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1. Introduction 

 

Let random vectors (𝜉𝑛, 𝜂𝑛), 𝑛 ≥ 1 be independent and identically distributed. In the general 

case, the random variable 𝜂𝑛 is assumed to depend on the random variable 𝜉𝑛. Let’s denote the 

distribution function of 𝜉𝑛 by 𝐹: 𝐹(𝑥) = 𝑃{𝜉𝑛 ≤ 𝑥}.  
Let's introduce the following sum: 

 𝑆𝜈(𝑡) =∑𝜂𝑛

𝜈(𝑡)

𝑛=1

,                                                                                    (1.1) 

where 𝜈(𝑡) = max{𝑛: 𝑇𝑛 ≤ 𝑡} ,   𝑡 > 0 is the renewal process and 𝑇𝑛 = ∑ 𝜉𝑖
𝑛
𝑖=1 ,   𝑛 = 1,2, …. The 

process 𝑆𝜈(𝑡), 𝑡 ≥ 0 is called as renewal-reward process and represents the sum of the rewards 

obtained up to time 𝑡. Note that, renewal-reward processes are applied in stochastic control theory, 

insurance and reliability theories, analyzing systems and processes in areas like operations research, 

economics, finance, and engineering.(see, [1]-[9]). In the present study, the asymptotic expansion for 

the fourth-order initial moment of the renewal-reward process is investigated. 

 

2. Problem statement 
 

Denote the 4th order moment of the renewal-reward process (1.1) by 𝐷4(𝑡) and the 

mathematical expectation of the renewal-reward process by 𝑀𝑛(𝑡) when the rewards are given by 𝜂𝑘
𝑛 

(𝑘 ≥ 1, 𝑛 ≥ 1): 
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𝐷4(𝑡) = 𝐸(𝑆𝜈(𝑡))
4
= 𝐸(∑𝜂𝑘

𝜈(𝑡)

𝑘=1

)

4

, 𝑀𝑛(𝑡) = 𝐸 (∑𝜂𝑘
𝑛

𝜈(𝑡)

𝑘=1

). 

It is clear that, 𝐷1(𝑡) = 𝑀1(𝑡) = 𝐷(𝑡), where 𝐷(𝑡) is the mathematical expectation of the process 

(1.1). 
Our main purpose is to obtain an asymptotic expansion for 𝐷4(𝑡) as 𝑡 → ∞. For this, we will 

obtain exact formula for 𝐷4(𝑡) in terms of 𝑀1(𝑡), 𝑀2(𝑡), 𝑀3(𝑡) and 𝑀4(𝑡). Then using asymptotic 

expansions for 𝑀𝑛(𝑡), 𝑛 = 1,4̅̅ ̅̅  will take us to our main purpose. 

 

2.1. Exact formula for 𝑫𝟒(𝒕) in terms of 𝑴𝒏(𝒕), 𝒏 = 𝟏, 𝟒̅̅ ̅̅ ̅  

Let 𝐹∗(𝑘) be the 𝑘-th convolution of 𝐹, and let 𝑓𝑘(𝑡) =
𝑑𝐹∗(𝑘)(𝑡)

𝑑𝐻(𝑡)
, where 𝐻(𝑡) = 𝐸(𝜈(𝑡)) is a 

renewal function. Since 

𝐻(𝑡) = ∑𝐹∗(𝑘)(𝑡)

∞

𝑘=1

, 

it follows that 𝐻(𝑡) = 0 implies that all 𝐹∗(𝑘)(𝑡) = 0; thus 𝐹∗(𝑘)(𝑡) ≪ 𝐻(𝑡), and 𝑓𝑘(𝑡) is well 

defined. 

Denote 

𝑀1 ∗ 𝑀3(𝑡) = ∫𝑀1(𝑡 − 𝑥)𝑑𝑀3(𝑥)

𝑡

0

, 𝑀2 ∗ 𝑀1
∗(2)(𝑡) = ∫𝑀1

∗(2)(𝑡 − 𝑥)𝑑

𝑡

0

𝑀2(𝑥), 

𝑀2
∗(2)(𝑡) = ∫𝑀2

∗(1)(𝑡 − 𝑥)𝑑𝑀2(𝑥)

𝑡

0

, 𝑀1
∗(4)(𝑡) = ∫𝑀1

∗(3)(𝑡 − 𝑥)𝑑𝑀1(𝑥)

𝑡

0

. 

To obtain exact formula for 𝐷4(𝑡) in terms of 𝑀1(𝑡), 𝑀2(𝑡), 𝑀3(𝑡) and 𝑀4(𝑡), we first need to 

prove the following lemma. 

Lemma 2.1. Let random vectors (𝜉𝑛, 𝜂𝑛), 𝑛 ≥ 1 be independent and identically distributed. 
In the general case, the random variable 𝜂𝑛 is assumed to depend on the random variable 𝜉𝑛. Then,  

𝐸

(

 
 
∑ 𝜂𝑗

3𝜂𝑘
𝑗≠𝑘

𝑗,𝑘≤𝜈(𝑡) )

 
 
= 2𝑀3 ∗ 𝑀1(𝑡);  𝐸 ( ∑ 𝜂𝑗

2𝜂𝑘
2

𝑗<𝑘≤𝜈(𝑡)

) = 𝑀2
∗(2)(𝑡), 

𝐸

(

 
 
 
 

∑ 𝜂𝑖
2𝜂𝑗𝜂𝑘

𝑖≠𝑗
𝑖≠𝑘

𝑗<𝑘≤𝜈(𝑡)

𝑖≤𝜈(𝑡) )

 
 
 
 

= 3𝑀2 ∗ 𝑀1
∗(2)(𝑡);  𝐸 ( ∑ 𝜂𝑖𝜂𝑗𝜂𝑘𝜂𝑙

𝑖<𝑗<𝑘<𝑙≤𝜈(𝑡)

) = 𝑀1
∗(4)(𝑡). 

Proof. It’s not difficult to see, that 

𝑀1(𝑡) = 𝐸 (∑𝜂𝑘

𝜈(𝑡)

𝑘=1

) = 𝐸 (∑𝜂𝑘𝐼{𝑇𝑘 ≤ 𝑡}

∞

𝑘=1

) = 

=∑∫𝐸(𝜂𝑘|𝑇𝑘 = 𝑠)𝑑𝐹
∗(𝑘)(𝑠)

𝑡

0

∞

𝑘=1

= ∫(∑𝐸(𝜂𝑘|𝑇𝑘 = 𝑠)𝑓𝑘(𝑠)

∞

𝑘=1

)𝑑𝐻(𝑠)

𝑡

0

. 
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By the similar way 

𝑀2(𝑡) = ∫(∑𝐸(𝜂𝑘
2|𝑇𝑘 = 𝑠)𝑓𝑘(𝑠)

∞

𝑘=1

)𝑑𝐻(𝑠)

𝑡

0

, 

𝑀3(𝑡) = ∫(∑𝐸(𝜂𝑘
3|𝑇𝑘 = 𝑠)𝑓𝑘(𝑠)

∞

𝑘=1

)𝑑𝐻(𝑠)

𝑡

0

. 

Therefore 

𝑑𝑀𝑛(𝑠)

𝑑𝐻(𝑠)
= ∑𝐸(𝜂𝑘

𝑛|𝑇𝑘 = 𝑠)𝑓𝑘(𝑠)

∞

𝑘=1

, 𝑛 = 1,3̅̅ ̅̅ . 

It can be seen that, 

𝐸 ( ∑ 𝜂𝑗
3𝜂𝑘

𝑘<𝑗≤𝜈(𝑡)

) = 𝑀1 ∗ 𝑀3(𝑡), 𝐸 ( ∑ 𝜂𝑗
2𝜂𝑘
2

𝑗<𝑘≤𝜈(𝑡)

) = 𝑀2
∗(2)(𝑡). 

