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1. Introduction

Let random vectors (&,,1n,),n = 1 be independent and identically distributed. In the general
case, the random variable n,, is assumed to depend on the random variable &,. Let’s denote the
distribution function of &, by F: F(x) = P{¢,, < x}.

Let's introduce the following sum:

v(t)

Svr) = Z Mns (1.1)
n=1

where v(t) = max{n: T, < t}, t > 0is the renewal process and T, = Yi=, &, n=12,... The
process S, ), t = 0 is called as renewal-reward process and represents the sum of the rewards
obtained up to time t. Note that, renewal-reward processes are applied in stochastic control theory,
insurance and reliability theories, analyzing systems and processes in areas like operations research,
economics, finance, and engineering.(see, [1]-[9]). In the present study, the asymptotic expansion for
the fourth-order initial moment of the renewal-reward process is investigated.

2. Problem statement

Denote the 4™ order moment of the renewal-reward process (1.1) by D,(t) and the
mathematical expectation of the renewal-reward process by M,,(t) when the rewards are given by n;;
(k=1,n=1):
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v(t) 4 v(t)
4
D) =E(Sv0) =F( ) me| . Mu© =E( ) nf
k=1 k=1
It is clear that, D, (t) = M,(t) = D(t), where D(t) is the mathematical expectation of the process

(1.1).
Our main purpose is to obtain an asymptotic expansion for D,(t) as t — oo. For this, we will
obtain exact formula for D,(t) in terms of M, (t), M,(t), M5(t) and M,(t). Then using asymptotic

expansions for M,,(t),n = 1,4 will take us to our main purpose.

2.1. Exact formula for D4 (t) in terms of M,,(t),n = 1,4
0)
dH(t)

Let F*® be the k-th convolution of F, and let f,(t) = , where H(t) = E(v(t)) is a

renewal function. Since

o)

HH = ) PO,

k=1
it follows that H(t) = 0 implies that all F*®(t) = 0; thus F*®(t) « H(t), and f,(t) is well
defined.
Denote

t
M, * My(t) = f M, (t — x)dM;(x), M, « M@ (¢) = f M P (t — x)d M,(x),

MD () = ] M (¢ — x)dM, (), ;P (1) = j My (e = x)dM; ().

0 0

To obtain exact formula for D,(t) in terms of M, (t), M,(t), M5(t) and M,(t), we first need to
prove the following lemma.

Lemma 2.1. Let random vectors (&,,1,),n = 1 be independent and identically distributed.

In the general case, the random variable 1,, is assumed to depend on the random variable &,,. Then,

E( Z nf-nk) = 2M; * My (t); E Z it | =M, P (),

j*k Jj<k=v(t)

J.k=sv(t)
2 | +(2) *(4)
E Z ninine | = 3My x M (¢); E Z ninnem | = M; 7 (t).

—

i#j i<j<k<lsv(t)
ik
j<k=v(t)
isv(t)
Proof. It’s not difficult to see, that
v(t)
M(t) =E z M | = (Z M{Ty, < t}>
k=1 k=1
o t t 0
- 2 ,[ EMi| Ty = s)dF*®(s) = f (Z M| Ty = S)fk(S)) dH(s).
k=19 0 k=1
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By the similar way

w0 = | (Z EGrEIT, = s)fk<s)) dH (),

0 k=1

8

—

M;(t) = (Z Emi|Ty = S)fk(5)> dH (s).

