Problem statement
Suppose that T = {ty, to + 1,...,t; — 1} is a specified finite sequence of natural numbers,

U c R" is a specified non-empty, open and bounded set.
We shall consider the problem of finding the minimum value of the functional

ti—1t1-1
J@ = p(x(t),x()) + - > F(t5,x(0),%(s) D
under the constraints
u(t) eUCR"teT, (2
x(t+1) = f(e,x(@),u®),t €T, (3)
Lox(to) + Lix(t;) = 2. 4)

Here, f (¢, x,u) is a specified n-dimensional vector function that is continuous in the set of variables
together with partial derivatives in (x,u), Ly, L, are specified (n x n)-dimensional constant matrices,

@ (x9,x,) is a specified continuously differentiable scalar function, F(t, s, a, b) is a specified
scalar function, continuous in the set of variables together with partial derivatives in (a,b), € is a
specified n-dimensional constant vector, u(t) is an r- dimensional, discrete and bounded vector
function of control actions (admissible control).

It is assumed that for each given admissible control u(t), boundary value problem (3)-(4) has a
unique discrete solution.

The admissible control u(t) that affords the minimum value of functional (1) under constraints
(2)-(4) will be called an optimal control, and the corresponding process (u(t),x(t)) an optimal
process.

The aim of the study is to obtain necessary first-order optimality conditions in the problem
under investigation.

3. Calculating variations of the quality criterion and an analogue of Euler’s equation

Suppose that u(t) and @(t) = u(t) + Au(t) are admissible controls.

Denote their corresponding solutions of boundary value problem (3)-(4) by x(t) and
x(t) = x(t) + Ax(¢t).

The increment of functional (1) corresponding to the increment Au(t) of the control w(t) will
be written as follows:

AJW) =J@) —J@W) = p(X(to), %(t1)) — ¢ (x(to), x(t1)) +

+ 2_ Z_ F(t,s,%(t), %(s)) — 2 Z_ F(t,s,x(1),x(s)). (5)

It is clear from the introduced notation that the increment Ax(t) of the trajectory x(t) is the
solution to the boundary value problem

Ax(t+1) = f(t,%2(0), a®)) — £(t, x(©), u(t)), (6)
LoAx(ty) + L1Ax(t;) = 0. (7)

Suppose that ¥(t) is an as yet arbitrary n-dimensional vector function, and 1 € R™ is an
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unknown constant vector.
From formula (6) we get that
t1—1

Y (6 = DAX(E) =9 (6 — DAx(t) + ) (6= DAx(®) =

t=t0
t
= > WO (F(620,20) - f(£x0,u)), ®)
t=t
We will introduce an analggue of the Hamilton-Pontryagin function

t1—1
H(£2(0,u(®, () = 2 Y OF (6 x(0),u(®)

Taking into account the expression of the Hamllton -Pontryagin function and identity (8),
increment (5) of functional (1) is written in the form

AJ(w) = @(x(ty), x(t1)) — @ (x(to), x(t1)) +

t1—1t—1

+ F(t,s,%(t),%(s)) — F(t,s,x(t),x(s)) ) +
S -
A LoAx(ty) + ALy Ax(ty) + ' (6 — DAx(ty) — W' (8o — DAx(to) + Z W' (t — 1) Ax(t) —
t—1 =t
_ Z [H(t, (), 50, p(©)) — H(t, x(1), u(t), p(®)]. )

t=t0
Taking into account the smoothness conditions imposed on the functions

@ (x9,x1), f(t,x,u),F(t,s,a,b), using Taylor's formula we obtain that
BF’(t,s,a,b)A +6F’(t,s,a,b)

F(t,s,a,b) - F(t,s,a,b) = 7a a b Ab + o1 ([I|Aall + [I4b][D),
OH'(t,x,u, JH'(t,x,u,
H(t,%,3,0) — H(t,x,u,1) = %Ax + %Au + o, ([14x] + N14uD,
o 0’ (x¢,x1) 0o’ (x9,x1)
o (%o, 71) — (0, x1) = =071 g + TP 0T A oy ([llAxoll + 14X, 0D). (10)
(')xo axl
Here, ||«|| is the norm of the vector @ = (a4, a5, ..., ay,)’, determined by the formula ||a|| = X2, |a;l,

and o(a) is an infinitesimal quantity of higher order than «, i.e. o(a)/a —» 0 at a — 0.
Taking into account formula (10) in the formula of increment (9) we obtain that

RO SR
N Z Z oF'(¢,s, x(t) x(s))A ©+ BF’(t,s,;clEt),x(S)) Ax(s) +

+01([IIAx(t)II + [14x(s)ID] -
OH'(t, x(6), u(®), (1)) OH'(t,x(6), u(®), (1))
Z Ax(t) - Jdu

0x
o, ([lAx(O + 12u@® D] + Pty — DAx(t1) — Y’ (t — DAx(to) +

Au(t) +
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t1-1

+A'LoAx(ty) + A'L1Ax(ty) + Z Y'(t — 1)Ax(t). (11
t=t0
Now suppose that 1 (t) and y(t)satisfy the relations (i.e., ¥(t) is a solution of the boundary
value problem)

oH (t,x(8), u(t), Y1)

Y(t-1) = &

- aF’(t,s,x(t),x(s)) aF’(s,t,x(s),x(t))
- ; l 9a * ab l (12)
-1y = - 2LECDIE)