So, 

𝐸

(

 
 
∑ 𝜂𝑗

3𝜂𝑘
𝑗≠𝑘

𝑗,𝑘≤𝜈(𝑡) )

 
 
= 𝐸( ∑ 𝜂𝑗

3𝜂𝑘
𝑗<𝑘≤𝜈(𝑡)

) + 𝐸 ( ∑ 𝜂𝑗
3𝜂𝑘

𝑘<𝑗≤𝜈(𝑡)

) = 2𝑀3 ∗ 𝑀1(𝑡). 

Next 

𝐸 ( ∑ 𝜂𝑖
2𝜂𝑗𝜂𝑘

𝑖<𝑗<𝑘≤𝜈(𝑡)

) = 𝑀2 ∗ 𝑀1
∗(2)(𝑡). 

By the similar way, 

𝐸 ( ∑ 𝜂𝑖
2𝜂𝑗𝜂𝑘

𝑗<𝑖<𝑘≤𝜈(𝑡)

) = ∫ ∫ 𝑀1(𝑡 − 𝑤2)𝑑𝑀2(𝑤2 − 𝑤1)𝑑𝑀1(𝑤1)

𝑡

𝑤2=𝑤1

𝑡

𝑤1=0

= 𝑀1 ∗ 𝑀2 ∗ 𝑀1

= 𝑀2 ∗ 𝑀1
∗(2)(𝑡), 

𝐸 ( ∑ 𝜂𝑖
2𝜂𝑗𝜂𝑘

𝑗<𝑘<𝑖≤𝜈(𝑡)

) = ∫ ∫ 𝑀1(𝑡 − 𝑤2)𝑑𝑀1(𝑤2 − 𝑤1)𝑑𝑀2(𝑤1)

𝑡

𝑤2=𝑤1

𝑡

𝑤1=0

= 𝑀1 ∗ 𝑀1 ∗ 𝑀2

= 𝑀2 ∗ 𝑀1
∗(2)(𝑡). 

So, 

𝐸

(

 
 
 
 

∑ 𝜂𝑖
2𝜂𝑗𝜂𝑘

𝑖≠𝑗
𝑖≠𝑘

𝑗<𝑘≤𝜈(𝑡)

𝑖≤𝜈(𝑡) )

 
 
 
 

= 3𝑀2 ∗ 𝑀1
∗(2)(𝑡). 

by the similar way 

𝐸 ( ∑ 𝜂𝑖𝜂𝑗𝜂𝑘𝜂𝑙
𝑖<𝑗<𝑘<𝑙≤𝜈(𝑡)

) = 𝑀1
∗(4)(𝑡). 

this completes the proof of Lemma 2.1.  
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We can easily get that lemma 2.2 from using proof of this lemma.  

Lemma 2.2. Let random vectors (𝜉𝑛, 𝜂𝑛), 𝑛 ≥ 1 be independent and identically distributed. In 

the general case, the random variable 𝜂𝑛 is assumed to depend on the random variable 𝜉𝑛. Then,  

𝐷4(𝑡) = 24𝑀1
∗(4)(𝑡) + 36𝑀2 ∗ 𝑀1

∗(2)(𝑡) + 6𝑀2
∗(2)(𝑡) + 8𝑀3 ∗ 𝑀1(𝑡) + 𝑀4(𝑡). 

          2.2. Asymptotic expansion for 𝑫𝟒(𝒕) 

Define  𝑅(𝑡) = 𝐻(𝑡) −
1

𝜇1
𝑡 −

𝜇2

2𝜇1
2 + 1, where  𝜇𝑘 = 𝐸𝜉1

𝑘 , 𝑘 ≥ 0 

Let   𝑟𝑘 = ∫ 𝑡𝑘𝑅(𝑡)𝑑𝑡
∞

0
, 𝑘 ≥ 0 and ∫ 𝑡𝑘|𝑅(𝑡)|𝑑𝑡

∞

0
< ∞. 

Definition 2.1. A distribution function 𝐹 is said to belong to the class 𝜗 if some convolution of 

𝐹 has an absolutely continuous component. 

To obtain an asymptotic expansion for 𝐷4(𝑡) we need to prove the following lemmas. 

Lemma 2.3. If 𝐹 ∈ 𝜗 and 𝜇5 < ∞, then 

𝑟1 = −
𝜇2
3

8𝜇1
4 +

𝜇2𝜇3

6𝜇1
3 −

𝜇4

24𝜇1
2 ;   𝑟2 =

𝜇2
4

8𝜇1
5 −

𝜇3𝜇2
2

4𝜇1
4 +

𝜇3
2

18𝜇1
3 +

𝜇2𝜇4

12𝜇1
3 −

𝜇5

60𝜇1
2. 

Proof. We will use similar method by [3, pp.304-306]. From the conditions it is implied that 

[9, p.2] 

(i) lim
𝑡→∞

𝑡3𝑅(𝑡) = 0; 

(ii) ∫ 𝑡𝑘|𝑅(𝑡)|𝑑𝑡
∞

0
< ∞, 𝑘 = 0, 1, 2. 

[3, pp. 305-306] obtained the expression for 𝑟0: 

𝑟0 =
𝜇2
2

4𝜇1
3 −

𝜇3

6𝜇1
2, 

For 𝑟2 consider the functions 

𝑔1(𝑡) = 𝑡
2 ∫ 𝑥𝑅(𝑡 − 𝑥)𝑑𝐹(𝑥)

𝑡

𝑥=0

, 𝑔2(𝑡) = 𝑡 ∫ 𝑥
2𝑅(𝑡 − 𝑥)𝑑𝐹(𝑥)

𝑡

𝑥=0

, 

𝑔3(𝑡) = ∫ 𝑥3𝑅(𝑡 − 𝑥)𝑑𝐹(𝑥)

𝑡

𝑥=0

. 

By (ii) we can write 

∫|𝑔1(𝑡)|𝑑𝑡

∞

0

≤ ∫ 𝑡2 ∫ 𝑥|𝑅(𝑡 − 𝑥)|𝑑𝐹(𝑥)

𝑡

𝑥=0

𝑑𝑡

∞

𝑡=0

= ∫ 𝑥 ∫ 𝑡2|𝑅(𝑡 − 𝑥)|𝑑𝑡

∞

𝑡=𝑥

𝑑𝐹(𝑥)

∞

𝑥=0

= 

= 𝜇1∫ 𝑡
2|𝑅(𝑡)|𝑑𝑡

∞

0

+ 2𝜇2∫ 𝑡|𝑅(𝑡)|𝑑𝑡

∞

0

+ 𝜇3∫|𝑅(𝑡)|𝑑𝑡

∞

0

< ∞. 

By the similar way 

∫|𝑔2(𝑡)|𝑑𝑡

∞

0

< ∞. 

 

thus 𝑔1, 𝑔2 and 𝑔3 are integrable and 

∫ 𝑔1(𝑡)𝑑𝑡

∞

0

= 𝜇1𝑟2 + 2𝜇2𝑟1 + 𝜇3𝑟0, ∫ 𝑔2(𝑡)𝑑𝑡

∞

0

= 𝜇2𝑟1 + 𝜇3𝑟0, 
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∫ 𝑔3(𝑡)𝑑𝑡

∞

0

= 𝜇3𝑟0. 

Also, using the same method in [3, p.305] it can be shown that 𝑔1, 𝑔2 and 𝑔3 are of bounded 

variation on [0,∞). Thus, 𝑔1, 𝑔2 and 𝑔3are directly Riemann integrable. 

Now 

𝐻(𝑡) = 𝐹(𝑡) + ∫𝐻(𝑡 − 𝑥)𝑑𝐹(𝑥)

𝑡

0

. 