0 k=1
Therefore

dM (s)

Z EGIRITe = 9)fi(s),n =

It can be seen that,

E Z NNk | =My *My(t), E Z ¢ | = M, @),
k<jsv(t)

Jj<k=v(t)
So,
E| Z i | = nine | +E Z ning | = 2Ms * M (t).
j#k Jj<k=v(t) k<j<v(t)
\J k=v(t) /
Next

E Z nénm | = My M{P ).

i<j<k=v(t)
By the similar way,
t t
E Z mznmk = f f My (t — wy)dMy(wy, — wy)dM;(wy) = My * My * M,
j<i<k5v(t) 0W2 =W
= MZ * M ;(2) t),
t t
E Z 77i277j77k = j j M, (t — wy)dM; (W, —wy)dM,(wy) = My * My * M,
j<k<iSV(t) W1=0 Wo=W1

=M, « M;? ().
So,

E Z 0k |= 3M, + M, P (t).

i)

i+k
Jj<k=v(t)

i<v(t)
by the similar way

E Z namem | = M (0).
i<j<k<l=v(t)
this completes the proof of Lemma 2.1.

30



A.E. Abdullayeva, R.T. Aliyev / Informatics and Control Problems 44 Issue 2 (2024)

We can easily get that lemma 2.2 from using proof of this lemma.
Lemma 2.2. Let random vectors (&, 1), n = 1 be independent and identically distributed. In
the general case, the random variable 7,, is assumed to depend on the random variable &,,. Then,

D, (t) = 24M;™ (t) + 36M, » M, P (t) + 6M; @ (¢) + 8M; * My (t) + M,(t).

2.2. Asymptotic expansion for D, (t)
Define R(t) = H(t) —#it —2’%+ 1, where p, = EEF, k>0
1 1

Let 7, = ["t*R(D)dt, k = 0and [° t*|R(t)|dt < oo.

Definition 2.1. A distribution function F is said to belong to the class 9 if some convolution of
F has an absolutely continuous component.

To obtain an asymptotic expansion for D,(t) we need to prove the following lemmas.

Lemma 2.3. If F € 9 and us < oo, then

§ _ M Maks M o W2 MsM3 | M3 Mala  Hs
Pout el 24pd Tt BuS apt T 18pd 1243 60uf

Proof. We will use similar method by [3, pp.304-306]. From the conditions it is implied that
[9.p.2]

(i) tlim t3R(t) = 0;
(i) J, t*IR(DIdt < o0, k =0,1,2.
[3, pp. 305-306] obtained the expression for r:

T Y
° 4l eu?
For r, consider the functions
t t
g.1(t) =t J xR(t — x)dF(x),g,(t) =t J x?R(t — x)dF (x),
x=0 x=0

t

gs(t) = fx3R(t—x)dF(x).

B . x=0
By (ii) we can write

oo t
bflgl(t)ldt< ;f IxIR(t—x)IdF(x)dt— f {t |R(t —x)|dt dF (x) =

=u1j tZIR(t)Idt+2u2J t|R(t)|dt+ugf|R(t)|dt < oo,

o 0 0 0
By the similar way

f 19>(©)]dt < oo.
0

thus g,, g, and g5 are integrable and

o0}

j 9:1(©)dt = uyry + 2p,my + psty, f 92()dt = pry + psry,
0 0
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oo

f gs3(t)dt = psry.

0
Also, using the same method in [3, p.305] it can be shown that g,, g, and g5 are of bounded
variation on [0, ). Thus, g4, g, and gsare directly Riemann integrable.

Now
t

H(t) =F(t) + f H(t — x)dF(x).
0
Subtract uit + 2”—22 — 1 from both sides and then multiply by ¢3 to obtain

M1
t

t3R(t) = f(t —x)3R(t — x)dF(x) + Z(t),

0
where

_ _ 1 [ _ L A YOu
Z(t) = 3g,(b) 3g2(t)+g3(t)+’u1t !(1 F(x))dx Zuft (1-F().