Y(te — 1) = a(p(x(g";(’)x(tl)) +Lo'A. (13)

Boundary value problem (12)-(13) is an analogue of the adjoint system (see, e.g., [1]) for the
optimal control problem under consideration.
Then formula of increment (11), when simplified, will take the form

t1—-1 t1-1¢,-1
aH, ) ) )
b = -y HEOXOIO) ) o 5N o, Glaxol + 18I -
t—1
= > oW1 + 14u(®)I) + o5 ([l + 1 Ax(E D). (14)
t=to

Considering boundary value problem (6)-(7), we obtain that the increment Ax(t) of the
trajectory x(t) is a solution of the linearized problem

af (£, x(©), u(®))
0

Ax(t+1) = Ax(t) + Au(t) +

X
+0,([1Ax ()1l + [14ull(t)), (15)
LoAx(ty) + L14x(ty) = 0. (16)
Suppose that ¢ is an arbitrary sufficiently small in absolute value number, and su(t) € R",t €
T is an arbitrary discrete, bounded vector function.
By assumption, the control domain U is open. Therefore, the special increment of the admissible
control u(t) can be determined from the formula

af (&, x(®),u(®))
du

Au(t; &) = edu(t),t € R". (17)
Denote the special increment of the admissible trajectory x(t) by Ax(t; €).
Suppose that
Ax(t; ) = ebx(t) + o(t; €). (18)

Here, 6x(t) (admissible trajectory variation) is an as yet unknown n-dimensional function to be
defined.

Using formulas (17) and (18), by means of linearized boundary value problem (15)-(16), we
prove

Lemma 1. The variation 6x(t) of the trajectory x(t) is the solution to the boundary value
problem

Sx(t+1) = f (tx(®),u(®),t €T,
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L06x(to) + L16X(t1) = 0
Considering formulas (17) and (18), we obtain from the increment formula (14) that

t;—1 ,
J(u(t) + edu) — J(u(®)) = — Z 0H (t,x(tza,;l(t),l/)(t))

t=t0
Consequently, the first variation of functional (1) has the form

-1 _
84 (u: 6u) = Z oH (t'x(t;;(t),tlj(t))

t=t0
By virtue of the openness of the control domain, the first variation of the functional must be
zero.
Therefore, given formula (19) and the arbitrariness of the admissible variation du(t) of the
control, we arrive at the following statement.
Theorem 1. The optimality of the admissible control u(t) in this problem requires that the
condition

du(t) + o(e).

Su(t). (19)

9H'(8,x(6),u(6),¥(8)) _
du -

0 (20)

hold forall 6 € T.
This optimality condition (20) is an analogue of Euler's equation for the problem under
consideration (see, e.g., [1, 4, 5]).

4. Linearized optimality condition

Suppose that the set U is convex. Then the special increment of the admissible control w(t) can

be determined from the formula
Au(t; p) = ,u(v(t) — u(t)). (21)

Here u € [0, 1] is an arbitrary number, and v(t) € U — is an arbitrary admissible control.

Denote by Ax(t; u) special increment of the trajectory x(t), corresponding to special increment
(21) of the control u(t).

By analogy with the proof of Lemma 1 we prove

Lemma 2. If the control domain U is convex in the considered problem for the special
increment Ax(t; u) of the trajectory x(t) the following representation takes place:

Ax(t; 1) = pq(t) + o(t; w).

Here, q(t) is a solution of the problem

d(t+1) = af(t, xgic),u(t))

Aq(t) +

Loq(to) + L1q(ty) = 0.
Considering Lemma 2 and formulas (21), (22), increment (14) of functional (1) is written in the
form

af(t, x;t;),u(t)) (v(®) —u(®), (22)

J (u(t) + pu(v(e) - u(t))) —J(u@®) =
T o (620, u(0), p (D)
- K Z du

(v(t) — u(t)) + o(u). (23)

t=ty
Suppose u(t) is an optimal control.
Then it follows from expansion (23) that
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-1
oH (&, x(t), u(t), p(t)
—u Z ( = ) (v(®

u

— u(t)) +o(u) = 0.
t=to
From this inequality follows
Theorem 2. If the set U is convex, the optimality of the admissible control u(t) requires that
the inequality

t;—1
a ! ) ] 4
Z H'(t x(t)af(t) Y(©)) (v(6) = u(®) < 0 (24)

hold for all admissible controls v(t).

Inequality (24), being a necessary first-order optimality condition, is an analogue of the
linearized (differential) maximum condition (see, e.g., [1-5]).

Using arbitrariness of the admissible controls v(t) from Theorem 2 we obtain

Theorem 3. If the set U is convex, the optimality of the admissible control u(t) requires that
the inequality

oH'(6,x(68),u(6),%(6))
du

(w—u(®)<0

hold forallwe Uand 6 € T.
Thus, we obtain a pointwise necessary optimality condition.

5. Conclusion

In this study we consider a nonlocal discrete optimal control problem with an untyped quality
criterion. Interpreting the problem under consideration as a discrete analogue of a non-classical
problem of variational calculus and applying different variations of admissible control under different
smoothness conditions on the parameters of the optimal control problem under investigation, a
number of necessary optimality conditions in the form of a linearized maximum condition and an
analogue of Euler's equation are established.
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