Subtract 
1

𝜇1
𝑡 +

𝜇2

2𝜇1
2 − 1 from both sides and then multiply by 𝑡3 to obtain 

𝑡3𝑅(𝑡) = ∫(𝑡 − 𝑥)3𝑅(𝑡 − 𝑥)𝑑𝐹(𝑥)

𝑡

0

+ 𝑍(𝑡), 

where 

𝑍(𝑡) = 3𝑔1(𝑡) − 3𝑔2(𝑡) + 𝑔3(𝑡) +
1

𝜇1
𝑡3∫(1 − 𝐹(𝑥))𝑑𝑥

∞

𝑡

−
𝜇2

2𝜇1
2 𝑡
3(1 − 𝐹(𝑡)). 

By the key renewal theorem 

lim
𝑡→∞

𝑡3𝑅(𝑡) =
1

𝜇1
∫ 𝑍(𝑡)𝑑𝑡

∞

0

=
1

𝜇1
(3𝜇1𝑟2 + 3𝜇2𝑟1 + 𝜇3𝑟0 +

𝜇5
20𝜇1

−
𝜇2𝜇4

8𝜇1
2 ) 

But, by (i), lim
𝑡→∞

𝑡3𝑅(𝑡) = 0, thus 

𝑟0 =
𝜇2
2

4𝜇1
3 −

𝜇3

6𝜇1
2, 

𝑟1 = −
𝜇2
2𝜇1

𝑟0 −
𝜇4

24𝜇1
2 +

𝜇2𝜇3

6𝜇1
3 = −

𝜇2
3

8𝜇1
4 +

𝜇2𝜇3

6𝜇1
3 −

𝜇4

24𝜇1
2, 

𝑟2 = −
𝜇2
𝜇1
𝑟1 −

𝜇3
3𝜇1

𝑟0 −
𝜇5

60𝜇1
2 +

𝜇2𝜇4

24𝜇1
3 =

𝜇2
4

8𝜇1
5 −

𝜇2
2𝜇3

4𝜇1
4 +

𝜇3
2

18𝜇1
3 +

𝜇2𝜇4

12𝜇1
3 −

𝜇5

60𝜇1
2. 

This completes the proof. 

Define 

𝜆𝑠 = 𝐸𝜂1
𝑠 = ∫ 𝐸(𝜂1

𝑠|𝜉1 = 𝑡)𝑑𝐹(𝑡)

∞

0

, 𝑛𝑘,𝑠 = 𝐸(𝜉1
𝑘𝜂1
𝑠) = ∫ 𝑥𝑘𝐸(𝜂1

𝑠|𝜉1 = 𝑥)𝑑𝐹(𝑥)

∞

0

, 

It is clear that 𝑛𝑘,0 = 𝜇𝑘, 𝑛0,𝑠 = 𝜆𝑠 and 𝑀1(𝑡) = 𝐷1(𝑡) = 𝐷(𝑡). 
 

Define  𝐿(𝑡) = 𝐷(𝑡) − 𝑎𝑡 − 𝑏, where  𝑎 =
𝜆1

𝜇1
, 𝑏 =

𝜆1𝜇2

2𝜇1
2 −

𝑛1,1

𝜇1
 

Let  𝑙𝑠 = ∫ 𝑡𝑠𝐿(𝑡)𝑑𝑡
∞

0
, 𝑠 ≥ 0,  whenever  ∫ 𝑡𝑠|𝐿(𝑡)|𝑑𝑡

∞

0
< ∞. 

Lemma 2.4. If 𝐹 ∈ 𝜗, 𝜇5, 𝜆1 and 𝑛4,1 exist, then 

𝑙1 = 𝜆1𝑟1 + 𝑛1,1𝑟0 +
𝑛3,1
6𝜇1

−
𝜇2𝑛2,1

4𝜇1
2 . 

𝑙2 = 𝜆1𝑟2 + 2𝑛1,1𝑟1 + 𝑛2,1𝑟0 +
𝑛4,1
12𝜇1

−
𝜇2𝑛3,1

6𝜇1
2 . 

Proof. Note that since 𝜆1 and 𝑛4,1 exist, then 𝑛1,1, 𝑛2,1 and 𝑛3,1 also exist, because 

𝐸(𝜉1
3|𝜂1|) ≤ (𝐸(𝜉1

4|𝜂1|))
3
4(𝐸(|𝜂1|))

1
4. 
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𝐸(𝜉1
2|𝜂1|) ≤ (𝐸(𝜉1

3|𝜂1|))
2
3(𝐸(|𝜂1|))

1
3. 

𝐸(𝜉1|𝜂1|) ≤ (𝐸(𝜉1
2|𝜂1|))

1
2(𝐸(|𝜂1|))

1
2. 

Also, 

𝑆𝜈(𝑡) =∑𝜂𝑖

𝜈(𝑡)

𝑖=1

= ∑ 𝜂𝑖

𝜈(𝑡)+1

𝑖=1

− 𝜂𝜈(𝑡)+1. 

Since 𝜈(𝑡) + 1 is a stopping time [7, pp.1-4] 

𝐷(𝑡) = 𝜆1(𝐻(𝑡) + 1) − 𝐸(𝜂𝜈(𝑡)+1). 

Subtracting 𝑎𝑡 + 𝑏 from both sides and multiplying by 𝑡 we obtain 

𝑡2𝐿(𝑡) = 𝜆1𝑡
2𝑅(𝑡) + 𝑡2 (

𝑛1,1
𝜇1
− 𝐸(𝜂𝜈(𝑡)+1)). 

Thus if 𝑡2 (
𝑛1,1

𝜇1
− 𝐸(𝜂𝜈(𝑡)+1)) is integrable then 

𝑙2 = 𝜆1𝑟2 +∫ 𝑡
2 (
𝑛1,1
𝜇1
− 𝐸(𝜂𝜈(𝑡)+1)) 𝑑𝑡

∞

0

 

But 

𝑛1,1
𝜇1

=
1

𝜇1
∫ 𝑥𝐸(𝜂1|𝜉1 = 𝑥)𝑑𝐹(𝑥)

∞

0

                                                    (1) 

and [7, p.134] 

𝐸(𝜂𝜈(𝑡)+1) = 𝐸(𝜂𝜈(𝑡)+1|𝑆𝜈(𝑡) = 0)𝐹̅(𝑡) + ∫𝐸(𝜂𝜈(𝑡)+1|𝑆𝜈(𝑡) = 𝑥)𝐹̅(𝑡 − 𝑥)𝑑𝐻(𝑥)

𝑡

0

= 

= ∫ 𝐸(𝜂1|𝜉1 = 𝑥)𝑑𝐹(𝑥)

∞

𝑡

+∫ 𝐸(𝜂1|𝜉1 = 𝑥)(𝐻(𝑡) − 𝐻(𝑡 − 𝑥))𝑑𝐹(𝑥)

∞

0

, 

So, 

𝐸(𝜂𝜈(𝑡)+1) = ∫ 𝐸(𝜂1|𝜉1 = 𝑥)𝑑𝐹(𝑥)

∞

𝑡

+∫ 𝐸(𝜂1|𝜉1 = 𝑥)(𝐻(𝑡) − 𝐻(𝑡 − 𝑥))𝑑𝐹(𝑥)

∞

0

                      (2) 

It follows from (1) and (2) that 
𝑛1,1
𝜇1
− 𝐸(𝜂𝜈(𝑡)+1)

= ∫ 𝐸(𝜂1|𝜉1 = 𝑥)(𝑅(𝑡 − 𝑥) − 𝑅(𝑡))𝑑𝐹(𝑥)

∞

0

−∫ 𝐸(𝜂1|𝜉1 = 𝑥)𝑑𝐹(𝑥)

∞

𝑡

               (3) 

Thus 

∫ 𝑡2 |
𝑛1,1
𝜇1
− 𝐸(𝜂𝜈(𝑡)+1)| 𝑑𝑡

∞

0

≤ ∫ ( ∫ 𝑡2(|𝑅(𝑡 − 𝑥)| + |𝑅(𝑡)|)𝑑𝑡

∞

𝑡=0

)𝐸(|𝜂1||𝜉1 = 𝑥)𝑑𝐹(𝑥)