By the key renewal theorem

1 1
tlgg t3R(t) = Eof Z(t)dt = E(Sulrz + 3u,ry + usry + %1511 — %ﬁ?)
But, by (i), tlgg t3R(t) = 0, thus
o= te K
4pi  6us 5
7ﬂlz_llz ry — Uy llzll3:_.uz Hals — Ha '
2 " 24pf  6ui Buy 6ui 24y
T B B e  Mabs M5 Mol Bs
Mo 3py o 60pf  24pf 8y 4ut  18ud 127 60uf
This completes the proof.
Define

o)

A= Ent = [ EGHlE = 0dF@,  nys = B(stnt) = [ ¥ E@HE = 0dF ),
0 0
It is clear that ny o = pg, nos = A; and My (t) = D1 (t) = D(¢t).

Define L(t) = D(t) — at — b, where a@ =22, p =2kz T
251 2ug 251

Let I, = [ " t5L(t)dt, s >0, whenever [~ tS|L(t)|dt < oo.
Lemma2.4.If F € 9, us, A1 and n, ; exist, then
N31  HaNzy
61 4pi
N4a HaNgy
12, 6u;
Proof. Note that since A, and n, ; exist, then n, 1, n,; and ns ; also exist, because

3 1
E( ) < (E(EflmD)Z(E(th)Z-

ll == /117‘1 + TllllT‘o +

lz = /117‘2 + anllT‘l + n2,1r0 +
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2 1
E(lmD = (E('ff”hD)E(E(th)i

v(t) v(t)+1

v(t) = Zm Z Ni = Mv)+1-

Since v(t) + 1 is a stopping time [7, pp. 1 4]

D(t) = 4 (H(t) + 1) = E(ny(e)+1)-
Subtracting at + b from both sides and multiplying by ¢t we obtain

n
t2L(t) = L,t2R(t) + t2 (f —E (nvmﬂ))-
1

Also,

Thus if 2 (% — E(nv(t)ﬂ)) is integrable then
1

N1
Ly =M4m + f t? (ll_ - E(’?v(t)+1)) dt
1
0

But
N1

Ma_ 1 f XE(, &, = x)dF (%) )

and [7, p.134]
t
E(Myy+1) = E(Mvy+1/Svey = 0)F (D) + f E(Myoy+1|Svey = x)F (¢ — x)dH (x) =

0
o0 00

- f E(n & = x)dF(x) + f E(n 1€ = x)(H(®) — H(t — x))dF (x),

t 0
So,
E(Mvy+1) = ] E(1¢ = x)dF (x) + j E(m1& = x)(H(t) — H(t — x))dF (x) (2)
It follows from El) and (2) that ’
N1
" E(nv(t)+1)

o)

= f E(m181 = x)(R(t — x) — R(£))dF (x) —f E(ml$1 = x)dF (x) (3)

0
Thus

o)

f ¢ |22 = By d f ( f t2<|R<t—x)|+|R(t)|)dt>E<|m||¢‘1 = X)dF(x) +
0 x=0 \t=0

4 f 2 f E(InilI&, = )dF(x) dt <

t=0 x=

~
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17
2E || f CIREdt + 2B (& ) f HR(O)Idt + E(EZIml) ] IREONde + 7 EG D) +
7
+§<2”—:2+1)E(€f|m|)+§E(€flml)<oo
Thus t2 (E — E(nv(t)ﬂ)) is integrable, and

| t( E(Uv(t)+1)>dt— f [ (R =0 - ROt | BOnle = 0ar@) -
0 x=0 \t=0

- [ e [ Bonls = ndrede =

t=0  x=t

Uz Nyq
n

=2n117 + NpqTo —— + =
L T 2aTo =g 2 Ty

This completes the proof.
Lemma 2.5. Let F(x) be a strongly non-lattice distribution function and 4, us, n, ,, exist,
where n = max(i, j), i,j = 1. Then

M' * M(t) = ai*jtz + bl*jt + Cixj + Ll*j(t)

where a;,; = a 10, bij = a;b; + a;bj, ci.j = bib; + ajlio + a;l;o, L (t) = 0(t™2), t - co.
Proof. From the Theorem 2.1 of [2, p.139], we can write

Mk(t) = akt + bk + Lk(t), k= i,j,

A A
where q;, = #—’;" by = ;‘T‘?—%,Lk(t) =0(t™3), t - o.