∞

𝑥=0

+ 

+ ∫ 𝑡2 ∫ 𝐸(|𝜂1||𝜉1 = 𝑥)𝑑𝐹(𝑥)

∞

𝑥=𝑡

𝑑𝑡

∞

𝑡=0

≤ 
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2𝐸|𝜂1|∫ 𝑡
2|𝑅(𝑡)|𝑑𝑡

∞

0

+ 2𝐸(𝜉1|𝜂1|)∫ 𝑡|𝑅(𝑡)|𝑑𝑡

∞

0

+ 𝐸(𝜉1
2|𝜂1|)∫|𝑅(𝑡)|𝑑𝑡

∞

0

+
17

12𝜇1
𝐸(𝜉1

4|𝜂1|) + 

+
7

3
(
𝜇2

2𝜇1
2 + 1)𝐸(𝜉1

3|𝜂1|) +
1

3
𝐸(𝜉1

3|𝜂1|) < ∞ 

Thus 𝑡2 (
𝑛1,1

𝜇1
− 𝐸(𝜂𝜈(𝑡)+1)) is integrable, and 

∫ 𝑡2 (
𝑛1,1
𝜇1
− 𝐸(𝜂𝜈(𝑡)+1)) 𝑑𝑡

∞

0

= ∫ ( ∫ 𝑡2(𝑅(𝑡 − 𝑥) − 𝑅(𝑡))𝑑𝑡

∞

𝑡=0

)𝐸(𝜂1|𝜉1 = 𝑥)𝑑𝐹(𝑥)

∞

𝑥=0

− 

− ∫ 𝑡2 ∫ 𝐸(𝜂1|𝜉1 = 𝑥)𝑑𝐹(𝑥)

∞

𝑥=𝑡

𝑑𝑡

∞

𝑡=0

= 

= 2𝑛1,1𝑟1 + 𝑛2,1𝑟0 −
𝜇2

6𝜇1
2 𝑛3,1 +

𝑛4,1
12𝜇1

. 

This completes the proof. 

Lemma 2.5. Let 𝐹(𝑥) be a strongly non-lattice distribution function and 𝜆𝑛, 𝜇5, 𝑛4,𝑛 exist, 

where 𝑛 = max(𝑖, 𝑗), 𝑖, 𝑗 ≥ 1. Then 

𝑀𝑖 ∗ 𝑀𝑗(𝑡) = 𝑎𝑖∗𝑗𝑡
2 + 𝑏𝑖∗𝑗𝑡 + 𝑐𝑖∗𝑗 + 𝐿𝑖∗𝑗(𝑡), 

where 𝑎𝑖∗𝑗 =
1

2
𝑎𝑖𝑎𝑗 , 𝑏𝑖∗𝑗 = 𝑎𝑗𝑏𝑖 + 𝑎𝑖𝑏𝑗 , 𝑐𝑖∗𝑗 = 𝑏𝑖𝑏𝑗 + 𝑎𝑗𝑙𝑖,0 + 𝑎𝑖𝑙𝑗,0, 𝐿𝑖∗𝑗(𝑡) = 𝑜(𝑡

−2), 𝑡 → ∞. 

Proof. From the Theorem 2.1 of [2, p.139], we can write 

𝑀𝑘(𝑡) = 𝑎𝑘𝑡 + 𝑏𝑘 + 𝐿𝑘(𝑡), 𝑘 = 𝑖, 𝑗, 

where 𝑎𝑘 =
𝜆𝑘

𝜇1
, 𝑏𝑘 =

𝜆𝑘𝜇2

2𝜇1
2 −

𝑛1,𝑘

𝜇1
, 𝐿𝑘(𝑡) = 𝑜(𝑡

−3), 𝑡 → ∞. 

Also, from Lemma 2.2, 

∫ 𝑡𝑠|𝐿𝑘(𝑡)|𝑑𝑡

∞

0

< ∞, 𝑠 = 0,1,2;   𝑘 = 𝑖, 𝑗. 

Denote 

𝑙𝑘,𝑠 = ∫ 𝑡
𝑠𝐿𝑘(𝑡)𝑑𝑡

∞

0

, 𝑠 = 0,1,2;   𝑘 = 𝑖, 𝑗. 

Then 

𝑀𝑖 ∗ 𝑀𝑗(𝑡) = ∫𝑀𝑖(𝑡 − 𝑥)𝑑𝑀𝑗(𝑥)

𝑡

0

= 𝑎𝑖∗𝑗𝑡
2 + 𝑏𝑖∗𝑗𝑡 + 𝑐𝑖∗𝑗 + 𝐿𝑖∗𝑗(𝑡), 

where 𝐿𝑖∗𝑗(𝑡) = −𝑎𝑗 ∫ 𝐿𝑖(𝑥)𝑑𝑥
∞

𝑡
− 𝑎𝑖 ∫ 𝐿𝑗(𝑥)𝑑𝑥

∞

𝑡
+ 𝑏𝑖𝐿𝑗(𝑡) + ∫ 𝐿𝑖(𝑡 − 𝑥)𝑑𝐿𝑗(𝑥)

𝑡

0
, 

           𝑎𝑖∗𝑗 =
1

2
𝑎𝑖𝑎𝑗 , 𝑏𝑖∗𝑗 = 𝑎𝑗𝑏𝑖 + 𝑎𝑖𝑏𝑗 , 𝑐𝑖∗𝑗 = 𝑏𝑖𝑏𝑗 + 𝑎𝑗𝑙𝑖,0 + 𝑎𝑖𝑙𝑗,0. 

 

It’s not difficult to see that, as 𝑡 → ∞ 

|𝑡2∫ 𝐿𝑘(𝑥)𝑑𝑥

∞

𝑡

| ≤ ∫ 𝑡2|𝐿𝑘(𝑥)|𝑑𝑥

∞

𝑡

→ 0. 

Therefore, as 𝑡 → ∞  
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  ∫ 𝐿𝑘(𝑥)𝑑𝑥

∞

𝑡

= 𝑜(𝑡−2).   

For the third term of 𝐿𝑖∗𝑗(𝑡), we will use Laplace Transform. Denote 

𝐴(𝑡) = 𝑡2∫𝐿𝑖(𝑡 − 𝑥)𝑑𝐿𝑗(𝑥)

𝑡

0

. 

Denote Laplace Transform of 𝐴(𝑡) by 𝐴̂(𝛼): 

𝐴̂(𝛼) = ∫ 𝑒−𝛼𝑡𝐴(𝑡)𝑑𝑡

∞

0

= ∫ 𝑒−𝛼𝑡𝑡2 ∫ 𝐿𝑖(𝑡 − 𝑥)𝑑𝐿𝑗(𝑥)

𝑡

𝑥=0

𝑑𝑡

∞

𝑡=0

= 

= ∫ ∫ 𝑒−𝛼𝑡𝑡2𝐿𝑖(𝑡 − 𝑥)𝑑𝑡

∞

𝑡=𝑥

𝑑𝐿𝑗(𝑥)

∞

𝑥=0

= ∫ 𝑒−𝛼𝑥𝑑𝐿𝑗(𝑥)

∞

𝑥=0

∫ 𝑡2𝑒−𝛼𝑡𝐿𝑖(𝑡)𝑑𝑡 +

∞

𝑡=0

 

+2 ∫ 𝑥𝑒−𝛼𝑥𝑑𝐿𝑗(𝑥)

∞

𝑥=0

∫ 𝑡𝑒−𝛼𝑡𝐿𝑖(𝑡)𝑑𝑡

∞

𝑡=0

+ ∫ 𝑥2𝑒−𝛼𝑥𝑑𝐿𝑗(𝑥)

∞

𝑥=0

∫ 𝑒−𝛼𝑡𝐿𝑖(𝑡)𝑑𝑡

∞

𝑡=0

. 

 

Therefore, 

lim
𝑡→∞

𝐴(𝑡) = 0.    

Consequently, as  𝑡 → ∞ 

∫ 𝐿𝑖(𝑡 − 𝑥)𝑑𝐿𝑗(𝑥)
𝑡

0
= 𝑜(𝑡−2),  𝐿𝑖∗𝑗(𝑡) = 𝑜(𝑡

−1). 

Corollary 1. Let 𝐹(𝑥) be a strongly non-lattice distribution function and 𝜆2, 𝜇4, 𝑛3,2 exist. 

Then 

𝑀1 ∗ 𝑀3(𝑡) = 𝑎1∗3𝑡
2 + 𝑏1∗3𝑡 + 𝑐1∗3 + 𝐿1∗3(𝑡), 

where  𝑎1∗3 =
1

2
𝑎1𝑎3; 𝑏1∗3 = 𝑎3𝑏1 + 𝑎1𝑏3;  𝑐1∗3 = 𝑏1𝑏3 + 𝑎3𝑙1,0 + 𝑎1𝑙3,0;   𝐿1∗3(𝑡) = 𝑜(𝑡

−2), 𝑡 →

∞. 
Corollary 2. Let 𝐹(𝑥) be a strongly non-lattice distribution function and 𝜆𝑘, 𝜇5, 𝑛4,𝑘 exist. 

Then 

𝑀𝑘
∗(2)(𝑡) = 𝑎𝑘

∗(2)
𝑡2 + 𝑏𝑘

∗(2)
𝑡 + 𝑐𝑘

∗(2)
+ 𝐿𝑘

∗(2)(𝑡), 

where 𝑎𝑘
∗(2)

=
1

2
𝑎𝑘
2;  𝑏𝑘

∗(2)
= 2𝑎𝑘𝑏𝑘;  𝑐𝑘

∗(2)
= 𝑏𝑘

2 + 2𝑎𝑘𝑙𝑘,0; 

𝐿𝑘
∗(2)(𝑡) = −2𝑎𝑘∫ 𝐿𝑘(𝑥)𝑑𝑥

∞

𝑡

+ 𝑏𝑘𝐿𝑘(𝑡) + ∫𝐿𝑘(𝑡 − 𝑥)𝑑𝐿𝑘(𝑥)

𝑡

0

= 𝑜(𝑡−2), 𝑡 → ∞. 

Let  𝑙1,𝑠
∗(2) = ∫ 𝑡𝑠𝐿1

∗(2)(𝑡)𝑑𝑡
∞

0
, 𝑠 = 0,1; whenever  ∫ 𝑡𝑠|𝐿1

∗(2)(𝑡)|𝑑𝑡
∞

0
< ∞. 

Lemma 2.6. Let 𝐹(𝑥) be a strongly non-lattice distribution function and 𝜆1, 𝜇5, 𝑛4,1 exist. 

Then 

𝑙1,0
∗(2)

= −2𝑎1𝑙1,1 + 2𝑏1𝑙1,0, 

𝑙1,1
∗(2)

= −𝑎1𝑙1,2 + 2𝑏1𝑙1,1. 

Proof. From Corollary 2 

𝐿1
∗(2)(𝑡) = −2𝑎1∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑡

+ 𝑏1𝐿1(𝑡) + ∫𝐿1(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

0

. 
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It is easy to see that 

∫ | ∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑥=𝑡

| 𝑑𝑡

∞

𝑡=0

≤ ∫|𝐿1(𝑥)| ∫ 𝑑𝑡

𝑥

𝑡=0

𝑑𝑥

∞

𝑥=0

= ∫ 𝑥|𝐿1(𝑥)|𝑑𝑥

∞

𝑥=0

< ∞. 

Therefore, 

∫|𝐿1(𝑡)|𝑑𝑡

∞

0

< ∞. 

On the other hand 

| ∫ ∫ 𝐿1(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

𝑥=0

𝑑𝑡

∞

𝑡=0

| = | ∫ ∫ 𝐿1(𝑡 − 𝑥)𝑑𝑡

∞

𝑡=𝑥

𝐿1(𝑥)

∞

𝑥=0

| = | ∫ 𝑑𝐿1(𝑥)

∞

𝑥=0

∫ 𝐿1(𝑡)𝑑𝑡

∞

𝑡=0

| < ∞. 

For 𝐿1
∗(2)(𝑡) is integrable and we derive that: 

𝑙1,0
∗(2) = ∫ 𝐿1

∗(2)(𝑡)𝑑𝑡

∞

0

= −2𝑎1 ∫ ∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑥=𝑡

𝑑𝑡

∞

𝑡=0

+ 𝑏1∫ 𝐿1(𝑡)𝑑𝑡

∞

0

+ ∫ ∫ 𝐿1(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

𝑥=0

𝑑𝑡

∞

𝑡=0

= 

= −2𝑎1 ∫ 𝑥𝐿1(𝑥)𝑑𝑥

∞

𝑥=0

+ 𝑏1𝑙1,0 + ∫ 𝑑𝐿1(𝑥)

∞

𝑥=0

∫ 𝐿1(𝑡)𝑑𝑡

∞

𝑡=0

= −2𝑎1𝑙1,1 + 2𝑏1𝑙1,0. 

It easy to see that 

∫ 𝑡 | ∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑥=𝑡

| 𝑑𝑡

∞

𝑡=0

≤ ∫|𝐿1(𝑥)| ∫ 𝑡𝑑𝑡

𝑥

𝑡=0

𝑑𝑥

∞

𝑥=0

≤
1

2
∫ 𝑥2|𝐿1(𝑥)|𝑑𝑥

∞

𝑥=0

< ∞. 

Then  

∫ 𝑡|𝐿1(𝑡)|𝑑𝑡

∞

0

< ∞ 

On the other hand, 

| ∫ 𝑡 ∫ 𝐿1(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

𝑥=0

𝑑𝑡

∞

𝑡=0

| = | ∫ ∫ 𝑡𝐿1(𝑡 − 𝑥)𝑑𝑡

∞

𝑡=𝑥

𝑑𝐿1(𝑥)

∞

𝑥=0

| = 

= | ∫ 𝑑𝐿1(𝑥)

∞

𝑥=0

∫ 𝑡𝐿1(𝑡)𝑑𝑡

∞

𝑡=0

| + | ∫ 𝑥𝑑𝐿1(𝑥)

∞

𝑥=0

∫ 𝐿1(𝑡)𝑑𝑡

∞

𝑡=0

| < ∞. 

𝑡𝐿1
∗(2)(𝑡) is integrable and 

𝑡𝐿1
∗(2)(𝑡) = −2𝑎1𝑡 ∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑡

+ 𝑏1𝑡𝐿1(𝑡) + ∫𝑡𝐿1(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

0

. 

Consequently, 

𝑙1,1
∗(2) = ∫ 𝑡𝐿1

∗(2)(𝑡)𝑑𝑡

∞

0

= −𝑎1 ∫ 𝑥
2𝐿1(𝑥)𝑑𝑥

∞

𝑥=0

+ 𝑏1𝑙1,1 + ∫ 𝑑𝐿1(𝑥)

∞

𝑥=0

∫ 𝑡𝐿1(𝑡)𝑑𝑡

∞

𝑡=0

= −𝑎1𝑙1,2 + 2𝑏1𝑙1,1. 
This completes the proof. 

Lemma 2.7. If Let 𝐹(𝑥) be a strongly non-lattice distribution function and 𝜆1, 𝜇5, 𝑛4,1 exist. 