Also, from Lemma 2.2,

oo

f L (D]dt <o, s=012; k=1,
0
Denote

[ee]

lks = j t3L,(t)dt, s=012; k=1i,j

0
Then

Mi * ]W](t) = fMl(t - X)dM](X) = ai*jtz + bl*]t + Ci*j + Ll*](t),

0
where Ll*](t) = —aq; ftoo L(x)dx —a; fOO L](x)dx + bLL](t) + fot Ll(t - X)dL](X),
ai*j = %aiaj, bi*] a]b + a; b Cl'*j = blb] + ajlilo + ailjlo.

It’s not difficult to see that, ast — oo

o)

t2 f Ly (x)dx

t

co

< J t2|Le(x)|dx - 0.

t

Therefore, as t » o
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oo

f Ly(x)dx = o(t™2).

For the third term of L;, ;(t), we will use Laplace Transform. Denote
t

At) = ¢ f L(t — 2)dL; ().
0
Denote Laplace Transform of A(t) by A(a):

[e%) t

Al(a) =fe"“tA(t)dt= fe‘“%2 fLi(t—x)dLj(x) dt =

o o t=0 o X=0 -

= f fe—“ftzL (t —x)dtdLi(x) = f e~ *dL;(x) ftz —atL (t)dt +
x=000t=x o x=0 t=0 o

+2 fxe_“dej(x) fte‘“tLl-(t)dt+ fxze_“dej(x) fe‘“tLl-(t)dt.
x=0 t=0 x=0 t=0

Therefore,
tlim A(t) = 0.
Consequently,as t — oo
t — —
Jo Lit = x)dL;(x) = o(t™2), Li;(t) = o(t™).
Corollary 1. Let F(x) be a strongly non-lattice distribution function and 4, p4, ns, exist.

Then

Ml * M3(t) = a1*3t2 + b1*3t + C1x3 + L1*3(t),

Where a1*3 = %alag); b1*3 = a3b1 + a1b3; C1*3 = b1b3 + a3l1’0 + a1l3’0; L1*3(t) = O(t_z), t—
Co,

Corollary 2. Let F(x) be a strongly non-lattice distribution function and 4y, us, ny exist.
Then

M@ (t) = a;(z)tz + 5, Pt + @ + LD,
where a,*(( ) = ak; b;(z) = 2a;by; ck = b} + 2aylyo;

oo t

LA @) = —2a f L (O)dx + bLi (£) + f Le(t = x)dLe(x) = o(t™?),  t o,

t 0
Let l;(f) = ts1:P (t)dt, s = 0,1; whenever J, e L’;(Z)(t)|dt < oo,
Lemma 2.6. Let F(x) be a strongly non-lattice distribution function and A,, us, n, ; exist.
Then

1@ = —2a,ly, +2by Ly,

z*<2) —ayly; + 2byly 4.
Proof. From Corollary 2

LP ) = —2a, f L, (x)dx + byL,(t) + f Ly (t — x)dL,(x).
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It is easy to see that

[

(0]

foolLl(x)l fdtdx_ fx|L1(x)|dx<oo

le(x)dx dt <

= = x=0
Therefore,
f|L1(t)|dt < o0,
0
On the other hand
t [o's) oo [o's) [e's)
f le(t—x)dLl(x)dt = f j (t=—x)dtLy(x)| = del(x) JLl(t)dt < o,
t=0 x=0 x=0t=x x=0 =
For L (2)(t) is integrable and we derive that:
@ = j 1P ()dt = —2a, f f ,(x)dx dt + b, f Ly(t)dt + j Ly(t — x)dLy (x) dt =
0 t=0 x=t 0 t=0 x=0

= —2a, f xLy(x)dx + byly o + f dLy(x) f Li(t)dt = —2a4ly 1 + 2byl4 .