Then 

𝑀1
∗(3)(𝑡) = 𝑎1

∗(3)𝑡3 + 𝑏1
∗(3)𝑡2 + 𝑐1

∗(3)𝑡 + 𝑑1
∗(3) + 𝐿1

∗(3)(𝑡), 
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where 𝑎1
∗(3) =

1

3
𝑎1𝑎1

∗(2)
; 𝑏1

∗(3) =
1

2
𝑎1𝑏1

∗(2) + 𝑎1
∗(2)𝑏1; 𝑐1

∗(3) = 𝑎1𝑐1
∗(2) + 𝑏1𝑏1

∗(2) + 2𝑎1
∗(2)𝑙1,0; 

𝑑1
∗(3) = 𝑎1𝑙1

∗(2) + 𝑏1𝑐1
∗(2) + 𝑏1

∗(2)𝑙1,0 − 2𝑎1
∗(2)𝑙1,1;  𝐿1

∗(3)(𝑡) = 𝑜(𝑡−1), 𝑡 → ∞. 
Proof. Since 

𝑀1
∗(3)(𝑡) = ∫(𝑀1

∗(2)(𝑡 − 𝑥)) 𝑑𝑀1(𝑥)

𝑡

0

, 

by using Theorem 2.1 of [2, pp.143-144] and Corollary 2, we can write 

𝑀1
∗(3)(𝑡) = 𝑎1

∗(3)𝑡3 + 𝑏1
∗(3)𝑡2 + 𝑐1

∗(3)𝑡 + 𝑑1
∗(3) + 𝐿1

∗(3)(𝑡), 

where 𝑎1
∗(3) =

1

3
𝑎1𝑎1

∗(2); 𝑏1
∗(3) =

1

2
𝑎1𝑏1

∗(2) + 𝑎1
∗(2)𝑏1; 𝑐1

∗(3) = 𝑎1𝑐1
∗(2) + 𝑏1𝑏1

∗(2) + 2𝑎1
∗(2)𝑙1,0; 

𝑑1
∗(3) = 𝑎1𝑙1

∗(2) + 𝑏1𝑐1
∗(2) + 𝑏1

∗(2)𝑙1,0 − 2𝑎1
∗(2)𝑙1,1. 

Let’s calculate the 𝐿1
∗(3)(𝑡): 

𝐿1
∗(3)(𝑡) = −𝑎1

∗(2)𝑡2𝐿1(𝑡) − 𝑏1
∗(2)𝑡𝐿1(𝑡) − 𝑎1∫ 𝐿1

∗(2)(𝑥)𝑑𝑥

∞

𝑡

− (2𝑎1
∗(2)𝑡 + 𝑏1

∗(2))∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑡

+ 

+2𝑎1
∗(2)∫ 𝑥𝐿1(𝑥)𝑑𝑥

∞

𝑡

+∫𝐿1
∗(2)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

0

. 

Since 𝐿1(𝑡) = 𝑜(𝑡
−3) as 𝑡 → ∞, then 

𝑡𝐿1(𝑡) = 𝑜(𝑡
−2), 𝑡2𝐿1(𝑡) = 𝑜(𝑡

−1), 𝑡 → ∞. 
Since 

∫ 𝑥|𝐿1
∗(2)(𝑥)|𝑑𝑥

∞

0

< ∞, ∫ 𝑥2|𝐿1(𝑥)|𝑑𝑥

∞

0

< ∞, 

Then as 𝑡 → ∞ 

∫ 𝐿1
∗(2)(𝑥)𝑑𝑥

∞

𝑡

= 𝑜(𝑡−1), ∫ 𝑥𝐿1(𝑥)𝑑𝑥

∞

𝑡

= 𝑜(𝑡−1). 

 

Since 

|𝑡2∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑡

| ≤ ∫ 𝑥2|𝐿1(𝑥)|𝑑𝑥

∞

𝑡

= 𝑜(1), 𝑡 → ∞, 

then 

∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑡

= 𝑜(𝑡−2), 𝑡 → ∞. 

Denote the Laplace transform of the expression 𝑡 ∫ 𝐿1
∗(2)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

𝑥=0
 by 𝐿̂(𝛼). Then 

𝐿̂(𝛼) = ∫ 𝑒−𝛼𝑡𝑡 ∫ 𝐿1
∗(2)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

𝑥=0

𝑑𝑡

∞

𝑡=0

= 

= ∫ ∫ 𝑒−𝛼𝑡𝑡𝐿1
∗(2)(𝑡 − 𝑥)𝑑𝑡

∞

𝑡=𝑥

𝑑𝐿1(𝑥)

∞

𝑥=0

= ∫ 𝑒−𝛼𝑥 ∫ 𝑒−𝛼𝑡(𝑡 + 𝑥)𝐿1
∗(2)(𝑡)𝑑𝑡

∞

𝑡=0

𝑑𝐿1(𝑥)

∞

𝑥=0

= 

= ∫ 𝑒−𝛼𝑥𝑑𝐿1(𝑥)

∞

𝑥=0

∫ 𝑡𝑒−𝛼𝑡𝐿1
∗(2)(𝑡)𝑑𝑡

∞

𝑡=0

+ ∫ 𝑥𝑒−𝛼𝑥𝑑𝐿1(𝑥)

∞

𝑥=0

∫ 𝑒−𝛼𝑡𝐿1
∗(2)(𝑡)𝑑𝑡

∞

𝑡=0

. 
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Therefore 

lim
𝛼→0

𝛼𝐿̂(𝛼) = 0 ∙ (𝑏1𝑙1,1
∗(2) + 𝑙1,0𝑙1,0

∗(2)) = 0. 

So, by the Tauberian theorems 

lim
𝑡→∞

𝑡 ∫𝐿1
∗(2)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

0

= 0, 

thus 

∫𝐿1
∗(2)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

0

= 𝑜(𝑡−1), 𝑡 → ∞. 

Finally, it means that 

𝐿1
∗(3)(𝑡) = 𝑜(𝑡−1), 𝑡 → ∞. 

This completes the proof. 

Let 𝑙1,0
∗(3) = ∫ 𝐿1

∗(3)(𝑡)𝑑𝑡
∞

0
 whenever ∫ |𝐿1

∗(3)(𝑡)|𝑑𝑡
∞

0
< ∞. 

Lemma 2.8. Let 𝐹(𝑥) be a strongly non-lattice distribution function and 𝜆1, 𝜇5, 𝑛4,1 exist. 

Then 

𝑙1,0
∗(3)

= −𝑎1
∗(2)𝑙1,2 − 2𝑏1

∗(2)𝑙1,1 − 𝑎1𝑙1,1
∗(2) + 𝑏1𝑙1,0

∗(2). 

Proof. From Lemma 2.7 

𝐿1
∗(3)(𝑡) = −𝑎1

∗(2)𝑡2𝐿1(𝑡) − 𝑏1
∗(2)𝑡𝐿1(𝑡) − 𝑎1∫ 𝐿1

∗(2)(𝑥)𝑑𝑥

∞

𝑡

− (2𝑎1
∗(2)𝑡 + 𝑏1

∗(2))∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑡

+ 

+2𝑎1
∗(2)∫ 𝑥𝐿1(𝑥)𝑑𝑥

∞

𝑡

+∫𝐿1
∗(2)(𝑡 − 𝑥)𝑑𝐿1(𝑥).

𝑡

0

 

Since ∫ 𝑡𝑠|𝐿1(𝑡)|𝑑𝑡
∞

0
< ∞, 𝑠 = 0, 1, 2, then 

∫ | ∫ 𝐿1
∗(2)(𝑥)𝑑𝑥

∞

𝑥=𝑡

| 𝑑𝑡

∞

𝑡=0

≤ ∫|𝐿1
∗(2)(𝑥)| ∫ 𝑑𝑡

𝑥

𝑡=0

𝑑𝑥

∞

𝑥=0

= ∫ 𝑥|𝐿1
∗(2)(𝑥)|𝑑𝑥

∞

𝑥=0

< ∞, 

∫ | ∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑥=𝑡

| 𝑑𝑡

∞

𝑡=0

≤ ∫|𝐿1(𝑥)| ∫ 𝑑𝑡

𝑥

𝑡=0

𝑑𝑥

∞

𝑥=0

= ∫ 𝑥|𝐿1(𝑥)|𝑑𝑥

∞

𝑥=0

< ∞, 

∫ |𝑡 ∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑥=𝑡

| 𝑑𝑡

∞

𝑡=0

≤ ∫|𝐿1(𝑥)| ∫ 𝑡𝑑𝑡

𝑥

𝑡=0

𝑑𝑥

∞

𝑥=0

=
1

2
∫ 𝑥2|𝐿1(𝑥)|𝑑𝑥

∞

𝑥=0

< ∞, 

∫ | ∫ 𝑥𝐿1(𝑥)𝑑𝑥

∞

𝑥=𝑡

| 𝑑𝑡

∞

𝑡=0

≤ ∫ 𝑥|𝐿1(𝑥)| ∫ 𝑑𝑡

𝑥

𝑡=0

𝑑𝑥

∞

𝑥=0

= ∫ 𝑥2|𝐿1(𝑥)|𝑑𝑥

∞

𝑥=0

< ∞. 

On the other hand, 

∫ |∫𝐿1
∗(2)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

0

| 𝑑𝑡

∞

𝑡=0

≤ ∫ ∫|𝐿1
∗(2)(𝑡 − 𝑥)|𝑑𝑡

∞

𝑡=𝑥

𝑑𝐿1(𝑥)

∞

𝑥=0

= ∫|𝑑𝐿1(𝑥)|

∞

𝑥=0

∫|𝐿1
∗(2)(𝑡)|𝑑𝑡

∞

𝑡=0

< ∞. 

𝐿1
∗(3)(𝑡) is integrable and 

𝑙1,0
∗(3) = −𝑎1

∗(2)𝑙1,2 − 𝑏1
∗(2)𝑙1,1 − 𝑎1∫ 𝑥𝐿1

∗(2)(𝑥)𝑑𝑥

∞

0

− 𝑎1
∗(2)∫ 𝑥2𝐿1(𝑥)𝑑𝑥

∞

𝑥

− 
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−𝑏1
∗(2)∫ 𝑥𝐿1(𝑥)𝑑𝑥

∞

𝑥

+ 𝑎1
∗(2)∫ 𝑥2𝐿1(𝑥)𝑑𝑥

∞

0

+ ∫ 𝑑𝐿1(𝑥)

∞

𝑥=0

∫ 𝐿1
∗(2)(𝑡)𝑑𝑡

∞

𝑡=0

= 

 

= −𝑎1
∗(2)𝑙1,2 − 𝑏1

∗(2)𝑙1,1 − 𝑎1𝑙1,1
∗(2) − 𝑎1

∗(2)𝑙1,2 − 𝑏1
∗(2)𝑙1,1 + 𝑎1

∗(2)𝑙1,2 + 𝑏1𝑙1,0
∗(2) = 

 

= −𝑎1
∗(2)𝑙1,2 − 2𝑏1

∗(2)𝑙1,1 − 𝑎1𝑙1,1
∗(2) + 𝑏1𝑙1,0

∗(2). 

This completes the proof. 

Lemma 2.9. Let 𝐹(𝑥) be a strongly non-lattice distribution function and 𝜆1, 𝜇5, 𝑛4,1 exist. 

Then 

𝑀1
∗(4)(𝑡) = 𝑎1

∗(4)𝑡4 + 𝑏1
∗(4)𝑡3 + 𝑐1

∗(4)𝑡2 + 𝑑1
∗(4)𝑡 + 𝑒1

∗(4) + 𝐿1
∗(4)(𝑡), 

where 𝑎1
∗(4) =

1

4
𝑎1𝑎1

∗(3)
; 𝑏1

∗(4) =
1

3
𝑎1𝑏1

∗(3) + 𝑎1
∗(3)𝑏1; 𝑐1

∗(4) =
1

2
𝑎1𝑐1

∗(3) + 𝑏1𝑏1
∗(3) + 3𝑎1

∗(3)𝑙1,0; 

𝑑1
∗(4) = 𝑎1𝑑1

∗(3) + 𝑏1𝑐1
∗(3) + 2𝑏1

∗(3)𝑙1,0 − 6𝑎1
∗(3)𝑙1,1; 

𝑒1
∗(4) = 𝑎1𝑙1

∗(3) + 𝑑1
∗(3)𝑏1 + 𝑐1

∗(3)𝑙1,0 − 2𝑏1
∗(3)𝑙1,1 + 3𝑎1

∗(3)𝑙1,2; 

𝐿1
∗(4)(𝑡) = 𝑜(1), 𝑡 → ∞. 

Proof. Since 

𝑀1
∗(4)(𝑡) = ∫(𝑀1

∗(3)(𝑡 − 𝑥)) 𝑑𝑀1(𝑥)

𝑡

0

, 

by using Theorem 2.1 of [2, pp.143-144] and Lemma 2.7, we can write 

𝑀1
∗(4)(𝑡) = 𝑎1

∗(4)𝑡4 + 𝑏1
∗(4)𝑡3 + 𝑐1

∗(4)𝑡2 + 𝑑1
∗(4)𝑡 + 𝑒1

∗(4) + 𝐿1
∗(4)(𝑡), 

where 𝑎1
∗(4) =

1

4
𝑎1𝑎1

∗(3); 𝑏1
∗(4) =

1

3
𝑎1𝑏1

∗(3) + 𝑎1
∗(3)𝑏1; 𝑐1

∗(4) =
1

2
𝑎1𝑐1

∗(3) + 𝑏1𝑏1
∗(3) + 3𝑎1

∗(3)𝑙1,0; 

𝑑1
∗(4) = 𝑎1𝑑1

∗(3) + 𝑏1𝑐1
∗(3) + 2𝑏1

∗(3)𝑙1,0 − 6𝑎1
∗(3)𝑙1,1; 

𝑒1
∗(4) = 𝑎1𝑙1

∗(3) + 𝑏1𝑑1
∗(3) + 𝑐1

∗(3)𝑙1,0 − 2𝑏1
∗(3)𝑙1,1 + 3𝑎1

∗(3)𝑙1,2. 

Let’s compute the 𝐿1
∗(4)(𝑡): 

𝐿1
∗(4)(𝑡) = −𝑎1∫ 𝐿1

∗(3)(𝑥)𝑑𝑥

∞

𝑡

+ (𝑎1
∗(3)𝑡3 + 𝑏1

∗(3)𝑡2 + 𝑐1
∗(3)𝑡 + 𝑑1

∗(3))𝐿1(𝑡) − 

−(3𝑎1
∗(3)𝑡2 + 2𝑏1

∗(3)𝑡 + 𝑐1
∗(3))(𝑡𝐿1(𝑡) + ∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑡

) + 

+(3𝑎1
∗(3)𝑡 + 𝑏1

∗(3))(𝑡2𝐿1(𝑡) + 2∫ 𝑥𝐿1(𝑥)𝑑𝑥

∞

𝑡

) − 𝑎1
∗(3) (𝑡3𝐿1(𝑡) + 3∫ 𝑥

2𝐿1(𝑥)𝑑𝑥

∞

𝑡

) + 

+∫𝐿1
∗(3)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

0

. 

Since 𝐿1(𝑡) = 𝑜(𝑡
−3) as 𝑡 → ∞, then 

𝑡𝐿1(𝑡) = 𝑜(𝑡
−2), 𝑡2𝐿1(𝑡) = 𝑜(𝑡

−1), 𝑡3𝐿1(𝑡) = 𝑜(1), 𝑡 → ∞. 
Since 

∫|𝐿1
∗(3)(𝑥)|𝑑𝑥

∞

0

< ∞, ∫ 𝑥2|𝐿1(𝑥)|𝑑𝑥

∞

0

< ∞, 

As 𝑡 → ∞, we obtain that  
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∫ 𝐿1
∗(3)(𝑥)𝑑𝑥

∞

𝑡

= 𝑜(1), ∫ 𝐿1(𝑥)𝑑𝑥

∞

𝑡

= 𝑜(𝑡−2),    𝑡 → ∞, 

∫ 𝑥𝐿1(𝑥)𝑑𝑥

∞

𝑡

= 𝑜(𝑡−1), ∫ 𝑥2𝐿1(𝑥)𝑑𝑥

∞

𝑡

= 𝑜(1), 𝑡 → ∞. 