x=0 x=0 t=0
It easy to see that

oo

(o] X
1
L,(x)dx|dt < fILl(x)I ftdtdx SE fleLl(x)Idx< 00,

t=0 x=t x=0 t=0 x=0

Then

f tIL,(8)|dt < oo

0
On the other hand,

ft le(t—x)dLl(x)dt =

t=0 x=0
(00] (o]

= x Io dL, (x) t JO tL,(t)dt| +

x_fo t_fx tL,(t —x)dtdL,(x)| =

< 00,

fdel(x) tzj(; L,(t)dt

x=0

tL’;(Z)(t) is integrable and
%) t

tL P (t) = —2a,t f Ly (x)dx + bytLy(t) + J tLy (t — x)dLy (x).

t 0
Consequently,

oo o

5P = f tL P (Ddt = —a, f x2Ly (x)dx + byl1 1 + f dL,(x) f tL,(t)dt
0 x=0 x=0 =
= —ayly, + 2b1l4 4.
This completes the proof.
Lemma 2.7. If Let F(x) be a strongly non-lattice distribution function and A, us, ny 1 exist.
Then

MO =al®e3 4 P2 4 Ot 4 2@ 4+ 11O (0),
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where a*(3) a al(z) b*(3) a b*(z) + aI(Z)bl, ¢ ® = q c*(z) + blb*(z) + Zai(z)lm;

d;@) = a,;? + blc;m +b; Pl - 20704 LP® =0t™), to

Proof. Since
t

MO = [ (P~ ) dy 0o,

by using Theorem 2.1 of [2, pp.143-144] aﬁd Corollary 2, we can write
M) = @3 + 5 @2 4 C;(3)t +d® 4 1),
where a;( ) = a1 1(2) b*(3) > a b*(z) + ai(z)bl, C1(3) alcl(z) + blb*(z) + 2a *(2)l1 0’
d;? = a,1;® + b, ] + b}l o — 2a;P1, ;.
Let’s calculate the L§(3)(t).

o (o]

LO® =~ @1, (8) — b PtLy(6) — ay f 1P @)dx — (20Dt + b;@) f Ly (x)dx +

t t

00 t

+2a,® f xLy (x)dx + j L@t — x)dL, (x).

t 0
Since L,(t) = o(t™3) ast — oo, then
tL,(t) = o(t™2), t2L,(t) = o(t™)), t — oo,

Since
] x| () |dx < oo, J x2| Ly (x0)|dx < oo,
0 0

Thenast — oo

[00] (0]

] L@ x)dx = o(t™), J xL,(x)dx = o(t™).

t t

Since

(o]

t? J L,(x)dx

t

[0e]

Sjﬁuﬂwwx=dn, £ - oo,

t

then
f Li(x)dx = o(t™2), t > oo,

t
Denote the Laplace transform of the expression t fxtz o L’;(Z)(t — x)dL,(x) by L(a). Then
t

L(a) = f e~att f L@ (t — x)dL, (x) dt =

t=0 x=0
(00

f e~ L@ (t — x)dt dL,(x) = f e~ ax f e~ (t + )L\ P (O)dt dL, (x) =

x=0t éco o x=0 o t=0 o
_ f e~ L, (x) f te=at '@ (D)dt + f xe=%dL, (x) f e~ @ (t)d.
x=0 t=0 x=0 t=0
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Therefore
lim al(a) = 0- (blz*@) + zloz*@)) = 0.
a—-0

So, by the Tauberian theorems
t

lim ¢ f L@ (t — x)dL,(x) = 0,

0

thus
t

f LD (¢ = 0)dL () = o(t™)), ¢ o,

0
Finally, it means that

LB =o(t™), t- oo
This completes the proof.
Let ;&) = Jy L (t)dt whenever Iy L§(3)(t)|dt < oo,
Lemma 2.8. Let F(x) be a strongly non-lattice distribution function and A4, us, n, 1 exist.
Then