Denote the Laplace transform of the expression  ∫ 𝐿1
∗(3)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

𝑥=0
 by 𝐿̂(𝛼). Then 

𝐿̂(𝛼) = ∫ 𝑒−𝛼𝑡 ∫ 𝐿1
∗(3)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

𝑥=0

𝑑𝑡

∞

𝑡=0

= 

= ∫ ∫ 𝑒−𝛼𝑡𝐿1
∗(3)(𝑡 − 𝑥)𝑑𝑡

∞

𝑡=𝑥

𝑑𝐿1(𝑥)

∞

𝑥=0

= ∫ 𝑒−𝛼𝑥𝑑𝐿1(𝑥)

∞

0

∫ 𝑒−𝛼𝑡𝐿1
∗(3)(𝑡)𝑑𝑡

∞

0

. 

Therefore 

lim
𝛼→0

𝛼𝐿̂(𝛼) = 0. 

So, by the Tauberian theorems 

lim
𝑡→∞

∫𝐿1
∗(3)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

0

= 0, 

thus 

∫𝐿1
∗(3)(𝑡 − 𝑥)𝑑𝐿1(𝑥)

𝑡

0

= 𝑜(1), 𝑡 → ∞. 

Finally, it means that 

𝐿1
∗(3)(𝑡) = 𝑜(1), 𝑡 → ∞. 

This completes the proof. 

Lemma 2.10. If Let 𝐹(𝑥) be a strongly non-lattice distribution function and 𝜆1, 𝜇5, 𝑛4,1 exist. 

Then 

𝑀2 ∗ 𝑀1
∗(2)(𝑡) = 𝑎1

∗(3)𝑡3 + 𝑏1
∗(3)𝑡2 + 𝑐1

∗(3)𝑡 + 𝑑1
∗(3) + 𝐿1

∗(3)(𝑡), 

where 𝐿1
∗(3)

= 𝑜(𝑡−1), 𝑡 → ∞,  𝑎1
∗(3) =

1

3
𝑎1𝑎1

∗(2), 𝑏1
∗(3) =

1

2
𝑎1𝑏1

∗(2) + 𝑎1
∗(2)𝑏1, 

𝑐1
∗(3) = 𝑎1𝑐1

∗(2) + 𝑏1𝑏1
∗(2) + 2𝑎1

∗(2)𝑙1,0, 𝑑1
∗(3) = 𝑎1𝑙1

∗(2) + 𝑏1𝑐1
∗(2) + 𝑏1

∗(2)𝑙1,0 − 2𝑎1
∗(2)𝑙1,1. 

 

Theorem 1. Let 𝐹(𝑥) be a strongly non-lattice distribution function and 𝜆4, 𝜇5, 𝑛4,4 exist. 

Then 

𝐷4(𝑡) = 𝐷4,4𝑡
4 + 𝐷4,3𝑡

3 + 𝐷3,2𝑡
2 + 𝐷3,1𝑡 + 𝐷3,0 + 𝐿𝐷3(𝑡), 

where 𝐷4,4 = 24𝑎1
∗(4); 𝐷4,3 = 24𝑏1

∗(4) + 36𝑎1
∗(3);  𝐷4,2 = 24𝑐1

∗(4) + 36𝑏1
∗(3) + 6𝑎2

∗(2) + 8𝑎1∗3; 

𝐷4,1 = 24𝑑1
∗(4) + 36𝑐1

∗(3) + 6𝑏2
∗(2) + 8𝑏1∗3 + 𝑎4; 𝐷4,0 = 24𝑒1

∗(4) + 36𝑑1
∗(3) + 6𝑐2

∗(2) + 8𝑐1∗3 + 𝑏4; 
𝐿𝐷4(𝑡) = 𝑜(1), 𝑡 → ∞. 

Proof. From Lemma 2.2 we can write 

𝐷4(𝑡) = 𝑀4(𝑡) + 8𝑀3 ∗ 𝑀1(𝑡) + 6𝑀2
∗(2)(𝑡) + 36𝑀2 ∗ 𝑀1

∗(2)(𝑡) + 24𝑀1
∗(4)(𝑡). 

From Corollary 1 we can write as 𝑡 → ∞ 

𝑀1 ∗ 𝑀3(𝑡) = 𝑎1∗3𝑡
2 + 𝑏1∗3𝑡 + 𝑐1∗3 + 𝐿1∗3(𝑡), 𝐿1∗3(𝑡) = 𝑜(𝑡

−2). 

From Corollary 2 we can write as 𝑡 → ∞ 
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𝑀2
∗(2)(𝑡) = 𝑎2

∗(2)
𝑡2 + 𝑏2

∗(2)
𝑡 + 𝑐2

∗(2)
+ 𝐿2

∗(2)(𝑡), 𝐿2
∗(2)(𝑡) = 𝑜(𝑡−2). 

From Lemma 2.7 we can write 

𝑀1
∗(3)(𝑡) = 𝑎1

∗(3)𝑡3 + 𝑏1
∗(3)𝑡2 + 𝑐1

∗(3)𝑡 + 𝑑1
∗(3) + 𝐿1

∗(3)(𝑡), 

𝑀1
∗(4)(𝑡) = 𝑎1

∗(4)𝑡4 + 𝑏1
∗(4)𝑡3 + 𝑐1

∗(4)𝑡2 + 𝑑1
∗(4)𝑡 + 𝑒1

∗(4) + 𝐿1
∗(4)(𝑡). 

From the Theorem 2.1 of [2, pp. 143], we can write 

𝑀4(𝑡) = 𝑎4𝑡 + 𝑏4 + 𝐿4(𝑡). 

By combining this results we can write 

𝐷4(𝑡) = 𝐷4,4𝑡
4 + 𝐷3,2𝑡

2 + 𝐷3,1𝑡 + 𝐷3,0 + 𝐿𝐷3(𝑡), 

where 𝐷4,4 = 24𝑎1
∗(4); 𝐷4,3 = 24𝑏1

∗(4) + 36𝑎1
∗(3); 𝐷4,2 = 24𝑐1

∗(4) + 36𝑏1
∗(3) + 6𝑎2

∗(2) + 8𝑎1∗3; 

𝐷4,1 = 24𝑑1
∗(4) + 36𝑐1

∗(3) + 6𝑏2
∗(2) + 8𝑏1∗3 + 𝑎4;  𝐷4,0 = 24𝑒1

∗(4) + 36𝑑1
∗(3) + 6𝑐2

∗(2) + 8𝑐1∗3 + 𝑏4 

𝐿𝐷4(𝑡) = 24𝐿1
∗(4)(𝑡) + 36𝐿1

∗(3)(𝑡) + 6𝐿2
∗(2)(𝑡) + 8𝐿1∗2(𝑡) + 𝐿4(𝑡) = 

= 𝑜(1) + 𝑜(𝑡−1) + 𝑜(𝑡−2) + 𝑜(𝑡−2) + 𝑜(𝑡−2) = 𝑜(1), 𝑡 → ∞. 
This completes the proof. 

 

4. Conclusion 

 

In this work, the study of stochastic processes with dependent random variables is quite 

difficult. In the presented article, precisely such a process has been examined. It should also be noted 

that such stochastic prosses arise in fields like stochastic control theory, insurance and reliability 

theories, analyzing systems and processes in areas like operations research, economics, finance, and 

engineering. The results obtained in the article can be applied in the listed application fields. 
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