LS = —a;P, - 26,0, — 0 1P + b, ;D
Proof. From Lemma 2.7

o (o]

L;(g)(t) _ *(Z)t L,(t) b*(Z)tLl(t) fL*l(Z)(x)dx (Zal(z)t+b*(2))f Ly(x)dx +

t t

00 t

+2a;(2)J xLy(x)dx +fL§(2)(t—x)dL1(x).
t 0
Since | tSILl(t)Idt <o, s=0,1,2, then

[oe] X [oe]
f f L:® (x)dx|dt < f Lj(”(x)| f dt dx = f x|L’;(2)(x)|dx < o0,
t=0 ; o x=0Oo t;o x;O
f le(x)dx dt < fILl(x)I fdtdxz foLl(x)Idx<00,
00t= ; x 0 t x=000
j le(x)dx dt < JlLl(x)I Jtdtdx—— JxZILl(x)Idx<00,
t= oo oo X xioo
f fol(x)dx dt < foLl(x) f = foILl(x)Idx<00.
t=0 'x= x=0 x=0
On the other hand,
j j L@ (¢ = x)dL, (0| de < J J L = )| dt dLy (o) = f 1dL, (0 j RO
t=0 x=0t=x
< 00,

L:®(t) is integrable and

(o8] (o8]

l;,(g) = _a;(Z)ll.Z b*(z L= alf xLi(Z) (x)dx — aI(Z) f x?Lqy (x)dx —

0 x
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_p:® f xLy ()dx + @@ f 2L, (x)dx + f dL, (x) f L@ (0)dt =
X 0 x=0 =

—a1(2)l - bI(Z)lm - a1l;,(12) - ai(z)h,z - b;(Z)l + a*(2)112 + bll*(Z)

= -a;?P, -2}, — a, ;P + b, ;.
This completes the proof.
Lemma 2.9. Let F(x) be a strongly non-lattice distribution function and A4, us, n, 1 exist.
Then

M P () = aI(4)t4 + b3 Wz 4 d*(4)t +e;® 4+ 11 (),
where &, = 22,0, b} = 2a b*(3) + a;“)bl, @ =2a,6;% + by b, + 30,1, ;
d;® = a,d;® + byc;® + 21);*(3)11 —6a; Pl ;;
e;” = a, ;¥ + d;¥b, + [Pl o — 2b;P1, 4 + 30,1, ,;

P =0(1), t- oo,

Proof. Since
t

MO = [ (6 - 0)am @),

0
by using Theorem 2.1 of [2, pp 143-144] and Lemma 2.7, we can Write
where a;( ) = a1 1(3) b*(‘” 3 a b*(3) + a;(”bl, @ = a1 1(3) + blb*(3) + 3 *(3)l10,
d;® = a,;d;® + by ]® + 219*(3)11 —6a; P 4;
e;® = a, ;P + b, d;® + ;P — 26]%1 5 + 30}, .
Let’s compute the L\ (¢):

L§(4)(t) — _alj L’;(3)(x)dx + ( *(3)t3 + b*(3)t2 + CI(3)t + d;(3))L1(t) —_

t
o0

(3a1(3)t2 + 26t + c1(3)) tL,(t) +f Li(x)dx | +

t
0o 0o

+(3a;(3)t + b;m) t2L,(t) + 2[ xL,(x)dx —a;(3) t3L,(t) + SJ x?L,(x)dx |+

t t
t

+ f L®(t — x)dL, (x).
Since L,(t) = o(t™3) ast — oo, then ’
tL,(t) = o(t™?), t?L,(t) = o(t™)), t3L,(t) = 0(1), t — oo,

f

Since

o

L () |dx < oo, J x2|L,(x)]dx < oo,
0

As t — oo, we obtain that
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[10@axc=om, [ Lwix=ot, t-e,
t t

J. xL,(x)dx = o(t™1), f x2L,(x)dx = 0(1), t — oo,

t t
Denote the Laplace transform of the expression fxt=0 Lj(3) (t — x)dL,(x) by L(a). Then

00 t

L(a) = f e"at f L§(3)(t —x)dL,(x)dt =

t=0 x=0

= f f e~ L' (t — x)dt dL,(x) = f e~ ®*dL, (x) f e~ (t)dt.
x=0 t=x 0 0

Therefore
lim aL(a) = 0.
a—0

So, by the Tauberian theorems
t

lim | L{®(t — x)dL,(x) = 0,

t—oo
0
thus
t

f I® - x)dL(x) =0(1), t- oo

0
Finally, it means that

L§(3)(t) = 0(1), t — oo,
This completes the proof.
Lemma 2.10. If Let F(x) be a strongly non-lattice distribution function and A,, us, n, ; exist.
Then

M2 % MI(Z)(t) — a:(3)t3 + b;(3)t2 + CI(3)t + d;(3) + L;(3)(t),
where L% = o(t™), t > o, a;¥ = 2a10;?, b = Zab;® +a;%by,

CI(g) = a1CI(2) + blbI(Z) + Za;(Z)ll’O; d;(g) = all;(Z) + b1CI(2) + b’lk(Z)ll'O - Za;(Z)ll’l.

Theorem 1. Let F(x) be a strongly non-lattice distribution function and A4, us, ny 4 exist.
Then
Dy(t) = Dyst* + Dyst® + D3 pt* + D3 gt + D3 + Lp, (t),

where D, , = 24a.®; D, 5 = 24b;™ + 36a;¥; D,, = 24c;™® +36b:® + 6a5® + 8a.5;
Dyp = 24d;™ +36¢;® +6b;® + 8b,.5 + ay; Dy = 24, + 364 + 6¢,® + 8,5 + by;
Lp,(t) = o(1), t > oo,
Proof. From Lemma 2.2 we can write
D4 (t) = My(t) + 8My = My () + 6M, P (¢) + 36M, + M P () + 24M; ™ (1),
From Corollary 1 we can write ast — oo
M1 * Mg(t) = a1*3t2 + b1*3t + C1*3 + L1*3(t), L1*3(t) = O(t_z).
From Corollary 2 we can write ast — oo
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MA@ = a;P? + b, Pt + ;P + 1P, L2 = o(t72).

From Lemma 2.7 we can write

MP®) =a®t3 +bPt2 4+ Pt + 2@ + 1B (),

MP@) = al®et + b;W3 4+ ;P2 4+ @D 4] 4+ 1P (0),

From the Theorem 2.1 of [2, pp. 143], we can write

M4_(t) ES a4t + b4_ + L4(t)

By combining this results we can write

D4_ (t) = D4,4t4 + D3,2t2 + D3,1t + D3,0 + LD3 (t),

where D, , = 24a.®; D, 5 = 24b;™ + 36a;*; D, , = 24¢™ + 360, + 6a;® + 8ay,s;
Dyq = 24d;™ 4+ 36¢/® + 6b;® 4 8b,,5 + ay; Dy = 24 + 364 + 6¢,® + 8,5 + b,

Lp,(t) = 24L5P(t) + 36L%(t) + 6L32 (£) + 8Ly, () + Ly(t) =
=o(M)+o(t™ D +o0(t™®)+0(t™2) +0(t™?) =0(1), t > oo,

This completes the proof.

4. Conclusion

In this work, the study of stochastic processes with dependent random variables is quite

difficult. In the presented article, precisely such a process has been examined. It should also be noted
that such stochastic prosses arise in fields like stochastic control theory, insurance and reliability
theories, analyzing systems and processes in areas like operations research, economics, finance, and
engineering. The results obtained in the article can be applied in the listed application fields.
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